3.

ADVANCED HIGHER MATHEMATICS

Solutions to Exam Questions on Basic Differentiation

1. y =sin(e**)

To differentiate y, use the chain rule as y is a function of a function.

y_ cos(e®) x 5e°*
dx

= 5e°* cos(e”)

Xx-1

2. f(x)=
() 1+ x?

To differentiate f (x), use the quotient rule as f (x) is the quotient of two functions.

2 J— —
F/(x) = @+x)1 gxz 1)2x
@+ x7)
C1+x2 —2x(x-1)
1+ x?)?
1+ x%2 —2x% +2x
(L+x?)?
C1+2x-x°
(L+x%)?

x? -1
x? +1

f(x) =

To differentiate f (x), use the quotient rule as f(x) is the quotient of two functions.

2 _ 2
£/(x) = (x +1)2>2< (x2 1)2x

(x°+1)

_2x(x* +1) - 2x(x* -1)
(x? +1)°

_2x° +2x—2x° +2x

(x? +1)?
_ 4AXx
(x* +1)°




1—x?

f(x)=
() 1+ 4x?

To differentiate f (x), use the quotient rule as f (x) is the quotient of two functions.

(1+4x%)(—2x) — (1—x*)8x
(1+4x?)°

= 2x(1+4x%) -8x(1-x?)

- (1+4x?)?

_ —2x—8x° —8x+8x°

- (1+4x?)?

~ —10x

 (1+4x%)?

f(x) =

X
xX*+4

y =
To differentiate y, use the quotient rule as y is the quotient of two functions.

dy  (X*+4)1-x(2x) _ x*+4-2x> _ 4-X°
dx (x* +4)° (x? +4)° (x? +4)*

_dy 4-2?

When x=2: m= ==
dx (2°+4)

The gradient of the curve when x =2 is 0.



e5x

T 7x+1

y

To differentiate y, use the quotient rule as y is the quotient of two functions.

dy  (7x+1)5e*™ —e™(7)
dx (7x+1)?
5e™(7Tx+1) - 7e>
(7x+1)?
_ 35xe™ +5e™ — 7>
(7x+1)°
_ 35xe™ —2e™
(7x+1)°
_ e™(35x-2)
(7x+1)?

exz—l
x? -1

f(x) =

To differentiate f (x), use the quotient rule as f(x) is the quotient of two functions and

x2-1

use the chain rule to differentiate e

2xe* (x? —1) — 2xe*
(x2-1)?

2 2
2x3eX ™t —2xeX !t — 2xe”

(x* =1)?

-1

2

2 2
2x%e* Tt — 4xe*

(x* -1)*
2xe* 1 (x? - 2)
(x? =1)?




8.

y =2xx-1

To differentiate y, use the product rule as y is the product of two functions and use the
chain rule to differentiate vx-1.

d\/— d 21 = 1
—Jx-1=—(x-1)2==(x-1) ?x1=
dx dx( ) 2( )7 24x -1
dy 1
Hence — =2x +4/x=1(2
dx (2\/X—1J @)
S +2x-1
x—-1
When x =10 m:ﬂ:£+2\/_29+6:§
dx /9 3 3

The gradient of the tangent to the curve when x =10 is % :

f(x) = x(L+x)"°

To differentiate f (x), use the product rule as f(x) is the product of two functions and use
the chain rule to differentiate (1+ x)™.

di(1+ X)*° =10(1+ x)® x1=10(1+ x)°
X

Hence f'(x) = x(10(L+ x)° )+ 1+ %) (1)
=10x(1+x)° + 1+ x)"°
= (1+x)°(10x + (1+ X)) [removing a common factor of (1+ x)°]
=1+ x)°(11x +1)



10.

11.

f(X)=(x+D(x-2)°
To differentiate f (x), use the product rule as f(x) is the product of two functions and use
the chain rule to differentiate (x —2)°.

i(x—2)3 =3(x-2)*>x1=3(x-2)*
dx

Hence '(x) = (x+1)(3(x—2)?)+ (x—2)° ()
=3(x+1)(x-2)* +(x-2)°
= (x—2)’(3(x+1)+(x—-2)) [removing a common factor of (x —2)?]
=(x-2)’(3x+3+x-2)
=(x—-2)*(4x+1)

Then f'(x)=0 = (x-2)°(@4x+)=0 = x:—%,x:z

Note

In order to solve the equation f'(x) =0, the expression for f'(x) must be expressed in
factorised form.

