ADVANCED HIGHER MATHEMATICS

Solutions to Exam Questions on Basic Integration

1. To find j e ?'dt, use the standard integral Ieaxdx = 1eax +C.

a
J‘e‘ZIdt __Llenic
2
2. Multiply out the brackets first before integrating.
3 3
I(sec X — X)(sec X + x)dx = _[(secz X — x?)dx
0
_ 3 %
=|tan x — X—}
L 3 0
T 3
= tanz—ﬁ - tanO—O—
4 3 3
B 3
T
= 1_@ —[0]
3
A
192
3. To find I dx make the numerator the exact derivative of the denominator by

adjusting the constant and then integrate using I )) dx = In|f (x)|+C .

d .
Note that X (x* +3) = 2x, so the numerator must be written as 2x .
X

5
J.x 3 __-[x +3 EIn‘x2+3‘+C

Note Alternatively, the substitution u = x* + 3 could be used.



To find Ide make the numerator the exact derivative of the denominator by
X +1

adjusting the constant and then integrate using I%dx = In| f (x)| +C.
X

Note that di(x4 —x%+1) =4x%-2x, so the numerator must be written as (4x° — 2x).
X

,[ 12x° - 6x dx :J-3(4x 2x)d J~ 4x° —

X' —x?+1 X' —x?+1 P _x?

VORI dx 3In‘x — X +1‘+C

Note Alternatively, the substitution u = x* — x* +1 could be used.

2
To find _[ de , make the numerator the exact derivative of the denominator by
1+ tan3x

adjusting the constant and then integrate using j%dx = In| f (x)| +C.
X

Note that di(1+ tan3x) = 3sec® 3x, so the numerator must be written as 3sec® 3x.
X

I sec 3X _I 3sec? 3x

= 1In|1+tan3x|+C
1+tan 3x

1+ tan3x

Note Alternatively, the substitution u =1+ tan 3x could be used.



Let | = |cos® xsin xdx.

O w0 [N

Using the substitution u = cos x, rewrite the entire integral in terms of u (including the

limits).

du ] . )
U=Ccosx =—= d—z—smx = du=-sinxdx = —du=sin xdx

X

cos® x = u®

When x=0: u=cosO0=1

1

O t—w [N

2
cos® xsin xdx = J.us(—du) =
1

P — o |

When x=£: u=cos£:1
3 3

| =

6 |2
—u5du:{—u—}
6 1
B 6
|G
6 6
_|_764 _[_1}
6 6
1 1
=4 —
384 6
21



Let | =(2sin*@cosadd.

ON =N

Using the substitution u = sin @, rewrite the entire integral in terms of u (including the
limits).

u=sind — :—;:cose = du=cosad@

sin*@=u’

When 0:%: u=sin£:1 When 0:%: u:singzl

2sin* @cosa @ = J1'2u4du _ {ZUT _ {2(1)1_ 2(%)5
1 5 5
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j- cosd
o (L+sin 9)

Using the substitution x =1+sin @, rewrite the entire integral in terms of x (including the
limits).

Xx=1+sinfd = 3—2:0039 = dx=cos&d@

(1+sing)® = x°

When 6=0: x=1+sin0=1+0=1

When 6 = il

—: x:1+sin£=1+1:2
2 2

2

2 _2 2
;(cosede) Ii?’ X=_[x’3dx= X |- _iz
(L+sing)® " X -2 2%

1 1

. 1 | 1
L2027 2(1)*

1 1
=——4 —
8 2
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3
Let | :Jx\/x+1dx.

0

Using the substitution u = x +1, rewrite the entire integral in terms of u (including the

limits).

u=x+1 = g—izl = du=dx

Jx+1=4u and u=x+1 = x=u-1

When x=0: u=0+1=1 When x=3: u=3+1=4

4

I :JS'Xde = I(u ~1/udu = j‘.u;(u —1)du = }[uz —uinu

_jur_u?

%2 P
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ove oar| oV 2P
__ 5 3 5 3
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10.

X

dx.
J1+X

3
Let j
0

Using the substitution u =1+ x, rewrite the entire integral in terms of u (including the
limits).

u=1l+x =—= d—uzl = du=dx
dx

Vi+x=+Ju and u=1+x = x=u-1

When x=0: u=1+0=1 When x=3: u=1+3=4

2X ru-—1 1 o 2
dx=|—du=|u 2(u-Ddu=||u?—u ? (du
e e R (!
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t+2
11. Let | = dt
!«/H

[HEN

Using the substitution u =t +1, rewrite the entire integral in terms of u (including the
limits).

u=t+1 —> ((jj—l::l = du=dt

Ji#l=Ju and u=t+1 = t+2=u+1
Whent=0: u=0+1=1 Whent=8: u=8+1=9

8 9 1 o1 1
I:It+2 dt:ju—ﬂdu:fu 2(u+1)du:f uz+u 2 du
o Vi+1 1 1

— § 1 9
2

/ L
:2\/U_ 2\/Ui|
3

[ [

_ 2(27) 2(3)} {2(1) 2(1)}

[ 1

64
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12.  Let |=j dx.

