ADVANCED HIGHER MATHEMATICS

Solutions to Exam Questions on Further Differentiation

1. f(x) =sin™" 3x

To differentiate f (x), use the chain rule as f (x) is a function of a function.

1 <3 3

h-G? T oo

f(x) =

2. f (x) = cos™(3x)

To differentiate f (x), use the chain rule as f (x) is a function of a function.

1 3

frX)= - x3=——_>
) \1-(3x)? 1-9x?

3. y = tan *(3x?)

To differentiate y, use the chain rule as y is a function of a function.

dy 1 6X
— = | e [ XX =T
dx {1+ (3x7) 1+9x
4, Let f(x)=tan"(2cosx).
To differentiate f (x), use the chain rule as f (x) is a function of a function.

) = —— | (-2sinx) = —23NX_
1+ (2cosx) 1+ 4cos” X



5.

f(x)=tan '(vx-1)

To differentiate f (x), use the chain rule as f (x) is a function of a function.

o= — L 9y
”X)‘(mm)ej a7t

To differentiate v X —1, use the chain rule as +x —1 is a function of a function.

d 7.9 21 -~ 1
—JX-1=—((x-1)%2==(x-1) 2x1=
dx dx( ) 2( ) 2Jx -1
Hence f'(x)= L X !
1+(x-1) ) 24Jx-1
1,1
X 24/x-1
3 1
2X4/X -1
y = x*tan ' x

To differentiate y, use the product rule asy is the product of two functions.

ﬂ:xz( 1 2)+tan1x><2x
dx 1+x

2

X §
=——+2xtan™" x
1+x

y = xtan " 2x

To differentiate y, use the product rule as y is the product of two functions and use the

chain rule to differentiate tan ™ 2x.

itan’12x= ;2 ><2:L2
dx 1+ (2x) 1+4x

2

Hence d—y = X(

)4‘ tant2x x1
dx

1+4x

2X

= +tan™ 2x
1+4x

2



8.

_tan'2x
1+4x°

9(x)

To differentiate g(x), use the quotient rule as g(x) is the quotient of two functions and use

the chain rule to differentiate tan " 2x.

itan‘12x: % ><2:L2
dx 1+ (2x) 1+4x

(1+4x°) 2 | —tan™ 2x x 8x
, 1+4x
Hence g'(x) =

(1+4x%)°

_ 2-8xtan™2x
(1+4x?)?

_ 2(1-4xtan™ 2x)

(1+4x?)?

[removing a common factor of 2 in the numerator]

g(x) = xtan'x

To differentiate g(x), use the product rule as g(x) is the product of two functions.

1 1 X -1
'(X) = X +tan" xx1l= +tan™ x
9’00 (1+x2j 1+ x?

To differentiate g'(x) to find the second derivative g"(x), use the quotient rule to

differentiate and remember to also differentiate tan ™ x.

1+ X2

(1+x2)1—x(2x)+ 1
(1+x?)? 1+ x°
—1+X2_2X2+ 1
(1+x%)*> 1+x°
1-% 1
L+ x%)? Y
_1-x? . 1x (L+x?)
(1+x%)?  (L+x*)x(1+x?)
1-% . 1+x°
(1+x%)?  (1+x%)?
C1-xX+1+ Xt 2
O @+x3)? L+ xP)?

9"() =

[making a common denominator]




10.

11.

The condition for points of inflexion to occuris g"(x) =0.

9"(x) :% and (1+ x*)*> > 0 for all x, hence g”"(x) >0 for all x.
1+ x%)

So g"(x) is never equal to zero, hence the graph of g has no points of inflexion.
y+el =x?