2X
f(x)=——
(X) 1

To differentiate f (x), use the quotient rule as f (x) is the quotient of two functions.

fI(X)_(X_l)Z—ZX(l)_2(X—1)—2X_2X—2—2X_ -2
T (=) (x-1)F (x-1)?

If x#1, (x-1)>>0 and f'(x)<0.
Hence f'(x) <0 forall x (x #1) and the derivative is always negative.



12.(a) f(x)=e*"
To differentiate f (x), use the chain rule as f (x) is a function of a function.
f(x) =€ x2x = 2xe**
(b) Method 1
g(x) =Inx* +3

To differentiate g(x), use the chain rule as g(x) is a function of a function.

><i x?+3
x?+3 dx

9'(x) =

To differentiate v x* + 3, use the chain rule again:

1

1
9 s =i(x2+3)5:l(x2+3)7x2x:
dx dx 2

x?+3

1 X X

Hence ¢g'(x)= -
9 \/x2+3xx/x2+3 x*+3

Method 2

Use the laws of logarithms to simplify g(x) before differentiating.
1
9(x) = INVX2 +3 = In(x? +3)2 =%In(x2 1 3)

To differentiate In(x? + 3), use the chain rule as In(x? + 3) is a function of a function.

' _E % — X
9= 2[(x2+3) ZXJ x*+3



13.

Method 1

1+Xx
f (X) = In(nj

To differentiate f (x), use the chain rule as f (x) is a function of a function.

, 1 d(1+x 1-x) d(1+x
e 8 (i) (i) 8 oo
(1+x] dx(1-x 1+x) dx\1-x

1-xX

To differentiate T—X use the quotient rule:
—X

i(u xj_ A—X)1-@+X)(-D)  11-x)+11+x) 1-x+1+x 2
dx\1-x) (1—x)? O 1-%? @1-x? (1-x)?

Hence f'(x)= (1_ Xj 2 2 2

1+x) (1-x)? - L+ x)(L-X) T1-x

Method 2

Use the laws of logarithms to simplify f(x) before differentiating.

1+ X

f(x)= |n(l—} =In(L+x) - In(l—x)

To differentiate In(1+ x) and In(1— x), use the chain rule as each of these terms is a
function of a function.

1 x1— 1 ><(—1):L+L

@+x) 1-x) 1+x 1-X
C1A-x)+11+x)
@+ x)(@1-X)
_1-x+1+x
T @+x)(1-X)
B 2
@+ x)(1-X)

f(x) =

1—x?



sin2x

14. f (x) =exp(sin 2x) =e

To differentiate f(x), use the chain rule as f (x) is a function of a function.

f'(x) = e""?* x 2¢0s 2x = 2¢0s 2x exp(sin 2x)

15. f(x) = xInx

To differentiate f (x), use the product rule as f(x) is the product of two functions
, 1
f'(x) = x(—j +Inx(1) =1+Inx
X

16. y =xInx

To differentiate y, use the product rule as y is the product of two functions.

L] = x(1j+ Inx(1) =1+Inx
dx X

When x=e: y=elne=e(l)=e = point=(e,e)
m=ﬂ=1+lne:1+1:2
dx
y-b=m(x-a) = y-e=2(x—¢e)
= y-e=2x-2e

= y=2x-¢

Equation of tangent:

17.  Let f(x)=1X%
X

To differentiate f (x), use the quotient rule as f(x) is the quotient of two functions.

_ Xcosx—sinx(1) xcosx-—sinx

f'(x) 2 2



18.(a) f(x) = In(L+x?)

To differentiate f (x), use the chain rule as f (x) is a function of a function.

1 2X
f'(X)=————x2x=
9 (1+x2)>< 1+ x?
24+sin x
(b) 9(x) =
2+ COSX

To differentiate g(x), use the quotient rule as g(x) is the quotient of two functions.