Using the substitution u = In x, rewrite the entire integral in terms of u.

u=Ihx = d_uzl = du:ldx
dx x X

| = idx=ji(ldxj=jgdu:2In|u|+C=2In|Inx|+C
xIn x Inx\ x u



13.

X3

V14 x?

dx .

Let |=j

Using the substitution u =1+ x*, rewrite the entire integral in terms of u.

u=1+x*>* = S—U:ZX = du=2xdx = %du:xdx
X

Viex2=su and u=1+x? = x2=u-1

1
(4, 2(u—1)du

x® x? u-1(1
N NG N LR F




14.

0

X3

dx.

X2 +4

Using the substitution u = x* + 4, rewrite the entire integral in terms of u (including the

limits).

u=x’+4 = (;—u=2x = du = 2xdx
X

Vx2+4=+Ju and u=x*+4 = x2=u-4

When x=0: u=0%+4=4 When x=+/5: u=(/5)?+4=
J5 3 V5 2 _

1= 2x dx = | (2xdx) = [ 2du
o VXZ +4 o VX2 +4 u
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15.

1
Let 1 =|x%(x*-8)3dx.

W C—

Using the substitution u = x* —8, rewrite the entire integral in terms of u (including the
limits).

u=x*-8 = g—u=2x = du=2xdx = %du:xdx
X

1

(x?-8)3 =u

1
3 and u=x*-8 = x’=u+8

When x=3: u=3°-8=1 When x=4: u=4*-8=8
4 1 1 1rq

I:Ix3(x2—8)3dx:fx2(x2—8)3xdx: (u+8)u3[§du)
3 3

(u+8)du

Nél—‘
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N

1
+4u3jdu
8

7 4
3

=——+4u

2\75) 1%
3XWJ+4[3XW]]
7 4
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3/,7
= 3><14u +3x3\/u4}

1

i 3/q7 3/q47
_| 3x\8 +3x3§/8—4}—{3><1;/1—+3x314}

14

[3(128) 3@
= _—14 + 3(16)} { 4 + 3(1)}
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1

Using the substitution x = (u—1)?, rewrite the entire integral in terms of u.

x=U-1)*> = S—X=2(u—1)><1 = dx=2(u-1)du
u

x=U-1)? = Jx=u-1 = 1l+x=u = @+/x)*=u’

1 1 2(u-1) .
l=|————dx=|—=x2u-D)du=|——=du=|2u"(u—-1)du
J.(1+\/§)3 J.us ( I u’ I
= J-(Zu‘2 —2u~%)du
-1 -2
:2u _ 2 N
-1 (=2
=20 +u?+C
:_—2+i2+C
u u
-2 1

:1+\/;+(1+\/;)2 e



S ox+1
!16x

Using the substitution x = 4sin &, rewrite the entire integral in terms of @ (including the
limits).

X=4sinf = %=4cosé’ = dx=4cos&ld

x+1=4sin@+1 and 16— x* =,/16 — (4sin §)’
=16 -16sin’ 0
= \16(1-sin’ 6)
=16c0s? 0 [since cos® @ =1-sin’ @]
=4cosé
When x=0: 0=4sind = sind=0 = @H=sin"0=0

When x=2: 2=4sinfd = sinQ:% = 9:sin1(%j:%

2 i G
1= X+ gy = j(43'”‘9+1) x4cosad6 = [ (4sin 6 +1)d6
5 V16 — X2 o 4cosd 5

[-4coso+0]8

= —4cosz+z}—[—4c050+0]
6 6

| 4(?} T %] ~[- 4]

=-23+Z+4
6
Notes

@D V16 — x* must be simplified to 4cos 6.
(2)  The new limits must be expressed in radians.



Using the substitution x =1—sin @, rewrite the entire integral in terms of & (including the
limits).

Xx=1-sinf = g—zz—cose = dx=-cos&d@

J2x—x2 =/2(1-sin 8) — (1—sin §)°
=J2-2sin 0 — (1-2sin O +sin? )

—J2-2sin@—1+2sinO—sin2 @

=+/1-sin’ @

=+/cos’ @ [since cos® @ =1-sin’ 4]
=Ccosd
When x:1 1:1—sin9 = siné?:1 — @H=sin" 1 _r
2 2 2 2 6
When x=1: 1=1-sind = sind=0 = O=sin'0=0

t o dx t—cosado ¢ 0 x| 7«
[ - [0 -0l --| 7| -2
2 B 6

Notes

(1) \2x —x® must be simplified to cosé .
(2)  The new limits must be expressed in radians.



Using the substitution x = 4sin @, rewrite the entire integral in terms of & (including the
limits).

