
ADVANCED HIGHER MATHEMATICS 

 

Solutions to Exam Questions on Further Differentiation 

 

1.  xxf 3sin)( 1−=  

 

 To differentiate )(xf , use the chain rule as )(xf  is a function of a function. 
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2. )3(cos)( 1 xxf −=  

 

 To differentiate )(xf , use the chain rule as )(xf  is a function of a function. 
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3. )3(tan 21 xy −=  

 

 To differentiate y, use the chain rule as y is a function of a function. 
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4. Let )cos2(tan)( 1 xxf −= . 

 

 To differentiate )(xf , use the chain rule as )(xf  is a function of a function. 
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5. )1(tan)( 1 −= − xxf  

 

 To differentiate )(xf , use the chain rule as )(xf  is a function of a function. 
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 To differentiate 1−x , use the chain rule as 1−x  is a function of a function. 
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6. xxy 12 tan −=  

 

 To differentiate y, use the product rule as y is the product of two functions. 
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7. xxy 2tan 1−=  

 

To differentiate y, use the product rule as y is the product of two functions and use the 

chain rule to differentiate x2tan 1−
. 
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To differentiate )(xg , use the quotient rule as )(xg  is the quotient of two functions and use 

the chain rule to differentiate x2tan 1− . 
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 [removing a common factor of 2 in the numerator] 

 

9. xxxg 1tan)( −=  

 

To differentiate )(xg , use the product rule as )(xg  is the product of two functions. 
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To differentiate )(xg   to find the second derivative )(xg  , use the quotient rule to 

differentiate
21 x

x

+
 and remember to also differentiate x1tan −

. 
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The condition for points of inflexion to occur is 0)( = xg . 
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So )(xg   is never equal to zero, hence the graph of g has no points of inflexion. 

 

10. 2xey y =+  

 

Differentiate all terms in the equation with respect to x, using the chain rule to differentiate 
ye  as this term is a function of a function. 
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11. xyxy 6cos 2 =+  

 

Differentiate all terms in the equation with respect to x, using the product  rule to 

differentiate xy cos  (as this term is a product of two functions of x) and the chain rule to 

differentiate 2y  (as this term is a function of a function). 
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12. 146944 =−++ yxyx  

 

Differentiate all terms in the equation with respect to x, using the chain rule to differentiate 
4y  as this term is a function of a function. 
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At the point A(1, 2) where 1=x  and 2=y :   
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Equation of tangent at A:   )( axmby −=−        )1(
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1
2 −−=− xy  

            )1(1)2(2 −−=− xy  

                       142 +−=− xy  

                             52 +−= xy    or   52 =+ xy  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



13.(a) 22 =+ yxy  

 

Differentiate all terms in the equation with respect to x, using the product  rule to 

differentiate xy  (as this term is a product of two functions of x) and the chain rule to 

differentiate 2y  (as this term is a function of a function). 
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     (b) At the point (1, 1) where 1=x  and 1=y :   
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Equation of tangent:   )( axmby −=−        )1(
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                          )1(1)1(3 −−=− xy  

               133 +−=− xy  

                     43 +−= xy    or   43 =+ xy  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



14. 533 23 −=+ xxyy  

 

Differentiate all terms in the equation with respect to x, using the and the chain rule to 

differentiate 3y  (as this term is a function of a function) and the product  rule to 

differentiate xy3 . 
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At the point A(2, 1) where 2=x  and 1=y :   1
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Equation of tangent at A:   )( axmby −=−        )2(11 −=− xy  

            21 −=− xy  

                            1−= xy  

                    

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



15. Method 1 (Recommended) 
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 First multiply all terms in the equation by y to remove the fraction. 
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Now differentiate all terms in the equation with respect to x, using the product  rule to 

differentiate xy  (as this term is a product of two functions of x) and the chain rule to 

differentiate 2y  (as this term is a function of a function). 
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At the point (3, −1) where 3=x  and 1−=y :   
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The gradient of the curve at the point (3, −1) is 
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Method 2  
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Differentiate all terms in the equation with respect to x, using the quotent  rule to 

differentiate 
y

x 2

 as this term is a quotient of two functions of x. 
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There is no need to rearrange this equation to find an expression for 
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. 

You can substitute the values of x and y into this equation to find the value of 
dx

dy
. 

 

At the point (3, −1) where 3=x  and 1−=y :    

 

dx

dy

y

dx

dy
xxy

=+

−

1

2

2

2

       
dx

dydx

dy

=+
−

−−

1
)1(

3)1)(3(2

2

2

 

                    
dx

dy

dx

dy
=+−− 196  

                    510 =−
dx

dy
 

                
2

1
−=

dx

dy
 

 

Hence the gradient of the curve at the point (3, −1) is 
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16.(a) 43 22 =+ yxxy    for 0x  and 0y  

 

 Differentiate all terms in the equation with respect to x, using the product  rule to 

differentiate both 2xy  and yx 23  and the chain rule to differentiate 2y . 
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     (b) To find the value of 
dx

dy
 when 1=x , we need to find the value of y first. 