(2 + cos x) cos x — (2 +sin x)(—sin x)
(2 + cosx)?

_ COSX(2+ CcosX) +sin X(2 +sin x)

- (2 + cosx)?

9'(x) =

_2C0SX +C0S” X + 25sin X +sin® X
- (2 +cosx)?
_2cosx+2sinx+1

~ (2+cosx)?

[since sin® x +cos® x =1]



1+sinx

19.) F)=7 =

To differentiate f (x), use the quotient rule as f (x) is the quotient of two functions.

(1+ 2sin x) cosx — (L+sin x)2cos x

Fog= (1+ 2sin x)?
cosx(1+ 2sin x) —2cos x(1+sin x)
- (1 + 2sin x)2
COSX + 2SIiN X COSX — 2C0S X — 2Sin X COS X
- (1+ 2sin x)?
—COS X
- (1+ 2sin x)?

(b) g(x)=In1+e*)

To differentiate g(x), use the chain rule as g(x) is a function of a function.

x 2e%* = 2e”
(1+e*) 1+ e

g'(x) =



20.(a) y=x%"

To differentiate y, use the product rule as y is the product of two functions and use the

chain rule to differentiate e .

dy x3(=2xe ™) + e (3x?)
dx

=—2x%e™ +3x% ™™
2 2
=3x% 7 —2x‘e™
2 . 2
=x%" (3-2x%) [removing a common factor of x*e ™ ]

X2

COSX

(b) f(x)=

To differentiate f (x), use the quotient rule as f(x) is the quotient of two functions.

_ cosx(2x) — x*(—sin X)
cos® X

f'(x)

_ 2xcosx+ x%sin x
- cos? x
_ X(2cosx + xsin x)
- cos® X

[removing a common factor of x in the numerator]

21, Let f(x)=FMX
3X

To differentiate f (x), use the quotient rule as f (x) is the quotient of two functions.

3x(1) —(1+1Inx)3
X

(3x)*
~3-3(1+Inx)
- 9x?
~3-3-3Inx
o 9x?
_=3Inx
~o9x?
_—lInx

o 3x?

f'(x) =




22.  y=e*cosx
To differentiate y, use the product rule as y is the product of two functions.
dy

dx
= —e?*sin x + 2e* cos X

= e?*(—sin x) + cos x(2e*)

= 2e** cos x —e?* sin X
= e (2cos x —sin x) [removing a common factor ofe** ]

23.(a) f(x)= x> tan 2x
To differentiate f (x), use the product rule as f(x) is the product of two functions.

f'(x) = x*(2sec? 2x) + tan 2x(3x?)
= 2x°sec” 2x + 3x* tan 2x
= x?(2xsec’2x +3tan2x)  [removing a common factor of x°]

1+ X2
(b) y=
1+ X

To differentiate y, use the quotient rule as y is the quotient of two functions.

dy  (1+x)2x-(1+x°)1
dx (1+x)?
C2X(L+ x) - (1+%%)
(1+x)°
22X+ 2x° —1-x?
(1+x)?
_xP+2x-1

= [note that x* +2x —1 does not factorise]
(1+x)

24.  y=e>tan2x
To differentiate y, use the product rule asy is the product of two functions.

g—y = > (2sec” 2x) + tan 2x(5e°*)
X

= 2e™sec” 2x +5e** tan 2x
=e™(2sec® 2x + 5tan 2x) [removing a common factor ofe*]



25.(a) f(x)=e"sin(x?)

To differentiate f (x), use the product rule as f(x) is the product of two functions and use
the chain rule to differentiate sin(x?).

f'(x) = e*(2x cos(x?)) +sin(x*)e*
= 2xe* cos(x?) + e* sin(x?)

=e*(2xcos(x*) +sin(x?))  [removing a common factor of e*]

3

X
®) 9= (1+tanx)

To differentiate g(x), use the quotient rule as g(x) is the quotient of two functions.

(1+tanx)3x* — x®sec’ x
(1+ tan x)?