Differentiate all terms in the equation with respect to X, using the chain rule to differentiate
e’ as this term is a function of a function.

a = ﬂ+eyﬂ=2x
dx dx dx

= ﬂ(1+ey) =2X
dx

dy  2x
dx 1+e’

=

yCoSX + y* = 6X

Differentiate all terms in the equation with respect to X, using the product rule to
differentiate ycosx (as this term is a product of two functions of x) and the chain rule to

differentiate y? (as this term is a function of a function).

d . dy dy
— —SIN X) +COSX— |+2y— =6
dx = (y( ) dx)Jr ydx
= —ysinx+cosxy+2yy:6
dx dx
= cosxﬂ+2yﬂ=6+ysinx
dx dx

= %(cosx+2y) =6+ ysin X
X

dy _6+ysinx
dx cosx+2y



12.

x*+y*+9x—-6y=14

Differentiate all terms in the equation with respect to x, using the chain rule to differentiate

y* as this term is a function of a function.

d = 4x3+4y3ﬂ+9—6ﬂ:0
dx dx dx
= 4y3ﬂ—6%:—4x3—9
dx  dx

= ﬂ(4y3 —6)=-4x*-9
dx

dy  -4x°-9

= =
dx 4y° -6

At the point A(1, 2) where x =1 and y = 2:

Equation of tangentat A: y—-b=m(x-a)

m

U

Cdy -40°-9 -13 1

dx  4(2°-6 26 2

1
-2=—=(x-1
y 2( )
2(y—-2)=-1x-1)
2y-4=-x+1

2y=—X+5 or 2y+x=5



13.(a) xy+y* =2

Differentiate all terms in the equation with respect to x, using the product rule to
differentiate xy (as this term is a product of two functions of x) and the chain rule to

differentiate y? (as this term is a function of a function).

— = (xﬂ+ y(l)j+ ZyQ =0
dx dx

Cdy -1 1

b) Atthe point (1, 1) where x=1and y=1: m=-—2= =
(®) P 1 y dx 1+2(1) 3

Equation of tangent: y—-b=m(x-a) = y—lz—%(x—l)
= 3(y-1)=-1(x-1)
= 3y-3=-x+1
= 3y=-Xx+4 or 3y+x=4



14.

y®+3xy =3x* -5

Differentiate all terms in the equation with respect to x, using the and the chain rule to
differentiate y® (as this term is a function of a function) and the product rule to

differentiate 3xy .

d dy dy
= 3y? Y 4 l3x Y 1 y@3) |=6
dx - dx+(xdx+y()} X
= 3y2ﬂ+3xﬂ+3y=6x
dx dx
= 3y2ﬂ+3xﬂ=6x—3y
dx dx

= Q(Byz +3X) = 6x—3y
dx

_, dy_ 6x=3y 2x-y [dividing all terms in the fraction by 3 to simplify]

dx 3y2+3x y’+x

At the point A(2, 1) where x=2 and y=1: m=-—>=

Equation of tangentat A: y—-b=m(x-a) = y-1=1(x-2)
= y-1=x-2
= y=x-1



15. Method 1 (Recommended)

2

X +X=y-5
y

First multiply all terms in the equation by y to remove the fraction.
2

X—+x:y—5 = X*+xy=y?-by
y

Now differentiate all terms in the equation with respect to x, using the product rule to
differentiate xy (as this term is a product of two functions of x) and the chain rule to

differentiate y?* (as this term is a function of a function).

d dy dy _dy
— 2 — 1) |=2y—-5—
dx = X+(X dx+y( )j ydx dx
= 2x+xﬂ+y=2yﬂ— ﬂ
dx dx  dx

XQ—Z ﬂ+ ﬂ:—Zx—y
dx dx  dx

= ﬂ(x—2y+5):—2x—y
dx

dy  -2x-y

dx x-2y+5

dy_—29-()_-5_ 1

At the point (3, —1) where x=3 and y =-1: = -
dx 3-2(-1)+5 10 2

The gradient of the curve at the point (3, -1) is —% .



Method 2

2
X—+x:y—5

Differentiate all terms in the equation with respect to x, using the quotent rule to
2

differentiate ~— as this term is a quotient of two functions of x.
y

dy
2x) —x2 =L
q y@x)=x" 2

— = —2+1:ﬂ

dx y dx

There is no need to rearrange this equation to find an expression for % :
X

You can substitute the values of x and y into this equation to find the value of % .