To find the value of y when 1=x , substitute 1=x  into the equation of the curve. 

 

When 1=x :   43 22 =+ yxxy        4)1(31 22 =+ yy  

                      432 =+ yy  

           0432 =−+ yy  

           0)1)(4( =−+ yy  

                      4−=y , 1=y  

 

Hence 1=y  since 0y . 
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17. 43 22 =− yxy ,   0x , 
3

2
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Differentiate all terms in the equation with respect to x, using the chain rule to differentiate 
23y  and the product  rule to differentiate yx 2  . 
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To find the value of 
dx

dy
 when 2=x , we need to find the value of y first. 

To find the value of y when 2=x , substitute 2=x  into the equation of the curve. 

 

When 2=x :   43 22 =− yxy        423 22 =− yy  

           443 2 =− yy  
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The gradient of the tangent when 2=x  is 1. 

 

 

 

 

 

 

 



18. 0422 22 =+−− xyxyy  

 

Differentiate all terms in the equation with respect to x, using the chain rule to differentiate 
22y  (as this term is a function of a function) and the product  rule to differentiate xy2  (as 

this term is a product of two functions of x). 
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The curve has a horizontal tangent when 0=
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We know that the curve has a horizontal tangent at the points where xy = . 

To find the values of x, substitute xy =  into the equation of the curve. 

 

When xy = :   0422 22 =+−− xyxyy        04)(22 22 =+−− xxxxx  

                0422 222 =+−− xxxx  

                042 =− xx  

                0)4( =−xx  

                0=x , 4=x  

 

Hence the curve has a horizontal tangent at the points where 0=x  and 4=x . 

 

 

 

 

 

 

 

 

 

 

 

 



19. 4=− xxy  

 

Differentiate all terms in the equation with respect to x, using the product  rule to 

differentiate xy  as this term is a product of two functions of x. 
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To differentiate 
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20. 0114 22 =+++ yxyx  

 

Differentiate all terms in the equation with respect to x, using the product  rule to 

differentiate xy4  (as this term is a product of two functions of x) and the chain rule to 

differentiate 2y  (as this term is a function of a function). 
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At the point (−2, 3) where 2−=x  and 3=y :   4
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There is no need to attempt to simplify this expression, as we only need to find the value of  
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At the point (−2, 3) where 2−=x , 3=y  and 4=
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21. The formula for the volume of the cube is 3hV = , where h is the height of the cube and h is 

a function of time t. 

 

 The rate of increase of the volume at time t is given by the derivative 
dt

dV
. 

 

 To differentiate V with respect to t, use the chain rule as V is a function of h and h is a 

function of t. 
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 Now   3hV =        23h
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 When 3=h :   135)3(15 2 ==
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 The rate of increase of the volume is 135 cm3s−1. 

 

22.(a) You can find a formula for h in terms of x using Pythagoras’ Theorem. 

 Consider one of the right-angled triangles in the diagram. 

 

 

 

 

 

 

 

 

 

Enlarging this right-angled triangle with a scale factor of 2 gives the equivalent right-angled 

triangle below. 

 

          By Pythagoras’ Theorem: 
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     (b)  22500 xh −=    where x is a function of time t. 

 

 The rate of change of the vertical height at time t is given by the derivative 
dt

dh
. 

 

 To differentiate h with respect to t, use the chain rule as h is a function of x and x is a 

function of t. 
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 Hence   
22 2500

30
)30(

2500 x

x

x

x

dt

dh

−


=−

−

−
=  

 

 When 30=x :   
40

9

302500

)30(30

2
=

−


=

dt

dh
 

 

 The rate of change of the vertical height when 30=x  is 
40

9
 cm per second. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



23. The surface area of the spherical balloon is given by 24 rA = , where r is the radius of the 

balloon and r is a function of time t. 

 

 The rate of increase of the surface area at time t is given by the derivative 
dt

dA
. 

 

 To differentiate A with respect to t, use the chain rule as A is a function of r and r is a 

function of t. 

 

 
dt

dr

dr

dA

dt

dA
=  

 

 Now   24 rA =        r
dr

dA
8=    and hence   

dt

dr
r

dt

dA
= 8  

 

 When the radius is 10 cm the surface area is increasing at a rate of 120  cm2s−1. 

 Thus when 10=r , 120=
dt

dA
. 