_ 3x*(1+tanx) — x®sec’ x

(1+tanx)?

9'(x) =

~ 3x% +3x” tan x — x®sec” X
- (1+ tan x)?

_ x*(3+3tanx — xsec® x)
- (1+ tan x)?

[removing a common factor of x* in the numerator]



26.(a) f(x)=e*tanx

To differentiate f (x), use the product rule as f(x) is the product of two functions.

f'(x) = e” sec’® x + tan x(2e*)
=e”*sec” x + 2 tan x
=e”(sec® x + 2tan x)

_ C0s2X

(0) 90 =""3

To differentiate g(x), use the quotient rule as g(x) is the quotient of two functions.

x®(=2sin 2x) — cos2x(3x?)

’ X) =
9'(x) o
_ 3 ol _ 2
_—2x7sin 2);6 3x” cos2x [divide all terms in the fraction by x* to simplify]
—2xsin 2x —3c0s2x
27. f(x) =e***sin®x

To differentiate f(x), use the product rule as f(x) is the product of two functions and use

the chain rule to differentiate both e“®* and sin?® x.

COsX

d : .
d—eCOSX =e°® x (—sin x) = —sin xe
X

isin2 X = i(sin X)? = 2sin X Cos X
dx dx

Hence f'(x) = e (2sin xcos X) +sin® x(—sin xe***)

= 2e°** sin x cos x — e°**sin® x
= e°*sin x(2cos x —sin® x)



28. f (x) = sin xcos® x

To differentiate f (x), use the product rule as f(x) is the product of two functions and use
the chain rule to differentiate cos® x.

icos3 X = i(cos x)® = 3(cos x)*(—sin x) = —3sin X cos” x
dx dx
Hence f’(x) =sin x(—3sin x cos® x) + cos® X cos x
= —3sin® x cos” x + cos* x
=cos* x — 3sin® x cos” x
=cos® x(cos® x —3sin”x)  [removing a common factor of cos” x ]

To differentiate y, use the quotient rule as y is the quotient of two functions.

dy (x*+2)5- (5% +1)2x
dx (X% +2)°
_ 5(x%+2) - 2x(5x +1)
- (X2 +2)?
_ 5x* +10-10x* — 2x
- (X2 +2)?
~10-2x-5x°
(X2 +2)?

[note that 10 — 2x —5x* does not factorise]

(b) f(x)=e*sin’3x

To differentiate f(x), use the product rule as f(x) is the product of two functions and use
the chain rule to differentiate sin®3x .

isin2 3x = i(sin 3x)? = 2sin 3x(3c0s3x) = 6sin 3x cos3x
dx dx
Hence f'(x) = e (6sin 3x cos 3x) +sin® 3x(2e**)

= 6e”* sin 3x cos 3x + 2e** sin® 3x
= 2e”*sin 3x(3cos3x +sin3x)  [removing a common factor of 2e°*sin 3x ]



3x+1
X2 +1

30.() f(x)=

To differentiate f (x), use the quotient rule as f (x) is the quotient of two functions.

(x* +1)3—(3x +1)2x
(x* +1)°
_3(x® +1) —2x(3x +1)

- (x?2 +1)°

_ 3x® +3-6x" —2x
(X +1)?
_3-2x-3x?
(X +1)?

f(x) =

[note that 3—2x —3x* does not factorise]

(b) g(x) = cos® xexp(tan x) = cos® xe""*

To differentiate g(x), use the product rule as g(x) is the product of two functions and use
the chain rule to differentiate both cos® x and ™"

d . .
— oS’ X = d—(cos X)? = 2c0s X(—sin X) = —2sin X CoS X
X

dx

ietanx — etanx XseCZ X = SeCZ Xetanx

dx

Hence g'(x) = cos® x(sec® xe™) + ™™ (=2sin xcosx)  ...(*)
=" — 22" sin x cos X
=" (1-25sin xcos X) . (*%)

1
(*)  Note that cos? xsec? x = cos> X( 2 J =1
cos’® X

(**) Note that g’(x) can be written as g'(x) = e®"*(1—sin 2x) since sin 2x = 2sin X oS X .