X

At the point (3, —1) where x =3 and y =-1:

dy 2 dy
2xy — x° 2(3)(-)-3*-—=2
—2dx+1=ﬂ = 5 dX+1=ﬂ
y dx (G dx
= —6—9ﬂ+1:ﬂ
dx dx
= —10ﬂ:5
dx
-  w__1
dx 2

Hence the gradient of the curve at the point (3, 1) is —% :



16.(a) xy*+3x’y =4 for x>0and y>0

Differentiate all terms in the equation with respect to X, using the product rule to
differentiate both xy? and 3x*y and the chain rule to differentiate y?.

d dy 2 o dy _
i = (X(Zyd j+y (l)j+(3x &+y(6x)j_0

X X

= 2xy%+ y’ +3x2d—+6xy=0
dx dx

2 dy _

LS ™ =—y* —6xy

= 2X
ydx

= %(2xy+3x2) =—y® —6xy
X

dy —y®-6xy
dx  2xy+3x?

(b) To find the value of % when x =1, we need to find the value of y first.
X

To find the value of y when x =1, substitute x =1 into the equation of the curve.

When x=1: xy*’+3x’y=4 = 1y’ +31)°y=4
= y?’+3y=4
y?+3y—-4=0

(y+#(y-1)=0
y=-4,y=1

UV

Hence y =1 since y >0.

2
When x=1and y =1: m:%:_l_—s(l)(l)zz__7
dx 200 +30° 5

Equation of tangent: y—b=m(x-a)

7
“1=—(x-1
y 5( )

5(y-1)=-7(x-1
Sy-5=-7x+7
Sy =-7x+12 or 5y+7x=12

b U U



17.

2
3y?—x’y=4, x=20,y>—
J3

Differentiate all terms in the equation with respect to X, using the chain rule to differentiate
3y? and the product rule to differentiate x’y .

d dy o dy j
— 6y ——| X" —+Yy(2x) |=0
dx = ydx ( dx y(2x)
dy _,dy
6y ——x"—-2xy=0
= ydx dx y
dy _,dy
By — — X" —==2X
= ydx dx y

= Yiey-x)=2xy
dx

dy  2xy
dx 6y—x’

To find the value of % when x =2, we need to find the value of y first.
X

To find the value of y when x =2, substitute x =2 into the equation of the curve.

When x=2: 3y?’-x’y=4 = 3y*-2°y=4
= 3y*-4y=4
= 3y’ -4y-4=0
= @y+2)(y-2)=0
2
= y=-—,y=2
y 3 y

Hence y =2 since y2%=1-154...

dy_ 22)2) _8_

When x=2 and y=2: m=—-= ~=—=
dx 6(2)—2° 8

The gradient of the tangent when x =2 is 1.



18.

2y° —2xy —4y+x* =0

Differentiate all terms in the equation with respect to x, using the chain rule to differentiate
2y? (as this term is a function of a function) and the product rule to differentiate 2xy (as
this term is a product of two functions of x).

d a

dy dy
2X—=+Vy(2) |-4—2L+2x=0
dx ydx (de+y( )j dx+ X

= 4yﬂ—2xﬂ—2y—4%+2x:0
dx dx dx

= 4yﬂ—2xg—4ﬂ=2y—2x
dx dx dx

= ﬂ(4y—2x—4):2y—2x
dx

dy  2y-2x _ y—X
dx 4y-2x-4 2y-x-2

[dividing all terms in the fraction by 2 to simplify]

The curve has a horizontal tangent when ﬂ =0 = _y=x _
X 2y —X-2
= y-x=0
= y =X

We know that the curve has a horizontal tangent at the points where y = x..
To find the values of x, substitute y = x into the equation of the curve.
When y=x: 2y*-2xy—4y+x*=0 2x% = 2x(x) —4x+x* =0
2x* —2x* —4x+x* =0
x> —4x=0

X(x—4)=0

x=0,x=4

b vyl

Hence the curve has a horizontal tangent at the points where x=0 and x=4.



19.

Xy—-x=4

Differentiate all terms in the equation with respect to x, using the product rule to
differentiate xy as this term is a product of two functions of x.

