ADVANCED HIGHER MATHEMATICS

Solutions to Exam Questions on Differential Equations 3

2
d ¥+4ﬂ+5y:0
dx dx

Note that this is a homogeneous differential equation (RHS = 0), so it is not necessary to
consider a particular integral.

Auxiliary Equation: m? +4m+5=0
a=1,b=4,¢c=5 = b’-4ac=4*-4()()=—-4

b® —4ac < 0, so the equation has non-real roots and the roots can be found using the
quadratic formula.

_ —bxvb®-dac -4xy-4 -—4+20

2a 2(1) 2

m —2+i

-2X

Hence the general solutionis y=e™"(Asin x+ Bcosx).

3=e29(Asin 0+ Bcos0)
3=¢"(A(0) +B(1)
3-1(B)

B=3

y =3 when x=0

b U Ul

T

2| =
y=e"" when x:% = e’ =e [2J(Asin%+8cosgj

= e”" =e"(A®)+B(0))
e"=A""
A=1

Uy

-2X

Hence the particular solutionis 'y =e™*(sin X+ 3c0s ) .



d’y  dy
4 -4—+y=0
dx? dx y

Note that this is a homogeneous differential equation (RHS = 0), so it is not necessary to
consider a particular integral.

Auxiliary Equation: 4m® —4m+1=0
a=4,b=-4,¢c=1 = b’-dac=(-4)*-4AHD)=0

b* —4ac = 0, so the equation has two real and equal roots.

4m* —4m+1=0 = (2m-)2m-1)=0 = m= ,m:%

N

1
Hence the general solutionis y = (Ax+ B)e? .

1
y=4 when x=0 = 4=(AQ)+B)e? = 4=Be" = 4=B(l) = B=4

1
To differentiate  y = (Ax+ B)e? , use the product rule asy is the product of two
functions of x.

dy 1 % L dy 1 % x
—=(Ax+B)=e? +e2 (A) => —==e? (Ax+B)+ Ae?
dx 2 dx 2

1 1
j_y:3when x=0 = 3:%e2(0)(A(0)+B)+Ae2(0)
X

=N 3=%e°(B)+Ae°

N 3:%(1)(B)+A(1)
— 3-1gia
2
1
= 3=§(4)+A
= 3=2+A
= A=1

1
Hence the particular solutionis y = (x+ 4)e2x.



2
d Z+2ﬂ+2y:0
dx dx

Note that this is a homogeneous differential equation (RHS = 0), so it is not necessary to
consider a particular integral.

Auxiliary Equation: m® +2m+2=0
a=1,b=2,c=2 = b*-4ac=2°-41)(2)=-4

b* —4ac < 0, so the equation has non-real roots and the roots can be found using the
quadratic formula.

—b++b®-4ac -2++-4 -2+2i
2a 2(1) 2

—1=£i

m=

Hence the general solution is y =e ™ (Asin x + BcosX) .

When x=0, y=0 = 0=¢e’(Asin0+ Bcos0)
—  0=1(A(0)+ B(D)
= 0=8B

To differentiate y =e*(Asin x+ Bcosx), use the product rule asy is the product of two
functions of x.
dy - - X
dx =e " (Acosx—Bsin x) + (Asin x+ Bcosx)(—e™)
X
dy . I
o e " (Acosx—Bsin x) —e ™ (Asin X + Bcos x)
X

When x:O,%:Z — 2=¢"(Acos0—Bsin0)—e’(Asin 0+ Bcos0)
X

= 2=1(AQ)-B(0))-1(A(0) + B(1))
= 2=1A)-1B)

= 2=A-B

= 2=A-0

= A=2

Hence the particular solutionis y=e*(2sinx+0cosx) = y=2e *sinx
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2
d z/+6ﬂ+9y=e2X
dx dx

Auxiliary Equation: m?®+6m+9=0
a=1,b=6,c=9 = b®-4ac=6°-4(1)(9)=0

b® —4ac =0, so the equation has two real and equal roots.

m?>+6m+9=0 = (M+3)(M+3)=0 = m=-3, m=-3

Hence the CFis y=(Ax+B)e™.

2
Let y=ae” = %=2anX and (; 2/:4ae2X
X X
2
((jjxg + 6%+9y = = 4ae”™ +6(2ae*)+9(ae”) =e*

= 4ae” +12ae* +9ae® =e*

— 25ae* =e*

Equating coefficients of e = 25a=1 = a= %

Hence the Plis y= ER
25

The general solutionis y = (Ax+ B)e™ + %ezx
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2
d ¥+ ﬂ—Syzﬁx—l
dx dx

Auxiliary Equation: m®+2m-3=0

a=1,b=2,c=-3 = b’-4ac=2°-4(1)(-3)=16

b® —4ac > 0, so the equation has two real and distinct roots.
m>+2m-3=0 = M+3)(Mm-1)=0 = m=-3, m=1
Hence the CFis y = Ae > + Be”.

