
ADVANCED HIGHER MATHEMATICS 

 

Solutions to Exam Questions on Differential Equations 1 

 

1. The differential equation can be solved by separating the variables and then integrating. 
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The solution does not have to be written in the form )(xfy =  before substituting the values 

of x and y to find C. You can substitute the values of x and y at any time after integrating. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



2. The differential equation can be solved by separating the variables and then integrating. 
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Note 

 

The solution does not have to be written in the form )(xfy =  before substituting the values 

of x and y to find C. You can substitute the values of x and y at any time after integrating. 

 

 

 

 

 

 

 

 

 

 

 

 

 



3. The differential equation can be solved by separating the variables and then integrating. 
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Note 

 

The question states that 0y , so there is no need to include a modulus sign when finding 
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4. The differential equation can be solved by separating the variables and then integrating. 
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5. The differential equation can be solved by separating the variables and then integrating. 
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Note 

 

The solution does not have to be written in the form )(xfy =  before substituting the values 

of x and y to find C. You can substitute the values of x and y at any time after integrating. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



6.(a) The differential equation can be solved by separating the variables and then integrating. 

 Note that the two variables are M and t and that k is a constant. 
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 Hence 44∙55% of the plant food is still effective after 35 days. 

 

 

 

 

 

 

 



    (d) Method 1 

 

 Calculate the percentage of the plant food which is still effective after 60 days. 

 

 When 60=t :   0125100100 3861)60(02310 === −− eeM    (to 2 dp) 

 

25∙01% of the plant food is still effective after 60 days, so more than 25% of the plant food 

is still effective after 60 days and the manufacturer is justified in calling its product “sixty 

day super food”. 

 

Method 2 

 

Calculate after how many days the plant food will be 25% effective. 
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Since 600160  , the plant food will still be effective after 60 days and the manufacturer is 

justified in calling its product “sixty day super food”. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



7. The differential equation can be solved by separating the variables and then integrating. 

 Note that the two variables are B and t and that k is a constant. 
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 There are 326 strands of bacteria initially present. 
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8.(a) The differential equation can be solved by separating the variables and then integrating. 

 Note that the two variables are P and t and that k is a constant. 
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 Note that P is the percentage of the population infected t days after the initial outbreak. 
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9.(a) The differential equation can be solved by separating the variables and then integrating. 

 Note that the two variables are T and t and that k is a constant. 
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 60=A  and 08110 −=k . 

 

 The temperature of the roll after t minutes is given by the formula   2260 08110 += − teT . 
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 The temperature of the roll after a further 5 minutes will be 48∙7oC. 

 

 

 



10.(a) The differential equation can be solved by separating the variables and then integrating. 

 Note that the two variables are T and x and that k is a constant. 
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 The turkey will be cooked after 3∙53 hours. 
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 Although not necessary, the answer can also be given in hours and minutes: 

83160530 = , so the turkey will be cooked after about 3 hours 32 minutes. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



11.(a) The differential equation can be solved by separating the variables and then integrating. 
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It will take 60 minutes (1 hour) to drain the pool on this occasion. 

 



12.(a) The differential equation can be solved by separating the variables and then integrating. 
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 remember to divide by the coefficient of x when integrating. 
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 There will be 1∙96 kg of salt present after 20 minutes. 
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 In the long term, the limiting amount of salt in the tank will be 2 kg. 

 

          

 



13. The differential equation can be solved by separating the variables and then integrating. 
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14.(a) The denominator contains distinct linear factors. 
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 )30()15(900 QBQA −+−=  

 

 Let 15=Q       )15()0(900 BA +=          B15900 =           60=B  

 Let 30=Q       )0()15(900 BA +−=       A15900 −=        60−=A  

 

 Hence   
QQQQ −

+
−

−
=

−− 15

60

30

60

)15)(30(

900
   or   

QQQQ −
−

−
=

−− 30

60

15

60

)15)(30(

900
. 