 

 
dt

dr
r

dt

dA
= 8        

dt

dr
= )10(8120         

2

3

80

120
==





dt

dr
 

 

 This means that the radius of the balloon is increasing at the rate of 
2

3
 cms−1 at this moment. 

 

 The volume of the balloon is given by 3

3

4
rV = , where r is the radius of the balloon and r 

is a function of time t. 

 

 The rate of increase of the volume at time t is given by the derivative 
dt

dV
. 

 

 To differentiate V with respect to t, use the chain rule as V is a function of r and r is a 

function of t. 

 

 
dt

dr

dr

dV

dt

dV
=  

 

 Now   3

3

4
rV =        24 r

dr

dV
=    and hence  

dt

dr
r

dt

dV
= 24  

 

 

 



 At the moment concerned, 10=r  and 
2

3
=

dt

dr
. 

 

 Hence    600
2

3
)10(44 22 ===

dt

dr
r

dt

dV
 

 

 The rate at which the volume is increasing at this moment is 600  cm3s−1. 

 

24. hrV 2=    where both r and h are functions of time t. 

                                                                                                                                                                                                                                                                                                                                               

The rate of change of the volume at time t is given by the derivative 
dt

dV
. 

 

 To differentiate V with respect to t, use the product rule as V is the product of two functions 

of t and use the chain rule to differentiate 2r  with respect to t. 

 

 hrV 2=        







+=

dt

dr
rh

dt

dh
r

dt

dV
 22  

                                             
dt

dr
rh

dt

dh
r  22 +=  

                                             )020(2)010(2 −+= rhr   

                                             rhr  040010 2 −=  

 

 When 60 =r  and 2=h :   )2)(60(040)60(010 2 −= 
dt

dV
 

                                                                 048000360 −=  

                                                                04440 −=  

 

 The rate of change of the volume is 04440 −  m3s−1. 

 

25. xy 3=  

 

 Take logs and simplify:   xy 3lnln =        3lnln xy =  

 

 Now differentiate all terms in this equation with respect to x, using the chain rule to 

differentiate yln  as this term is a function of a function. 

 

 
dx

d
       3ln

1
=

dx

dy

y
       3ln33ln xy

dx

dy
==  

 

 

 

 



26. 
2

3xy =  

 

 To differentiate y, logarithmic differentiation must be used as the power is a function of x. 

 

 Take logs and simplify:   
2

3lnln xy =        3lnln 2xy =  

 

 Now differentiate all terms in this equation with respect to x, using the chain rule to 

differentiate yln  as this term is a function of a function. 

 

 
dx

d
       3ln2

1
x

dx

dy

y
=        3ln323ln2

2xxxy
dx

dy
==  

 

27. 
)1( 2

4 += xy  

 

 To differentiate y, logarithmic differentiation must be used as the power is a function of x. 

 

 Take logs and simplify:   )1( 2

4lnln += xy        4ln)1(ln 2 += xy  

 

 Now differentiate all terms in this equation with respect to x, using the chain rule to 

differentiate yln  as this term is a function of a function. 

 

 
dx

d
       4ln2

1
x

dx

dy

y
=        4ln424ln2 )1( 2+== xxxy

dx

dy
 

 

28. 12 3+= xxy  

 

 Take logs and simplify:   12 3

lnln += xxy        xxy ln)12(ln 3 +=  

 

 Now differentiate all terms in this equation with respect to x, using the chain rule to 

differentiate yln  and the product rule to differentiate xx ln)12( 3 + . 

 

 
dx

d
       23 6ln

1
)12(

1
xx

x
x

dx

dy

y
++=     

                         xx
x

x

dx

dy

y
ln6

121 2
3

+
+

=  

                         







+

+
= xx

x

x
y

dx

dy
ln6

12 2
3

 

                         







+

+
= + xx

x

x
x

dx

dy x ln6
12 2

3
12 3

 

 

 



29. 
x

xe
y

x

−

+
=

1

)2( 3sin

 

 

 Take logs and simplify:         








−

+
=

x

xe
y

x

1

)2(
lnln

3sin

    

                                 xxey x −−+= 1ln))2(ln(ln 3sin  

                      2

1

3sin )1ln()2ln()ln(ln xxey x −−++=  

           )1ln(
2

1
)2ln(3sinln xxxy −−++=  

 

 Now differentiate all terms in this equation with respect to x, using the chain rule to 

differentiate yln , )2ln( x+  and )1ln( x− . 