Let y=ax+b = ﬂza and d y:O
dx dx

2
0Y 2 3y _6x-1 = 0+2(a)-3ax+b)=6x-1
dx dx

= 2a-3ax-3b=6x-1
Equating coefficientsof x = -3a=6 —= a=-2

Equating constants = 2a-3b=-1
= 2(-2)-3b=-1

= —-4-3b=-1
= -3b=3
= b=-1

Hence the Plis y=-2x-1.

The general solutionis y = Ae ™ + Be* —2x 1.
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d’y _dy 2
—-3—+2y =2x
dx?  dx y

Auxiliary Equation: m®-3m+2=0

a=1,b=-3,c=2 = b’-4ac=(-3)"-4(N)(2) =1

b® —4ac > 0, so the equation has two real and distinct roots.
m>-3m+2=0 = (M-D(M-2)=0 = m=1, m=2
Hence the CFis y = Ae* + Be®.

Note that the RHS of the differential equation is a quadratic which suggests using
y =ax® +bx+c as the PI.

Let y=ax’*+bx+c = %=2ax+b and

X dx

d’y _dy 2 2 2
W—3&+2y:2x = 2a-3(2ax+b)+2(ax” +bx+c)=2x

— 2a-—6ax—3b+2ax® + 2bx + 2¢c = 2x°>

Equating coefficients of x> = 2a=2 = a=1

Equating coefficientsof x = —-6a+2b=0
= -6(1)+2b=0
= —-6+2b=0
= 2b=6
= b=3

Equating constants = 2a-3b+2c=0
21)-3(3)+2c=0
2-9+2c=0

b U

-7+2c=0 = 2c=7 = c:%

Hence the Plis y = x? +3x+g.

The general solution is y = Ae* + Be”™ + x* +3x + %



y = Ae* + Be* +x2+3x+%

y=3 when x=0 = 1=Ae°+|3e2<°>+02+3(0)+Z
2 2 2

= 1:Ae"+Be°+Z

2 2

1 7

= —=A0D+B@Q+—

5 @ +B@® 5

= A+B=-3 ..(1)

y:AeX+Be2X+x2+3x+Z = %:AeX +2Be® +2x+3
X

j—yzlwhen x=0 = 1=Ae’+2Be’® +2(0)+3
X

= 1=Ae’+2Be’+3
= 1=A®)+2B1)+3
= A+2B=-2  ..(2)

Solving equations (1) and (2) gives A=—-4 and B =1.
Hence the particular solution is y = —4e* +e* +x* +3x + >

Note

A common error in this question is to incorrectly use y = ax* as the PI.



d’y dy
Rl AN R Y/ VRSP
dx? dx y

Auxiliary Equation: m®—-4m+4=0

a=1,b=-4,c=4 = Db®>-4dac=(-4)°-4(1)4)=0

b® —4ac =0, so the equation has two real and equal roots.
m?>—4m+4=0 = (M-2)(m-2)=0 = m=2,m=2

Hence the CFis y = (Ax +B)e*.

2
Let y=ae* = ﬂ:aex and d zlzaeX
dx dx
2
d—g— ﬂ+4y=ex = ae” —4(ae”)+4(ae*) =¢"
dx dx

= ae” —4ae* +4ae* =¢*
= ae’=¢*

Equating coefficientsof e* = a=1
Hence the Plis y=¢e".
The general solutionis y = (Ax + B)e* +e*.

y =2 when x=0

= 2=(A(0)+B)e*® +¢°
= 2=Be’+¢°

= 2=B@)+1

= B=1

To differentiate y = (Ax + B)e** +e*, use the product rule to differentiate (Ax + B)e** as
this term is the product of two functions of x. Remember to also differentiate the term e”*.