 

     (b) The differential equation can be solved by separating the variables and then integrating. 

 

900

)15)(30( QQ

dt

dQ −−
=       dtQQdQ )15)(30(900 −−=  

            =−−
dtdQ

QQ )15)(30(

900
 

            =








−
−

−
dtdQ

QQ
1

30

60

15

60
 

           CtQQ +=−+−− )30ln(60)15ln(60  

           CtQQ +=−−− )15ln(60)30ln(60  

           CtQQ +=−−− ))15ln()30(ln(60  

           Ct
Q

Q
+=









−

−

15

30
ln60  

 

60=A  
 

0)0( =Q , so when 0=t , 0=Q       C+=








−

−
0

015

030
ln60  

              C=2ln60  

 

Hence   60=A    and   2ln60=C . 

 

Note 

 

CQdQ
Q

+−−=
− )15ln(60

15

60
   and   CQdQ

Q
+−−=

− )30ln(60
30

60
using   

 ++=
+

Cbax
abax

ln
11

; remember to divide by the coefficient of Q when integrating. 

 



(i) 2ln60
15

30
ln60 +=









−

−
t

Q

Q
 

 

When 5=Q :          2ln60
515

530
ln60 +=









−

−
t  

     2ln60
10

25
ln60 +=








t  

                           2ln60
2

5
ln60 +=








t  

     39132ln60
2

5
ln60 =−








=t    (to 2 dp) 

 

It takes 13∙39 minutes to form 5 grams of Z. 

 

Note 

 

  Although not necessary, the answer can also be given in minutes and seconds: 

42360390 = , so it takes about 13 minutes 23 seconds to form 5 grams of Z. 

 

(ii) 2ln60
15

30
ln60 +=









−

−
t

Q

Q
 

 

When 45=t :         2ln6045
15

30
ln60 +=









−

−

Q

Q
 [divide all terms by 60] 

     2ln
4

3

15

30
ln +=









−

−

Q

Q
 

                4431
15

30
ln =









−

−

Q

Q
   (to 3 dp) 

     4431

15

30 =
−

−
e

Q

Q
 

     )15(30 4431 QeQ −=−   

     
443144311530  −=− QeeQ  

     3015 44314431 −=−  eQQe  

     3015)1( 44314431 −=−  eeQ  

     3610
1

3015
4431

4431

=
−

−
=





e

e
Q    (to 2 dp) 

 

10∙36 grams of Z will be formed 45 minutes after the reaction begins. 

 

 

 



15.(a) The denominator contains distinct linear factors. 

 

 
N

B

N

A

NN −
+=

− 20000)20000(

10000
 

                                     
)20000(

)20000(

NN

BNNA

−

+−
=  

 

 BNNA +−= )20000(10000  

 

 Let 20000=N       )20000()0(10000 BA +=       B2000010000 =       
2

1
=B  

Let 0=N                )0()20000(10000 BA +=       A2000010000 =        
2

1
=A  

 

Hence   
NNNN −

+=
− 20000

2
1

2
1

)20000(

10000
. 

 

The differential equation can be solved by separating the variables and then integrating. 

 

 
10000

)20000( NN

dt

dN −
=       dtNNdN )20000(10000 −=  

                     =−
dtdN

NN )20000(

10000
 

                     =














−
+ dtdN

NN
1

20000

2
1

2
1

 

                    CtNN +=−− )20000ln(
2

1
ln

2

1
 

         CtNN +=−− ))20000ln((ln
2

1
 

         Ct
N

N
+=









−20000
ln

2

1
 

         Dt
N

N
+=









−
2

20000
ln  [where CD 2= ] 

 

 Hence   Ct
N

N
+=









−
2

20000
ln    for some constant C. 

 

 

 

 

 

 



Notes 

 

(1) The partial fractions can be written as 
)20000(2

1

2

1

)20000(

10000

NNNN −
+=

−
 but 

there is no need to do this. 