 

 
dx

d
       








−

−
−










+
+= )1(

)1(

1

2

1
1

)2(

1
3cos

1

xx
x

dx

dy

y
    

                         
)1(2

1

2

3
cos

1

xx
x

dx

dy

y −
+

+
+=  

              








−
+

+
+=

)1(2

1

2

3
cos

xx
xy

dx

dy
 

                         








−
+

+
+

−

+
=

)1(2

1

2

3
cos

1

)2( 3sin

xx
x

x

xe

dx

dy x

 

 

 When 0=x :   







++==

)1(2

1

2

3
0cos

1

)2( 30sine

dx

dy
m  

                                                 







++=

2

1

2

3
1

1

)8(0e
 

                                                 )3(8=  

                                                 24=  

 

 The gradient of the curve when 0=x  is 24. 

 

 

 

 

 

 

 

 

 

 

 



30. Method 1 

 

xxe y 23 cos=  

 

 First find an expression for  y:   )cosln( 23 xxy =  

 

 Before differentiating y, use the laws of logarithms to expand and simplify the right-hand 

side of the above equation. 

 

 )cosln( 23 xxy =        )ln(cos)ln( 23 xxy +=  

                                              23 )ln(cos)ln( xxy +=  

             )ln(cos2ln3 xxy +=  

 

 Now differentiate y, using the chain rule to differentiate )ln(cos x  as this term is a function 

of a function. 

 

 x
x

x
xxdx

dy
tan2

3
)sin(

cos

1
2

1
3 −=








−+








=  [since x

x

x
tan

cos

sin
= ] 

 

 Hence   xb
x

a

dx

dy
tan+=    where 3=a  and 2−=b . 

 

 Method 2 

 

 xxe y 23 cos=  

 

 Use implicit differentiation to differentiate all terms in the equation with respect to x. 

 Use the chain rule to differentiate ye  and the product rule to differentiate xx 23 cos . 

 

 Note that   xxxxx
dx

d
x

dx

d
cossin2)sin(cos2)(coscos 22 −=−==  

 

 
dx

d
       )3(cos)cossin2( 223 xxxxx

dx

dy
e y +−=  

                        xxxxx
dx

dy
e y cossin2cos3 322 −=  

             
ye

xxxxx

dx

dy cossin2cos3 322 −
=  

                                  
xx

xxxxx
23

322

cos

cossin2cos3 −
=  [replacing 

ye  with xx 23 cos ] 

                                 
xx

xxx

xx

xx
23

3

23

22

cos

cossin2

cos

cos3
−=  [dividing each term in the numerator by xx 23 cos ] 



                                    
x

x

x cos

sin23
−=  

          x
x

tan2
3
−=  [since x

x

x
tan

cos

sin
= ] 

 

 Hence   xb
x

a

dx

dy
tan+=    where 3=a  and 2−=b . 

 

31. 
2

2

)12(

)23(

−

+
=

x

ex
e

x
y  

 

 First find an expression for  y:   








−

+
=

2

2

)12(

)23(
ln

x

ex
y

x

 

 

 Before differentiating y, use the laws of logarithms to expand and simplify the right-hand 

side of the above equation. 

 

 








−

+
=

2

2

)12(

)23(
ln

x

ex
y

x

       ( ) 22 )12ln()23(ln −−+= xexy x  

                                                    )12ln(2)ln()23ln( 2 −−++= xexy x  

                   )12ln(22)23ln( −−++= xxxy  

 

 Now differentiate y, using the chain rule to differentiate )23ln( +x  and )12ln( −x . 

 

 
12

4
2

23

3
2

)12(

1
223

)23(

1

−
−+

+
=










−
−+

+
=

xxxxdx

dy
 

                     

32. tx 6=        6=
dt

dx
     and     ty cos1−=       t

dt

dy
sin=   

 

 
6

sin t

dt
dx

dt
dy

dx

dy
==  

 

 

 

 

 

 

 

 

 



33. sec2=x        


tansec2=
d

dx
     and     sin3=y       


cos3=

d

dy
  

 

 








tansec2

cos3
==

d
dx

d
dy

dx

dy
 

 

 Note 

 

 Although not necessary, the derivative can be simplified as follows using the fact that 




cos

1
sec =  and 






cos

sin
tan = . 

 

 
















sin2

cos3

cos

sin

cos

1
2

cos3

tansec2

cos3 3

=

















==

dx

dy
    

or   








cotcos

2

3

sin

cos
cos

2

3

sin2

cos3 22
3

=







==

dx

dy
 

 

34. )1ln( 2tx += ,   )21ln( 2ty +=  

 

 To differentiate x with respect to t, use the chain rule as x is a function of a function. 

 Similarly for y.  