2

X
quotient of two functions of x.

dy dy
X| — -Q-y1 _—_x=2_
dzy: ( de 1-y) ) de 1+y
2

dx? x? X

. : d?y . dy
To find an expression for s in terms of x and y, replace vl
X X

42 —x(l_yj—1+y
y _ X :—(1—y)—1+y:—1+y—1+y:2y—2:2(y—l)
dx? x? X2 X2 X2 x?

To differentiate gy to find the second derivative 3—Z use the quotient rule as 1=y
X

X

is the



20.

X +4xy +y*+11=0

Differentiate all terms in the equation with respect to x, using the product rule to
differentiate 4xy (as this term is a product of two functions of x) and the chain rule to

differentiate y? (as this term is a function of a function).

d dy dy
— 2 4x—= 4) |+2y—=0
o = x+( de+y( )]+ ydx
= 2x+4xﬂ+4y+2yﬂ=0
dx dx
= 4xﬂ+2yﬂ=_2X_4y
dx dx

= y(4x+2y) =-2Xx—4y
dx

dy -2x-4y —x-2y

[dividing all terms in the fraction by 2 to simplify]
dx  4x+2y 2X+Y

dy _-(=2)-2Q)_-4_,

At the point (-2, 3) where x=-2 and y =3:
dx 2(-2)+3 -1

2 J— J—
To differentiate gy to find the second derivative d—Z use the quotient rule as X=2y
dx dx 2X+Yy

the quotient of two functions of x.

d d
a2y (2x+ y)(—l—zdzj—(—x—Zy)(ZdeQ
X (2x +y)?

is

There is no need to attempt to simplify this expression, as we only need to find the value of
2

d7y

X2

at the point (-2, 3).

At the point (-2, 3) where x =-2, y =3 and % =4
X

d’y _ (2(-2)+3)(-1-2(4)- (-(-2) -2(3))(2 +4)

dx? (2(-2) +3)?
_ (D9 -(=4(6)
-1?
_9-(-24)
o

=33



21.  The formula for the volume of the cube is V = h®, where h is the height of the cube and h is
a function of time t.

The rate of increase of the volume at time t is given by the derivative Z—\: :

To differentiate V with respect to t, use the chain rule as V is a function of hand h is a
function of t.

&V _dv_dn
dt dh dt

Now V=h® = CI—\/:3h2 and dn
dh dt

5

Hence O(I:i_\t/ =3h?x5=15h?

When h=3: ‘jj—\t/zls(a)z =135

The rate of increase of the volume is 135 cm3s2.

22.(a) You can find a formula for h in terms of x using Pythagoras’ Theorem.
Consider one of the right-angled triangles in the diagram.

25¢cm

N | =

X
2

Enlarging this right-angled triangle with a scale factor of 2 gives the equivalent right-angled
triangle below.

By Pythagoras’ Theorem:

h 50 cm h? +x2 = 502
— h? =2500 — x?

= h=+/2500 - x*




(b) h=+/2500 —x> where x is a function of time t.

The rate of change of the vertical height at time t is given by the derivative % .

To differentiate h with respect to t, use the chain rule as h is a function of x and x is a
function of t.

dh_dh_dx
dt  dx dt
2 dh 1 2

h=+/2500-x* = (2500-x*)? = d—:§(2500—x2) 2 x (—2X)

X

_ —X

72500 — x2

dx

o —0-3 since the horizontal length x decreases at a rate of 0-3 cm per second.
dh 0-3x

- X
Hence —=——xn=— —
dt  \/2500- x V2500 — x?

dh  0-380) 9

When x=30; —=——-"~2__—_—_
dt 2500-30%> 40

x(-0-3) =

The rate of change of the vertical height when x =30 is % cm per second.



23.

The surface area of the spherical balloon is given by A = 4ar?, where r is the radius of the
balloon and r is a function of time t.

The rate of increase of the surface area at time t is given by the derivative % .