X=4sinf = %:Mose = dx=4cos&ld

V16— x? = /16 — (4sin 6)* =16 —165in @ = /16(1—sin> §) = +/16cos’ @ = 4cosd

T

since cos? @ =1-sin’ @

When x=0: 0=4sind = sind=0 = H=sin'0=0

When x=2: 2=4sinf = sinezé = 0:sin‘1(%j=%

/4

6
| = | V16— x2dx = 4cos€><4cos€d0:_|'l6c0326d¢9
0

Oy N
Ot | N

To integrate 16 cos® @, use the trig identity given, ie cos2A =2cos* A-1.

c0s260 =2cos’0-1 = 2cos’H=cos260+1 = 16cos’H=8cos20+8
x 5

5 5
Hence | = J'4cos2 Ao = I(8c0320 +8)do = [8(%sin 20) +8¢9}
0 0

0

= [4sin 29+849]§
_[ asin z(gj+s(gﬂ—[4sin(2(0»+8(0)]

= 4sinz+4—ﬂ}—[4sin0+0]
3 3

= {@j + 4?”} ~[4(0)]

=23+ 4—”
3
Notes

(1) /16 —x* must be simplified to 4cosé.
(2) The new limits must be expressed in radians.



20.

V2 2
X
:.[ dx
o\/4—X2

Using the substitution x = 2sin @, rewrite the entire integral in terms of @ (including the
limits).

X=2sinf = S—ZZZCOSH = dx=2cos&d

x> =(2sin0)’ =4sin@ and V4-x* =4—4sin’0

=41 -sin” )
=+/4cos® 6 [since cos® @ =1-sin® @]
=2cosf

When x=0: 0=2sind = sind=0 = @=sint0=0

When x=+/2: J2=2sin6 = sinezg = 0=sin‘1[§j:%

T

V2 X2 4
x2cosedl = I4sin2 o
0

e

j4sm 0
v 2C0s6

To integrate 4sin” @, use the trig identity given, ie cos2A=1-2sin* A

c0s20=1-2sin?0 = 2sin?0=1-c0s20 = 4sin’0=2-2cos26

Hence | = j‘sm Ao = j(z 2€0s20)dO = {20—2(%3in2€ﬂ
=[20 —sin 29]0%
- 2(%) ~sin 2(%)} —[2(0) - sin 2(0)]
:_%—sm 2} [0—sin0]
HESTE
|51
-7
2
Notes

(1)  v4-x* must be simplified to 2cosé.
(2) The new limits must be expressed in radians.



since sin® x+cos? x =1

|

21.(a) Method 1

=2 2 =2 2 =2
sin?x  cos®x sin?x  cos® x+sin?x 1
LHS=1+tan’x=1+——=—"——+——= : =———=sec’x=RHS
cos’X cos’X Ccos® X cos? X cos? X
) sin X
since tanx = ——
COS X

Method 2

Start with the trig identity sin” x +cos” x =1 and divide all terms in this identity by cos® x.

sin®x  cos® x 1
oo T 2. 2
cos?’ X €os’X cos® X

sin?x+cos’x=1 =

. sin X 1
= tan’x+1=sec’x [since ——= =tanx and —— =secX]
COS X COS X

— 1+tan®x =sec’x
(b) To find Itanz xdx , rearrange the identity in (a) to give an identity for tan® x.
l1+tan’x =sec’x = tan’x=sec’x-1

Hence J.tanz xdx = J.(secz Xx—1dx=tanx—x+C



since sin® x+cos® x =1

22.(a) Method 1 l
=2 2 =2 2 =2
sin“X COS“X Sin°X COS° X+Sin* x 1
LHS=1+tan*x =1+ ——=——+———= - =———=sec’ x=RHS
COS° X COS° X COS” X COS” X COS” X
) sin X
since tanx = ——
COS X
Method 2

Start with the trig identity sin® x +cos” x =1 and divide all terms in this identity by cos® x.

sin?x  cos® x 1
oot 20 2
cos’ X Cos®’X  Cos® X

sin?x+cos’x=1 =

. sin X 1
= tan’x+1=sec’x [since ——= =tanx and —— =secX]
COS X COS X

= l+tan?x =sec’x

() Let 1=[—9

3
2

(L+x?)

Using the substitution x = tan @, rewrite the entire integral in terms of & (including the
limits).

=tangd — g—gzsecze = dx=sec’&ld

3 3

3
(1+x?)2 =(1+tan® 8)2 = (sec* H)2 =sec’ O [multiplying the indices]

When x=0: O0=tand = O=tan'0=0
When x=1: 1=tand = @H=tan*1=2=

4
1 %S % 1 % - z — o -
I=J; : '([ sec’ @ =;[sec0d9 !OSGM [Slné?]g‘:_smz}_[smo]
1+ x?) T
. 1 B 1
9:— =| — | —

since sec -~ _\/E} [0]
Zi
V2

Note The new limits must be expressed in radians.