 

 )1ln( 2tx +=          
22 1

2
2

)1(

1

t

t
t

tdt

dx

+
=

+
=  

 

 )21ln( 2ty +=        
22 21

4
4

)21(

1

t

t
t

tdt

dy

+
=

+
=  

 

 
2

2

2

22

222 21

)1(2

)21(2

)1(4

2

1

21

4

1

2

21

4

t

t

tt

tt

t

t

t

t

t

t

t

t

dt
dx

dt
dy

dx

dy

+

+
=

+

+
=







 +









+
=









+










+
==  

 

 

 

 

 

 

 

 

 



35. 2

1

)1(1 +=+= ttx        
12

1
1)1(

2

1
2

1

+
=+=

−

t
t

dt

dx
 

 

 ty cot=        −=
dt

dy
co t2sec  

 

 =

+

−
==

12

1

cos 2

t

tec

dt
dx

dt
dy

dx

dy
12 +− t co t2sec  

 

36. 
12 +

=
t

t
x ,   

1

1
2 +

−
=

t

t
y  

 

To differentiate x with respect to t, use the quotent rule as x is a quotient of two functions 

of t. Similarly for y.  

 

12 +
=

t

t
x        

22

2

22

22

22

2

)1(

1

)1(

21

)1(

)2(1)1(

+

−
=

+

−+
=

+

−+
=

t

t

t

tt

t

ttt

dt

dx
 

 

1

1
2 +

−
=

t

t
y        

22

2

22

22

22

2

22

2

)1(

21

)1(

221

)1(

)1(21

)1(

2)1(1)1(

+

−+
=

+

+−+
=

+

−−+
=

+

−−+
=

t

tt

t

ttt

t

ttt

t

ttt

dt

dy
 

 

2

2

2

22

22

2

22

2

22

2

1

21

1

)1(

)1(

21

)1(

1

)1(

21

t

tt

t

t

t

tt

t

t

t

tt

dt
dx

dt
dy

dx

dy

−

−+
=









−

+









+

−+
=









+

−










+

−+
==  

 

37. tx cos5=        t
dt

dx
sin5−=      and     ty sin3=        t

dt

dy
cos3=  

 

 t
t

t

dt
dx

dt
dy

dx

dy
cot

5

3

sin5

cos3
−=

−
==  [since t

t

t
cot

sin

cos
= ] 

 

 When 
6


=t :   

5

33
)3(

5

3

6
cot

5

3
−=−=−==



dx

dy
m  

 

 [Note that 3

3
1

1

6
tan

1

6
cot ===




] 

 The gradient of the curve when 
6


=t  is 

5

33
− . 

 



38. 12 += tx        t
dt

dx
2=      and     331 ty −=        29t

dt

dy
−=  

 

 
2

9

2

9 2 t

t

t

dt
dx

dt
dy

dx

dy −
=

−
==  

 

 When 2=t :   5122 =+=x ,   23)2(31 3 −=−=y        point = (5, −23) 

             9
2

)2(9
−=

−
==

dx

dy
m  

 

 Equation of tangent:   )( axmby −=−        )5(923 −−=+ xy  

                                                                                  45923 +−=+ xy  

                                                        229 +−= xy    or   229 =+ xy  

 

39. cos5=x        


sin5−=
d

dx
     and     sin5=y        


cos5=

d

dy
 

 

 






 cot
sin5

cos5
−=

−
==

d
dx

d
dy

dx

dy
 [since 




cot

sin

cos
= ] 

 

 When 
4


 = :           

2

5

2

1
5

4
cos5 =








==


x ,   

2

5

2

1
5

4
sin5 =








==


y  

                     point 







=

2

5
,

2

5
 

 

             1
4

cot −=−==


dx

dy
m   [Note that 1

1

1

4
tan

1

4
cot ===




] 

 Equation of tangent:   )( axmby −=−        







−−=−

2

5
1

2

5
xy  

                           
2

5

2

5
+−=− xy  

                                                 
2

10
+−= xy  

                                                                                  
2

10
=+ xy  

                                                            1022 =+ xy    (or equivalent) 

 

 

 



40. 12 += tx        t
dt

dx
2=  

 

To differentiate y with respect to t, use the chain rule as )23ln( +t  is a function of a 

function. 

 

)23ln( += ty        
23

3
3

)23(

1

+
=

+
=

ttdt

dy
 

 

)23(2

3

2

23

3

+
=+==

ttt

t

dt
dx

dt
dy

dx

dy
 

 

When 
3

1
−=t :          

9

10
1

9

1
1

3

1
2

=+=+







−=x ,   01ln2

3

1
3ln ==








+








−=y  

                              point 







= 0,

9

10
 

 

                                  
2

9

3
2

3

)1(
3

1
2

3

2
3

1
3

3

1
2

3
−=

−
=









−

=









+








−








−

==
dx

dy
m  

 

Equation of tangent:   )( axmby −=−        







−−=−

9

10

2

9
0 xy  

                                                                      5
2

9
+−= xy  

                                                                      1092 +−= xy    or   1092 =+ xy  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



41. 55 2 −= tx ,   33ty =  

 

 At the point (0, −3), 0=x  and 3−=y . 