% = (Ax+B)2e* +e”*(A)+e* = % = 2e” (AX + B) + Ae* +¢*
X X



ﬂ:lwhen x=0

™ 1=2e*@(A(0) +B) + Ae*® +¢°
1=2e°(B) + Ae’ +¢°

1=2(1)(B)+ A@) +1

1=2B+A+1

1=21)+A+1 [substituting B =1]
1=3+A

A=-2

R A R

Hence the particular solutionis y = (-2x+1)e”* +e* or y=(1-2x)e* +e*.
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d 3/+5ﬂ+6y:12x2 +2X-5
dx dx

Auxiliary Equation: m®+5m+6=0

a=1,b=5,c=6 = b’-4ac=5"-4(1)(6)=1

b® —4ac > 0, so the equation has two real and distinct roots.
m?>+5m+6=0 = (M+3)(M+2)=0 = m=-3, m=-2
Hence the CFis y=Ae > +Be™.

2
Let y=ax’*+bx+c = ﬂ=2ax+b and d Z/=2a
dx dx

2
%+5%+6y=12x2+2x—5 = 2a+5(2ax+b)+6(ax* +bx+c)=12x* +2x -5
X X

— 2a-+10ax+5b+6ax® +6bx +6c =12x> +2x-5

Equating coefficients of x> = 6a=12 = a=2

Equating coefficients of x = 10a+6b=2

= 10(2)+6b=2
= 20+6b=2

= 6b =-18
= b=-3

Equating constants = 2a-+5b+6¢c=-5

= 2(2)+5(-3)+6c =-5
= 4-15+6c=-5
=
=
=

-11+6c=-5
6c =6
c=1
Hence the Plis y=2x*-3x+1.

The general solution is y = Ae ™ + Be ™™ +2x* —3x +1.



-3X -2X

y=Ae > +Be ™ +2x* -3x+1

y=-6 when x=0 = -6=~Ae"? +Be ™ +2(0)°-3(0)+1
= —-6=~Ae’+Be’+1
= -6=A@Q0)+B(@)+1
= A+B=-7 (1)

y=RAe ¥ +Be ™ +2x* -3x+1 = % =-3Ae ¥ -2Be?* +4x-3
X

%:3 when x=0 = 3=-3Ae® _2Be? +4(0)-3
X

— 3=-3Ac’-2Be’-3
— 3=-3A(1)-2B()-3
— -3A-2B=6 (2)

Solving equations (1) and (2) gives A=8 and B =-15.

Hence the particular solutionis Yy =8e>* + Be ®* +2x° —3x +1.
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2
d—¥+2ﬂ +10y = 3e*
dx dx

Auxiliary Equation: m®+2m+10=0
a=1,b=2,c=10 = b*-4ac=2%-4(1)(10)=-36

b® —4ac < 0, so the equation has non-real roots and the roots can be found using the
quadratic formula.

_—bt+b*-4dac -2+y-36 -2+6i

2a 2(1) 2

m

Hence the CFis y=e*(Asin3x+ Bcos3Xx).

2
Let y=ae” = a _ 2ae*  and d Z = 4ae*
dx dx

dzy dy 2x 2X 2x 2X 2X
d7+2&+10y:3e = 4ae” +2(2ae”")+10(ae”") =3e

= 4dae* +4ae?* +10ae* =3e*
— 18ae?* =3

Equating coefficients of e* = 18a=3 = a= %

Hencethe Plis y= 1e2X :
The general solution is 'y =e™(Asin 3x + Bcos3x) + lezx.

When x=0, y=1 = 1=¢°(Asin3(0)+ Bcos3(0)) +%e2‘°)
= 1=1(Asin0+ BcosO)+%e°
1
= 1=A(0)+ B(1)+5(1)
1

= 1=B+-—

= B:E
6



To differentiate y =e*(Asin 3x + Bcos3x) + %ezx, use the product rule to differentiate
e (Asin 3x + Bcos3x) as this term is the product of two functions of x. Remember to also

differentiate the term %e“ .

? =e “(3Acos3x —3Bsin 3x) + (Asin 3x + Bcos3x)(-e ™) +%(2e2x)
X

% =3e *(Acos3x — Bsin 3x) —e ™ (Asin 3x + B cos3x) + %ezx
X

When x=0, ﬂ =0
dx

= 0=3e"(Acos3(0) — Bsin 3(0)) — e’ (Asin 3(0) + B cos3(0)) + %62(0)

—  0=3(1)(AcosO— Bsin 0)—1(Asin 0+ Bcos0) + % M)

—  0=3(A() - B(0)) - 1(A(0) + B(L) +%

—~ 0 :3(A)—1(B)+%

= 3A—B+%=0
= 3A—§+1 =0 [substituting B = E]
6 3 6
= 3A—1:O
2
= 3A=1
2
= A=E
6

Hence the particular solutionis y = e‘x[ésin 3X + gcos3xj + %ezx :
Note

. . . 1 . 1
The particular solution can also be written as y = ge‘x (sin3x +5c0s3x) + Eezx

ory= %(eX (sin3x +5c0s3x) + ezx) but there is no need to simplify the particular solution.
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2
d 2/ —6ﬂ+9y =8sin X +19cos x
dx dx

Auxiliary Equation: m? —-6m+9=0

a=1,b=-6,c=9 = b’-4ac=(-6)"-4(1)(9)=0

b® —4ac =0, so the equation has two real and equal roots.
m>-6m+9=0 = (M-3)(m-3)=0 = m=3,m=3

Hence the CFis y = (Ax + B)e*.