 

  

(2) Since 200000  N , 0N  and 020000 − N , so there is no need to include 

modulus  signs when finding dN
N
2

1
 and dN

N −20000

2
1

. 

 

(3) CNdN
N

+−−=
− )20000ln(

2

1

20000

2
1

   using    ++=
+

Cbax
abax

ln
11

; 

  remember to divide by the coefficient of N when integrating. 

 

     (b) Ct
N

N
+=









−
2

20000
ln  

 

 When 0=t , 100=N       C+=








−
)0(2

10020000

100
ln  

                    C=








19900

100
ln  

         







=

199

1
lnC  

 

 Hence   







+=









− 199

1
ln2

20000
ln t

N

N
       t

N

N
2

199

1
ln

20000
ln =








−









−
 

                 tN

N

2

199

1
20000ln =



















−  

                                                                                   t
N

N
2

20000

199
ln =









−
 

                 te
N

N 2

20000

199
=

−
 

                 )20000(199 2 NeN t −=  

                 
tt NeeN 2220000199 −=  

                 
tt eNeN 22 20000199 =+  

                 
tt eeN 22 20000)199( =+  

                 
t

t

e

e
N

2

2

199

20000

+
=  

 



16. The differential equation can be solved by separating the variables and then integrating. 

 

 )1000( PP
dt

dP
−=       dtPPdP )1000( −=        =−

dtdP
PP )1000(

1
 ...(*) 

 

 To find  −
dP

PP )1000(

1
, first express 

)1000(

1

PP −
 in partial fractions. 

 Note that the denominator contains distinct linear factors. 

 

 
P

B

P

A

PP −
+=

− 1000)1000(

1
 

                                 
)1000(

)1000(

PP

BPPA

−

+−
=  

 

 BPPA +−= )1000(1  

 

 Let 1000=P       )1000()0(1 BA +=       B10001 =       
1000

1
=B  

Let 0=P             )0()1000(1 BA +=       A10001 =       
1000

1
=A  

 

Hence   
PPPP −

+=
− 1000

1000
1

1000
1

)1000(

1
. 

 

From (*):    =−
dtdP

PP )1000(

1
       =














−
+ dtdV

PP
1

1000

1000
1

1000
1

 

               CtPP +=−− )1000ln(
1000

1
ln

1000

1
 

               CtPP +=−− ))1000ln((ln
1000

1
 

    Ct
P

P
+=









−1000
ln

1000

1
 

    Dt
P

P
+=









−
1000

1000
ln     [where CD 1000= ] 

 

 Hence   Ct
P

P
+=









−
1000

1000
ln    for some constant C. 

 

 

 



 Ct
P

P
+=









−
1000

1000
ln       Cte

P

P +=
−

1000

1000
 

                 Ctee
P

P 1000

1000
=

−
 

                 tAe
P

P 1000

1000
=

−
 [where CeA = ] 

                 )1000(1000 PAeP t −=  

                 tt APeAeP 100010001000 −=  

                 tt AeAPeP 10001000 1000=+  

                 tt AeAeP 10001000 1000)1( =+  

                 
t

t

Ae

Ae
P

1000

1000

1

1000

+
=  [divide all terms by te1000 ] 

                 
Ae

A

A
e

A
P

t

t

+
=

+

=
−1000

1000

1000

1

1000
 

 

 Hence   
teK

K
tP

1000

1000
)(

−+
=    for some constant K. 