 

 When 0=x :      055 2 =−t        55 2 =t        12 =t        1=t  

 

 When 3−=y :   33 3 −=t        13 −=t        1−=t  

 

 Hence 1−=t  gives 0=x  and 3−=y , thus giving the point (0, −3). 

 

 55 2 −= tx        t
dt

dx
10=      and     33ty =        29t

dt

dy
=  

 

 
10

9

10

9 2 t

t

t

dt
dx

dt
dy

dx

dy
===  

 

 When 1−=t :   
10

9

10

)1(9
−=

−
==

dx

dy
m  

 

The gradient of the curve at the point (0, −3) is 
10

9
− . 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



41. 12 −+= ttx ,   22 2 +−= tty  

 

 At the point A(−1, 5), 1−=x  and 5=y . 

 

To show that the point A(−1, 5) lies on the curve, we must find a value of t which gives both 

1−=x  and 5=y . 

 

 When 1−=x :   112 −=−+ tt        02 =+ tt        0)1( =+tt        0=t , 1−=t  

 

 When 5=y :    522 2 =+− tt        032 2 =−− tt     

                                                                    0)1)(32( =+− tt  

                        
2

3
=t , 1−=t  

 

 Hence 1−=t  gives 1−=x  and 5=y , thus giving the point A(−1, 5). 

 So the point A(−1, 5) lies on the curve. 

 

 12 −+= ttx        12 += t
dt

dx
     and     22 2 +−= tty        14 −= t

dt

dy
 

 

 
12

14

+

−
==

t

t

dt
dx

dt
dy

dx

dy
 

 

 When 1−=t :   5
1

5

1)1(2

1)1(4
=

−

−
=

+−

−−
==

dx

dy
m  

 

 Equation of tangent at the point A(−1, 5):   )( axmby −=−        )1(55 +=− xy  

                                                  555 +=− xy  

                                                                                                                          105 += xy  

 

 

 

 

 

 

 

 

 

 

 

 



43. The instantaneous speed, v, of the particle at time t is given by   

22









+








=

dt

dy

dt

dx
v . 

 ttttx 4)4( 2 +=+=        42 += t
dt

dx
 

 

 To differentiate 3)1( tty −=  with respect to t, use the product rule as y is the product of 

two functions of t and use the chain rule to differentiate 3)1( t− . 

 

 223 )1(3)1()1(3)1( ttt
dt

d
−−=−−=−  

 

 Hence   ( ) )1()1()1(3 32 ttt
dt

dy
−+−−=  

                               32 )1()1(3 ttt −+−−=  

                               23 )1(3)1( ttt −−−=  

 

 When 3=t :   104)3(2 =+=
dt

dx
,   44)2)(3(3)2( 23 −=−−−=

dt

dy
 

 

              and   2036)44(10 22

22

=−+=







+








=

dt

dy

dt

dx
v  

 

The instantaneous speed of the particle when 3=t  is 2036 . 

 

Notes 

 

(1) No units are given in this question. 

 

(2) Although not necessary, the expression for 
dt

dy
 can be simplified by factorising as 

follows. 

 

23 )1(3)1( ttt
dt

dy
−−−=  

      ( )ttt 3)1()1( 2 −−−=  [removing a common factor of 2)1( t− ] 

      )41()1( 2 tt −−=  

 

 

 

 

 



44.(a) The instantaneous speed, v, of the particle at time t is given by   

22









+








=

dt

dy

dt

dx
v . 

 ttx cos= ,   tty sin=  

 

To differentiate x with respect to t, use the product rule as x is a product of two functions  

of t. Similarly for y.  

 

ttx cos=        ttttttttt
dt

dx
sincoscossin)1(cos)sin( −=+−=+−=  

 

tty sin=        tttttt
dt

dy
sincos)1(sincos +=+=  

 

Hence   22

22

)sincos()sin(cos tttttt
dt

dy

dt

dx
v ++−=








+








=  

 

     (b) To calculate the instantaneous speed of the particle at point A, we need to find the value  

of t at point A. 

 

Point A is on the x-axis, so point A occurs when 0=y . 

 

When 0=y :   tty sin=        0sin =tt  

              0=t  or 0sin =t  

              0=t  or ,0=t , ,2 ,3 ... 

              ,0=t , ,2 ,3 ... 

 

The particle starts from O at time 0=t  and the above solutions indicate the times when the 

particle crosses the x-axis. 

 

Tracing the spiralling path of the particle anticlockwise from O shows that the point A 

occurs when 3=t  (see diagram below). 