To differentiate A with respect to t, use the chain rule as A is a function of rand r is a
function of t.

dA_dA_dr
dt dr dt
dA dA dr

Now A=4m? = —=8a andhence — =8arx—
dr dt dt

When the radius is 10 cm the surface area is increasing at a rate of 1207 cm?s.

Thus when r =10, (Z—'? =120r.

dA dr

—=8rx— = 1207z:87z(10)><ﬂ dr—1207[=3
dt dt dt

dt  80r 2

. . _ . 3 .
This means that the radius of the balloon is increasing at the rate of 5 cms! at this moment.

The volume of the balloon is given by V = %nﬁ, where r is the radius of the balloon and r

is a function of time t.
. . L . .dv
The rate of increase of the volume at time t is given by the derivative e

To differentiate V with respect to t, use the chain rule as V is a function of rand r is a
function of t.

&V _dv dr

dt  dr  dt

Now Vzﬂnr3 = d—V:47zr2 and hence d—V=47zr2><ﬂ
3 dr dt dt



24.

25.

At the moment concerned, r =10 and ﬁ = E

Hence v _ Anr? x ar_ 47(10)? ><§ = 6007
dt dt 2

The rate at which the volume is increasing at this moment is 6007 cm3s.

V = ar’h  where both r and h are functions of time t.
. L .o dVv
The rate of change of the volume at time t is given by the derivative — .

To differentiate V with respect to t, use the product rule as V is the product of two functions
of t and use the chain rule to differentiate zr® with respect to t.

V=m’h = d—vzm2%+h(2m£j

dt dt dt
= r? dh + 27zrhﬁ
dt dt

= ar?(0-01) + 27rh(-0-02)
=0-017r* —0-04zxrh
. av 2
When r=0-6 and h=2: EIO'OJJT(O'G) —0-047(0-6)(2)

=0-00367—-0-0487
=-0-0444

The rate of change of the volume is —0-0444 7 m3™,
y=3
Take logs and simplify: Iny=In3* = Iny=xIn3

Now differentiate all terms in this equation with respect to x, using the chain rule to
differentiate Iny as this term is a function of a function.

d _ 1dy

=Ih3 = ﬂ:ylnS:SX In3
dx y dx dx



26.

27.

28.

2

y=3"
To differentiate y, logarithmic differentiation must be used as the power is a function of x.
Take logs and simplify: Iny=I3* = Iny=x?In3

Now differentiate all terms in this equation with respect to x, using the chain rule to
differentiate Iny as this term is a function of a function.

i — lﬂ:2x|n3 = ﬂ:ny|n3:2X><3x2 In3
dx y dx dx
y — 4(x2+l)

To differentiate y, logarithmic differentiation must be used as the power is a function of x.
Take logs and simplify: Iny=In4*" — Iny=(x*+1)In4

Now differentiate all terms in this equation with respect to X, using the chain rule to
differentiate Iny as this term is a function of a function.

4 o 1Y g = Yo 2xyIn4 = 2xx 4%V In4

dx y dx dx

y = X2x3+l

Take logs and simplify: Iny=Inx*" = Iny=(2x*+1)Inx

Now differentiate all terms in this equation with respect to x, using the chain rule to
differentiate Iny and the product rule to differentiate (2x° +1)Inx.

da = 1ﬂ:(2xt‘+l)1+lnx><6x2
dx y dx X
3
= 1dy _2x 1 6x?Inx
y dx X
3
= ﬂ:y(zx le+6x2InxJ
dx X

3
= dy = szm(MJr 6x%In x]
dx X



esin X (2 + X)S

29. =
y 1-x
N e (2+x)*
Take logs and simplify: ny=In| ——2

= Iny=InEe"*(2+x)*) - Inv1-x
1
2

= Iny=InEe"*)+In2+x)° —In(1l-x)

= Iny=sin x+3ln(2+x)—%ln(1—x)

Now differentiate all terms in this equation with respect to x, using the chain rule to
differentiate Iny, In(2+x) and In(1—x).

a = 1%—cosx+3 ! x1 —1 ———x (-1
dx y dx (2+x) (1— X)
1 dy 1
= ———cosx+ +
y 2+Xx 2(1-x)
dy 3 1
= —=Y|COSX+ +
dx 2+X 2(1-x)
dy e (2+x)® 3 1
= —=———="[C0SX+ +
dx 1-X 2+X 2(1-x)

sin0 3
When x=0: m_dy ) [cosO+§+iJ

dx NGl 2 21
_e’(8) (1+ 3, 1)
1 2 2
=8(3)
=24

The gradient of the curve when x =0 is 24.