31.(a) um:g%-

To differentiate f (x), use the quotient rule as y is the quotient of two functions.

ox?[ 1) in X(4x)
X _ 2x—4xInx
(2x?)? 4x*
~1-2Inx
2x°

f'(x) = [divide all terms in the fraction by 2x to simplify]

(b) y =cosec?3x =(cosec 3x)*
To differentiate y, use the chain rule as y is a function of a function.

d_y = 2co0sec 3xX x i cosec 3x
dx dx

= 2 cosec 3x (-3 cosec 3x cot 3x) [using the chain rule to differentiate cosec 3x]
= —6 cosec *3x cot 3x

Hence % +6Yycot3x = —6 cosec?3x cot3x + 6 cosec*3x cot3x =0.
X

In x

x3+1

32. y =
To differentiate y, use the quotient rule as y is the quotient of two functions.

(ﬁ+ni—mx@%)

dy _
dx (x* +1)?
3
D) gz in
= X(x3 % [multiply all terms in the fraction by x to simplify]
+

~x¥+1-3x°Inx
x(x* +1)°




33.(a) h(x) =sin(x*)cos(3x)

To differentiate h(x), use the product rule as h(x) is the product of two functions and use
the chain rule to differentiate both sin(x*) and cos(3x) .

h'(x) = sin(x?)(=3sin(3x)) + cos(3x)(2x cos(x?))
= —3sin(x*)sin(3x) + 2x cos(x*) cos(3x)
= 2xcos(x?) cos(3x) — 3sin(x?)sin(3x)

_In(x+3)
(b) y= X3

To differentiate y, use the quotient rule as y is the quotient of two functions and use the
chain rule to differentiate In(x + 3).

9 n(x+3) =+ x1=—1_
dx (x+3) X+3
(x+3) ! —In(x+3)x1
Hence Y (x+3) : _1-In(x +23)
dx (x+3) (x+3)

34 g(X) — ecot2x
To differentiate g(x), use the chain rule as g(x) is a function of a function.

g'(x) = e x (=2 cosec *2x) = —2 cosec * 2x x e****



35.

f(X) _ eseczx

To differentiate f(x), use the chain rule as f (x) is a function of a function.
' sec? X d 2
f'(x) =e* " x—sec” x
dx

To differentiate sec® x, use the chain rule: disec2 X = di(sec X)? = 2secxxsecxtanx
X X

=2sec? xtan x

2 2
Hence f'(x)=e" *x2sec? xtan x = 2sec’® x tan x x > *

T
sec?Z

£/ 7% =2sec? ZtanZxe 4
4 4 4

Now sec—: =2 = sec ——(\/_) =2 and tan—=1.

COS* }/\/_

Hence f (%j —2(2)(1) xe? = 4e?



tanlx

36.(a) f(x)= exp(tan%xj =e

To differentiate f (x), use the chain rule as f (x)is a function of a function.

1
frix)=e 2 xlseczlx:lseczlmexp tan x
2 2 2 2 2

(0 g(x)=(x*+1)In(x*+1)

To differentiate g(x), use the product rule as g(x) is the product of two functions and use
the chain rule to differentiate In(x® +1) .

2
iIn(x3 +1)=———x3x* = fjx
dx (x*+1) X" +1
' 3 3x? 3 2
Hence g'(x) = (X" +1)———+In(x" +1) x 3x
(x*+1)
=3x" +3x*In(x*> +1)
=3x*(1+ In(x® +1)) [removing a common factor of 3x?]

37. f(x) = Vxe™
To differentiate f (x), use the product rule as f(x) is the product of two functions.

1 1
Note that i\/_:ix2 R S

dx dx 2 2Jx

f/(x) =Vx(—e™) + e‘x(ij

2/
= 2e N —JIxe™* [the answer must now be expressed as a single fraction to simplify]
X

et Jxe™*

24x 1
_& _ Vxe ™ x2Vx [making a common denominator]

2\/; 1x 2\/;
e B 2xe™*

2Jx  2Jx

e —2xe _E (1-2x) [removing a common factor of e in the numerator]
2% 2/x




sin X

38.  g(x)=
1+ cosx

To differentiate g(x), use the quotient rule as g(x) is the quotient of two functions.