 

 200)0( =P , so when 0=t , 200=P       
)0(1000

1000
200

−+
=

eK

K
 

                       
0

1000
200

eK

K

+
=  

                       
1

1000
200

+
=

K

K
 

                       KK 1000)1(200 =+  

            KK 1000200200 =+  

                       K800200 =  

            
4

1
=K  

 

 Hence   
( )

ttt eee
tP

100010001000 41

1000

4
1

250

4
1

4
11000

)(
−−− +

=
+

=
+

=  [multiplying all terms in the  

fraction by 4 to simplify] 

 

 

 

 

 

 

 

 



 When 900)( =tP :   
te 100041

1000
900

−+
=       1000)41(900 1000 =+ − te  

              10003600900 1000 =+ − te  

              1003600 1000 =− te  

              
36

11000 =− te  

              10003600900 1000 =+ − te  

                         1003600 1000 =− te  

                         
36

11000 =− te  

              







=−

36

1
ln1000t  

              
( )

00360
1000

36
1ln

=
−

=t    (to 4 dp) 

 

 900)( =tP  when 00360 =t . 

 

 Notes 

 

(1) The partial fractions can be written as 
)1000(1000

1

1000

1

PP −
+  but there is no need 

to do this. 

 

  

(2) Since 10000  P , 0P  and 01000 − P , so there is no need to include modulus  

signs when finding dP
P

1000
1

 and dP
P −1000

1000
1

. 

 

(3) CPdP
P

+−−=
− )1000ln(

1000

1

1000

1000
1

   using    ++=
+

Cbax
abax

ln
11

; 

  remember to divide by the coefficient of P when integrating. 

 

 

 

 

 

 

 

 

 

 

 

 



17. Measure time in minutes from the time the beaker of liquid was placed in the fridge and at 

12 noon, let nt = . 

 To determine the time the liquid was placed in the fridge, we must find the value of n. 

 

Before starting to solve the differential equation, interpret the information given 

mathematically. 
 

• The constant temperature of the fridge is 4oC. 

This means that 4=FT . 

 

• When first placed in the fridge, the temperature of the liquid was 25oC. 

This means that when 0=t , 25=T . 

 

• At 12 noon, the temperature of the liquid was 9∙8oC. 

This means that when nt = , 89 =T . 

 

• At 12∙15 pm, the temperature of the liquid had dropped to 6∙5oC. 

This means that when 15+= nt , 56 =T . 

 

 The differential equation can be solved by separating the variables and then integrating. 

 Note that the two variables are T and t and that k is a constant. 

 

 )( FTTk
dt

dT
−−=       )4( −−= Tk

dt

dT
      dtTkdT )4( −−=  

                      −=
−

kdtdT
T 4

1
 

                    CktT +−=− )4ln(  

                    
CkteT +−=− 4  

                    
CkteeT −=− 4  

                               
ktAeT −=− 4  [where 

CeA = ] 

                    
ktAeT −+= 4  

 

 When 0=t , 25=T       
)0(425 kAe −+=       

)0(425 Ae+=  

                       )1(425 A+=  

                       21=A  

 

 Hence   
kteT −+= 214  

 

 

 

 

 

 

 

 

 



 When nt = , 89 =T       kne−+= 21489       8521 =−kne  ...(1) 

 

 When 15+= nt , 56 =T       )15(21456 +−+= nke  

                 5221 )15( =+− nke  

             5221 15 =−− kkne  

             5221 15 =−− kknee  

             52)21( 15 =−− kkn ee  

             5285 15 = − ke  [since 8521 =−kne ] 

             
85

5215




=− ke  

             











=−

85

52
ln15k  

             
( )

05610
15

85
52ln

=
−




=k    (to 4 dp) 

 

 Substitute 05610 =k  into equation (1)       8521 =−kne  

                 8521 05610 =− ne  

                 
21

8505610 
=− ne  

                            






 
=−

21

85
ln05610 n  

                            
( )

922
05610

21
85ln

=
−



=n    (to 1 dp) 

 

Hence 12 noon occurs when 922 =t  meaning that the liquid was first placed in the fridge 

22∙9 minutes before 12 noon. 

 

So the liquid was first placed in the fridge at approximately 11∙37 am. 

 

Note 

 

In the context of this question, 4T , so 04 −T and there is no need to include a 

modulus sign when finding  −
dT

T 4

1
. 

  

 

     

 

 

  

 

 

    