 

 

 



                      
 

When 3=t :   22 )sincos()sin(cos ttttttv ++−=  

                             22 )3sin3cos3()3sin33(cos  ++−=  

                             ( ) ( )22
0)1(3)0(31 +−+−−=   

                             22 )3()1( −+−=  

                             
291 +=  

 

The instantaneous speed of the particle at point A is   
291 + . 

 

Notes 

 

(1) No units are given in this question. 

 

(2) Although not necessary, the expression for the instantaneous speed of the particle  

in (a) can be simplified as follows. 

 

22 )sincos()sin(cos ttttttv ++−=  

   tttttttttttt 222222 sincossin2cossincossin2cos ++++−=  

   tttttt 222222 sincossincos +++=  [since 0cossin2cossin2 =+− tttttt ] 

   )cos(sin)sin(sin 22222 ttttt +++=  

   
21 t+=      [since 1cossin 22 =+ tt ] 

 

Then in (b), when 3=t :   
222 91)3(11  +=+=+= tv                        

 

 

 

0=t  

=t    2=t  

  3=t  



45. ttx sin−=        t
dt

dx
cos1−=      and     ty cos1−=        t

dt

dy
sin=  

 

 
t

t

dt
dx

dt
dy

dx

dy

cos1

sin

−
==  

 

 To differentiate 
dx

dy
 with respect to x to find the second derivative 

2

2

dx

yd
, you must use the 

chain rule as 
dx

dy
 is a function of t and t is a function of x. 

 

 
dx

dt

dx

dy

dt

d

dx

yd








=

2

2

 

 

 








−
=









t

t

dt

d

dx

dy

dt

d

cos1

sin
 

                          
2)cos1(

)(sinsincos)cos1(

t

tttt

−

−−
=  [using the quotient rule] 

                          
2

2

)cos1(

sin)cos1(cos

t

ttt

−

−−
=  

                          
2

22

)cos1(

sincoscos

t

ttt

−

−−
=  

                          
2

22

)cos1(

)sin(coscos

t

ttt

−

+−
=  

                          
2)cos1(

1cos

t

t

−

−
=   [since 1cossin 22 =+ tt ] 

                          
)cos1)(cos1(

)cos1(

tt

t

−−

−−
=  

                          
tcos1

1

−

−
=    [cancelling the factor of )cos1( t− ] 

 

 
t

dt
dxdx

dt

cos1

11

−
==  

 

 Hence   
22

2

)cos1(

1

cos1

1

cos1

1

tttdx

yd

−

−
=









−









−

−
=  

 

 

 

     



46. 2

2

1
2 ttx +=        t

dt

dx
+= 2      and     tty 3

3

1 3 −=        32 −= t
dt

dy
 

 

 
2

3

2

3 22

+

−
=

+

−
==

t

t

t

t

dt
dx

dt
dy

dx

dy
 

 

 To differentiate 
dx

dy
 with respect to x to find the second derivative 

2

2

dx

yd
, you must use the 

chain rule as 
dx

dy
 is a function of t and t is a function of x. 

 

 
dx

dt

dx

dy

dt

d

dx

yd








=

2

2

 

 

 








+

−
=









2

32

t

t

dt

d

dx

dy

dt

d
 

                          
2

2

)2(

1)3(2)2(

+

−−+
=

t

ttt
 [using the quotient rule] 

                          
2

2

)2(

)3()2(2

+

−−+
=

t

ttt
 

                          
2

22

)2(

342

+

+−+
=

t

ttt
 

                          
2

2

)2(

34

+

++
=

t

tt
 

 

 
2

1

2

11

+
=

+
==

tt
dt

dxdx

dt
 

 

 Hence   
3

2

2

2

2

2

)2(

34

2

1

)2(

34

+

++
=









+









+

++
=

t

tt

tt

tt

dx

yd
   or   

32

2

)2(

)3)(1(

+

++
=

t

tt

dx

yd
 

 

 Stationary points occur when 0=
dx

dy
       0

2

32

=
+

−

t

t
   

                                                                               032 =−t  

            32 =t  

              3=t  

 

 

 

 



 To determine the nature of each stationary point, use the second derivative test. 

 

 When 3−=t :   0...248748
)32(

346

)32(

3343

)23(

3)3(4)3(
333

2

2

2

−=
−

−
=

−

+−
=

+−

+−+−
=

dx

yd
 

       Hence 3−=t  gives a maximum turning point. 

 

 When 3=t :     0...24870
)32(

346

)32(

3343

)23(

3)3(4)3(
333

2

2

2

=
+

+
=

+

++
=

+

++
=

dx

yd
 

       Hence 3=t  gives a minimum turning point. 