(L+ cosx)cosx —sin x(—sin x)
(1+cosx)?

g'(x) =

_ cosX(L+cosx) +sin? x
(1+ cosx)?

_ COSX+€0s” X +5sin% X
- (1+ cosx)>

_ cosx+1

"~ (1+cosx)>2

3 (1+cosx)

~ (L+cosXx)(L+cosx)
1

~ 1+coSX

[since sin® x +cos® x =1]

[cancelling the factor of (1+ cosx) to simplify]

39. y =In(1+sin x)

To differentiate y, use the chain rule as y is a function of a function.

dy 1 COS X
— =————— XCOSX = -
dx (1+sinx) 1+sinx
: dy .. . d?%y : dy .
To differentiate ax to find the second derivative o use the quotient rule as ™ isa
X X X

quotient of two functions.

d?y  (L+sin x)(—sin X) — cOSX COS X
dx® (1+sin x)*
_ —sin x(L+sin x) — cos® X
(1+sin x)?

_ —sinx—sin® x — cos® x
(1+sin x)?

_ —(sinx+sin’ x + cos” x)

- (1+sin x)?

_ —(sinx+1)

~ (L+sinx)?

~ —(@+sinx) -1
~ (L+sinx)(L+sinx)  1+sinx

[since sin® x +cos® x =1]

[cancelling the factor of (1+sin x) to simplify]




0 y= Sin X
2 —COSX

To differentiate y, use the quotient rule as y is the quotient of two functions.

dy _ (2-—cosx)cosx —sin xsin x

dx (2-cosx)?
_ oS X(2—cosx) —sin® X
(2 —cosx)?
_2cosx —cos® X —sin’ X
(2 -cosx)?
_2cosx — (cos® X +sin’ x)
(2 —cosx)?
= ZCLX_lz [since sin® x +cos® x =1]
(2—-cosx)
Stationary points occur when & =0 = ZCLX_lz _
X (2—-cosx)
= 2cosx—-1=0
= 2cosx =1
1
= COSX ==
2

U

X = cos‘l(lj -z
2 3

Note that x = % is the only solution of the equation cos x =% inthe interval 0 < x< 7.

. sinz V3 \/§/ 3
When x=2%: y=_ X __ 3 - 2 _ /2. 7%°
Y 13 3
3 2 —COSX 2—cos% 2_5 A

g

Hence the coordinates of the stationary point are (% 3 |



41.(a) fU):ﬁ%

To differentiate f (x), use the quotient rule as f (x) is the quotient of two functions.

Inxx1- x(lj
£1(x) = : X :Inx—21
(In x) (In x)

To differentiate f'(x) to find the second derivative f"(x), use the quotient rule as f'(x)
is the quotient of two functions and use the chain rule to differentiate (In x)>.

9 nx)? = 2Inxx + = 2Inx
dx X X

2In x
X

(Inx)? £~ (Inx - 1)
X

((Inx)*)?
(Inx)> 2Inx(Inx-1)

=X %)’ X [multiply all terms in the fraction by x to simplify]
nx

Hence f"(x)=

2
_(Inx) (2| In ’;E'” X=1) now divide all terms in the fraction by In X to simplify]
X({in X

_Inx-2(Inx-1)
~ x(Inx)®
_Inx-2Inx+2
~ x(Inx)®
_2-Inx

~ x(Inx)®

(b) Stationary points occur when f'(x)=0 = Inx-1_

(Inx)®>
= Inx-1=0
= Inx=1
= X=e

e e . . .
f(e)=—=—-=e = (e, €)isastationary point
Ine 1

To determine the nature of the stationary point, use the second derivative test.

y 2—lne 2-1 1 . - . .
f"(e) = 3 = 5 =—>0 = (e e)isaminimum turning point
e(lne)” e@)° e




2—Inx

(c) Points of inflexion occur when f"(x) =0

x(Inx)®
= 2-Inx=0
= Inx=2
= X =e’

2 2
f(e?) = =— = [ez,%J is a point of inflexion