2

dy d°y

Let y=asinx+bcosx — d—zacosx—bsinx and d2:—asinx—bcosx
X X

2

d 2/— ﬂ+9y:83inx+19cosx

dx dx
= —asinx—bhcosx—6(acosx—bsinx)+9(asin x + bcos x) =8sin x +19 cos x
= —asinx—bcosx —6acos X+ 6bsin x + 9asin X + 9b cos x = 8sin x + 19 cos x
Equating coefficientsof sinx — -a+6b+9a=8 = 8a+6b=8 (1)
Equating coefficients of cosx — -b-6a+9%=19 — -6a+8b=19 .(2)

Solving equations (1) and (2) gives a = —% and b=2.
: 1.
Hence the Plis y= —Esm X+2COSX.
The general solution is y = (Ax + B)e™ — %sin X+ 2CO0SX.

y=7 when x=0 = 7=(A(0)+B)e3‘°)—%sin0+20030

— 7=(B)e’ —%(0) +20)

7=(B)D)+2
B=5

U



To differentiate y = (Ax + B)e® — %sin X +2c0s X, use the product rule to differentiate

(Ax + B)e* as this term is the product of two functions of x. Remember to also differentiate
the other two terms.

% = (Ax + B)(3e™) +e¥(A) —%cosx—Zsin X

dy = 3e¥(Ax + B) + Ae* —%cosx—Zsin X

dx
WL vhenx=0 = l:3e3(°’(A(O)+B)+Ae‘°’ _ L os0—2sin0
dx 2 2 2
= E:3e (B) + Ae —5(1)—2(0)
1 1
= —=31(B)+A1)-=
5 = 3D(B)+Al) 3
1 1 -
= §=3(5)+A—§ [substituting B =5]
= 1=15+A
= A=-14

Hence the particular solution is y = (—14x +5)e® — %sin X +2C0S X

or y=(5-14x)e* —%sin X+ 2COSX.



11.

CF

Pl

GS

2
d 32/— ﬂ+2y:203inx
dx dx

Auxiliary Equation: m?-3m+2=0

a=1,b=-3,c=2 = b’-4ac=(-3)°-41)(2) =1

b® —4ac > 0, so the equation has two real and distinct roots.
m>-3m+2=0 = (M-1)(m-2)=0 = m=1,m=2

Hence the CFis y = Ae* + Be®*.

2
Let y=asinx+bcosx = j—yzacosx—bsinx and zzz—asinx—bcosx
X X

2
d y_sy

™ " + 2y = 20sin X
= —asinx—bcosx—3(acosx—bsin x) + 2(asin x + bcos x) = 20sin x
= —asinx—bcosx—3acosx+3bsin x + 2asin x + 2bcos x = 20sin X
Equating coefficientsof sinx = -a+3b+2a=20 = a+3b=20 (1)
Equating coefficients of cosx = -b-3a+2b=0 = -3a+b=0 .(2)

Solving equations (1) and (2) gives a=2 and b=6.

Hence the Plis y =2sinx+6co0sX.
The general solution is y = Ae* + Be®* + 2sin X +6COS X .

y=0when x=0 = 0=Ae’+Be’® +2sin0+6cos0
= 0=Ae’+Be’+2(0)+6(1)
= 0=A)+B()+6
= A+B=-6 ..(1)



y=Ae* +Be” +2sinx+6c0sX = g—yz Ae* +2Be* +2cosx — 6sin x
X

—~ =0 when x=0
dx

0= Ae®+2Be’® +2cos0-6sin0
0= Ae’ +2Be’ +2(1) — 6(0)
0=A1)+2B(1)+2

A+2B=-2  ..(2)

U

Solving equations (1) and (2) gives A=-10 and B=4.

Hence the particular solution is y = —10e* + 4e** + 25sin X + 6.€0S X

or y=4e*-10e* +2sinXx+6c0SX.