30.

Method 1
e’ = x*cos® x
First find an expression for y: y = In(x%cos” x)

Before differentiating y, use the laws of logarithms to expand and simplify the right-hand
side of the above equation.

y=In(x’cos®*x) = y=In(x®)+In(cos’ x)
= y=In(x*)+In(cos x)*
= y=3Inx+2In(cos x)

Now differentiate y, using the chain rule to differentiate In(cos x) as this term is a function
of a function.

ﬂ:3(1j+2( ! x (—sin x)j:E—Ztanx [since w:tanx]
dx X COS X X COS X
Hence ﬂ=9+btanx where a=3 and b=-2.
dx x
Method 2
e’ = x®cos? x

Use implicit differentiation to differentiate all terms in the equation with respect to x.
Use the chain rule to differentiate e’ and the product rule to differentiate x° cos® x .

Note that dicos2 X = di(cos X)? = 2c0os x(—sin x) = —2sin Xcos x
X X

a = e’ @y _ x* (—2sin x cos x) + cos® x(3x?)
dx dx

d i
— o' Y _3x%cos? x— 2x3 sin Xcos X
dx
dy 3x®cos® x —2x° sin XCOS X
dx e’

_ 3x%cos” x—2x°sin xcosx
- x* cos? x

_ 3x%cos’x  2x°sin xcosx
"~ x®cos’x  x°cos’ X

[replacing e’ with x®cos® x]

[dividing each term in the numerator by x° cos® x ]



31.

32.

_ 3 2sinx

X  COSX
:E—Ztanx [sincesnx:tanx]
X COS X
Hence jy:3+btanx where a=3 and b=-2.
X X

oy _ (3x + 2)e*
(2x —1)?

2%
First find an expression for y: y =In M
(2x-1)

Before differentiating y, use the laws of logarithms to expand and simplify the right-hand
side of the above equation.

yzln(%] = y=|n((3x+2)e2x)—ln(2x—1)2

= y=In(3x+2)+Ine*)-2In(2x-1)
= y=In(Bx+2)+2x—-2In(2x -1)

Now differentiate y, using the chain rule to differentiate In(3x+2) and In(2x-1) .

L Y T I P SY I B S
dx (3x+2) (2x-1) 3X+2 2x -1

X=6t = %:6
dt

d
dy _ %t_sint

dx_d%t_ 6

and y=1-cost = ﬂ:sint



33.

34.

X=2secld =— %:ZSecetane and y=3sind = ﬂ=3c080

d
dy _ %,9_ 3coséd

=5 "=
dx 40 2secftand@

Note

Although not necessary, the derivative can be simplified as follows using the fact that

sec49:L and tanezﬂ.

cosd cosd
dy  3cosd 3cos6 ~ 3cos’ 0
dx 2secdtand 2( 1 j(sinej 2sin 6

cosd )\ cosd
3
or ﬂ:3co__sé?:§cosze C?—SQ :§coszecot0
dx 2sing@ 2 sin @ 2

x=In(L+t?), y=In{+2t?)

To differentiate x with respect to t, use the chain rule as x is a function of a function.
Similarly fory.

dx 1 2t

x=In1+t*) =

- = x 2
dt  (1+t?) 1+t?

1 At — 4t :
1+2t

dy
=In(l+2t?) = L=
y=In ) dt  (1+2t?)

d_y_d%t_[ 4t j_( 2t J:( 4t JX(HHJ_ AM@+t?)  2(1+t?)

dx d%t l1+2t? ) 1+ t? 1+ 2t? 2t ) 2t@+2t?)  1+2t°



35.