 

 Points of inflexion occur when 0
2

2

=
dx

yd
       0

)2(

34
3

2

=
+

++

t

tt
 

                             0342 =++ tt  

                                        0)3)(1( =++ tt  

                             1−=t , 3−=t  

 

 There are two distinct values of t, hence the curve has exactly two points of inflexion. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



47. 2

1

ttx ==        
t

t
dt

dx

2

1

2

1
2

1

==
−

     and     23

2

5
tty −=        tt

dt

dy
53 2 −=  

 

 2

3

2

5

22

1

2
2

106)53(2)53(2

2

1

53
tttttttt

t

tt

dt
dx

dt
dy

dx

dy
−=−=−=

−
==  

 

 To differentiate 
dx

dy
 with respect to x to find the second derivative 

2

2

dx

yd
, you must use the 

chain rule as 
dx

dy
 is a function of t and t is a function of x. 

 

 
dx

dt

dx

dy

dt

d

dx

yd








=

2

2

 

 

 2

1

2

3

2

3

2

5

1515106 tttt
dt

d

dx

dy

dt

d
−=














−=








 

 

 t

t
dt

dxdx

dt
2

2

1

11
===  

 

 Hence   tttttttt
dx

yd
30301515221515 22

1

2

3

2

1

2

1

2

3

2

2

−=













−=














−=     

 

 Hence   btat
dx

yd
+= 2

2

2

   where 30=a  and 30−=b . 

 

 Points of inflexion occur when 0
2

2

=
dx

yd
       03030 2 =− tt  

                                        0)1(30 =−tt  

                             0=t , 1=t  

                             1=t  (since 0t ) 

 

 The point of inflexion occurs when 1=t . 

 

 When 1=t :   11 ==x ,   
2

3

2

5
1)1(

2

5
1 23 −=−=−=y        point 








−=

2

3
,1  

                                   4106)1(10)1(6 2

3

2

5

−=−=−==
dx

dy
m  

   



 Equation of tangent:   )( axmby −=−        )1(4
2

3
−−=+ xy  

                           44
2

3
+−=+ xy  

                           8832 +−=+ xy  

                                                                            582 +−= xy    or   582 =+ xy  

  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



48.(a) tx 2cos=        t
dt

dx
2sin2−=      and     ty 2sin=        t

dt

dy
2cos2=  

 

 t
t

t

dt
dx

dt
dy

dx

dy
2cot

2sin2

2cos2
−=

−
==  [since t

t

t
2cot

2sin

2cos
= ] 

 

 When 
8


=t :           

2

1

4
cos

8
2cos ==








=


x ,   

2

1

4
sin

8
2sin ==








=


y  

                     point 







=

2

1
,

2

1
 

 

             1
4

cot
4

2cot −=−=







−==



dx

dy
m      [Note that 1

1

1

4
tan

1

4
cot ===




] 

 Equation of tangent:   )( axmby −=−        







−−=−

2

1
1

2

1
xy  

                           
2

1

2

1
+−=− xy  

                                                 
2

2
+−= xy  

                                                                                  
2

2
=+ xy  

                                                            222 =+ xy    (or equivalent) 

 

     (b) To differentiate 
dx

dy
 with respect to x to find the second derivative 

2

2

dx

yd
, you must use the 

chain rule as 
dx

dy
 is a function of t and t is a function of x. 

 

 
dx

dt

dx

dy

dt

d

dx

yd








=

2

2

 

 

 2()2cot( −−=−=







t

dt

d

dx

dy

dt

d
cosec 2)22 =t cosec t22

 

 

 
2

1

2sin2

11
−=

−
==

t
dt

dxdx

dt
cosec t2  [since cosec

t
t

2sin

1
2 = ] 

 

 



 Hence   2
2

2

=
dx

yd
cosec −=








− tect 2cos

2

1
22 cosec t23  

 

 −=







+ (2sin2sin

2

2

2

t
dx

dy

dx

yd
t cosec 23 )2cot()2 tt −+  

                                            t
t

t 2cot
2sin

1
2sin 2

3
+








−=   

                                            
t

t

t 2sin

2cos

2sin

1
2

2

2
+−=  [since 

t

t
t

2sin

2cos
2cot = ] 

                                            
t

t

2sin

2cos1
2

2+−
=  

                                            
t

t

2sin

)2sin1(1
2

2−+−
=  [since tt 2sin12cos 22 −= ] 

                                           
t

t

2sin

2sin11
2

2−+−
=  

                                           
t

t

2sin

2sin
2

2−
=  

                                           1−=  

 

 Hence   k
dx

dy

dx

yd
t =








+

2

2

2

2sin    where 1−=k . 

 

 

 

 

 

 

 

 

 

 

 

  