Note

A common error in this question is to incorrectly use y = asin x as the PI.



d?y dy
=X gy=e*+12
dx? dx y

Auxiliary Equation: m’>-m-2=0

a=1,b=-1,c=-2 = Db*-4ac=(-1)°*-41)(-2)=9
b® —4ac > 0, so the equation has two real and distinct roots.
m>-m-2=0 = (M+)(M-2)=0 = m=-1, m=2

Hence the CFis y = Ae ™ +Be*.

Let y=ae*+b = d—y=an and

dx dx

2
d g'_ﬂ_zyzex+12 — ae*—ae* —2(ae* +b)=e* +12
dx® dx

= —2ae"-2b=e"+12
. - ) 1
Equating coefficientsof e* = -2a=1 = a= ~5
Equating constants = -2b=12 —= b=-6

Hence the Plis y= —%ex -6.
The general solution is y = Ae™ + Be* —%ex -6.

y:—§ when x=0 = —S-pe®+Be®®_leo_g
2 2 2

= 3 _netiBet-Lteos
2 2

3 1
= 2 =AD+BO-1)-6

— —1=A+B-6
— A+B=5 (1)



y = Ae™ + Be* —%e* -6 = d—y=—Ae‘X +2Be* —%e

dx

YL hen x=0 = Lo_pe®428e?@_Lgo
dx 2 2 2
= 1:—Ae°+28e°—£e°

2 2

1 1
= =-AD+2B(0)-5 )

= —A+2B=1 ..(2)

Solving equations (1) and (2) gives A=3 and B=2.

X

. .. 1
Hence the particular solutionis y =3e™ + 2e** — EeX -6.
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2
d—¥+2ﬂ+5y =4cosx
dx dx

Auxiliary Equation: m? +2m+5=0
a=1,b=2,c=5 = b’-4ac=2*-4(1)(5)=-16

b® —4ac < 0, so the equation has non-real roots and the roots can be found using the
quadratic formula.

_—btb®-dac -2+4-16 —2+4i

m =-1+2i
2a 2(1) 2
Hence the CFis y=e *(Asin2x+ Bcos2x).
: dy . d’y :
Let y=asinx+bcosx —= d—:acosx—bsmx and OI2:—asmx—bcosx
X X
2
OI—2’+2ﬂ+5y=4cosx
dx dx
= —asinXx—bcosx+ 2(acosx —bsin x) + 5(asin x + bcos x) = 4 cos x
= —asinx—bcosx+ 2acos x —2bsin x + 5asin x + 5bcos x = 4 cos x
Equating coefficientsof sinx —= -a-2b+5a=0 = 4a-2b=0 (1)
Equating coefficients of cosx — -b+2a+5b=4 = 2a+4b=4 -.(2)

Solving equations (1) and (2) gives a = é and b= g
: 2 . 4
Hence the Pl is y:gsmx+gcosx.

The general solutionis 'y =e*(Asin 2x + Bcos2x) + ésin X +gcosx .



y(0)=0,sowhen x=0, y=0 = O:eO(Asin2(0)+BcosZ(O))+§sinO+%cosO

= 0=1(Asin0+ Bcos0) +§sin 0+gcoso

= 0= A(O)+B(1)+§(O)+%(1)
= O=B+ﬂ
5
= B=—ﬂ
5

To differentiate y =e™(Asin 2x + Bcos2x) + %sin X +%cosx, use the product rule to

differentiate e ™ (Asin 2x + B cos2x) as this term is a product of two functions of x.
Remember to also differentiate the other two terms.

dy

dy _

y'(0) =1, sowhen x =0, 3_y:1

=

e “(2Acos2x —2Bsin 2x) + (Asin 2x + Bcos2x)(—e ™) + %cosx —%sin X

2e *(Acos2x — Bsin 2x) —e ™ (Asin 2x + B cos2x) +§cosx —%sin X

X

1=2e°(Acos2(0) — Bsin 2(0)) —e°(Asin 2(0) + B cos2(0)) +§coso — gsin 0
1=2(1)(Acos0—Bsin0)—1(Asin 0+ B cos0) +§coso —gsin 0
1= 2(A®) - BO) ~L(AQ) + BO) + 1) - £ O

1=2(A)—1(B)+§

1=2A— 4 +§ [substituting Bz—ﬂ]
5) 5 5
1=2A+§
5
op-_1 = A=-1
5 10

Hence the particular solutionis y = e‘X(— %sin 2X —gcos 2xj + %sin X +gcosx .

Note

A common error in this question is to incorrectly use y =acosx as the PI.