36.

37.

=+t+1 (t+l)2
y =cott = dy

d

=—cosec’t

x 1 -
—=—(t+1
dt 2( )

1
2Nt +1

2] =

d/
dt _ — cosec’t =—2+t+1cosec’t

d/ 1

24t +1
ottt
t2+1’ t? +1

To differentiate x with respect to t, use the quotent rule as x is a quotient of two functions

of t. Similarly fory.

t dx (t +D1-t(2t) _ t*+1-2t>  1-t?
X = - — =
t? +1 dt (t% +1)2 (t> +1)*  (t*+1)?
y= t-1 dy (P +D1-(t-D2t  t*+1-2t(t-1) t*+1-2t°+2t 1+2t-t°
t? +1 dt (t* +1)? (t* +1)° (t* +1)? (t* +1)?
d
dy %(1+Ztt2]_( 1-t2 ]_(1+2t—t2}{(t2+1)2)_1+2t—t2
Tdx/ 2 2 |7 42 2 |~ 2 2 2 | 12
dx At (t* +1) (t* +1) (t* +1) 1-t 1-t
Xx=5cost —= %:—SSint and y=3sint = Q:3cost

d
dy %t _ 3cost

dx  dx/  _5si

dx At 5sint

When t:z: m=
6

[Note that cot— =

= ——cott

W 3eqZ-o_3

dx

an? T

The gradient of the curve when t = E IS ———

3
5

3
5 6

3J3
(f 3)=-"-
33
5



dx

ar_ ﬂ:—gt2
dt

38. x=t’+1 2t and y=1-3t° =

d
dy _ %t:—9t2:—9t
dx d%t 2t 2

Whent=2: x=2°+1=5, y=1-3(2)°=-23 = point= (5, -23)

dx 2

Equation of tangent: y—b=m(x-a) = y+23=-9(x-5)
= Yy+23=-9x+45
= y=-9x+22 or y+9x=22

39. X=5C0S0 = %=—53in0 and y=5sind = ﬂ=50039
dée dée

dy
dy _ 49— 50050 _ _cotg [since %250 — cota]

dx/  —5gj
dx 40 5sin @ sin @

T T 1 5 . T 1 5
When 6 = —: X=5cos—=5 — |=—, =5sin—=5 — |=—
4 2 zj 27 4 (\/Ej 72

- pomt—[i ij

V22

m:ﬂ:—cotzz—l [Notethatcotzz L :}

Equation of tangent: y—-b=m(x-a) = y—%=—1(x—%j
5 5

= Yy-—=-X+—
"2 2
10
= y=—X+E

— J2y++/2x=10 (or equivalent)



dx

40. x=t?+1 —— =2t
dt

To differentiate y with respect to t, use the chain rule as In(3t + 2) is a function of a
function.

y=In@Bt+2) = ﬂ: ! x3= 3
dt  (3t+2) 3t+2

3

dy 2
y:&:mz: 3

dx
dx At 2t 2t(3t+2)

2
Whent:—l: x:(—lj +1:l+1=E, y=In 3(—1j+2 =In1=0
3 9 9 3

m=—-= = — —_—
_2
o 2(—1j 3(—1j+2 2(—1j(1) % 2
3 3 3

. _ 9 10
Equation of tangent: y—-b=m(x-a) = y—0=—§[x—§}

9

=——X+5
=y 5

= 2y=-9x+10 or 2y+9x=10



41.

x=5t>-5, y=23at°

At the point (0, -3), x=0 and y =-3.

When x=0: 5t°-5=0 = 5°=5 = t’=1 = t=%1
When y=-3: 3t’°=-3 = t°=-1 = t=-1

Hence t = -1 gives x =0 and y = -3, thus giving the point (0, —-3).

Xx=5t°-5 = %let and y=3t° = Q:Qtz

dt
d
dy %t_gtz _ﬂ

T dx/ -
dx At 10t 10
When t =-1; m:ﬁ:M:_g

dx 10 10

The gradient of the curve at the point (0, —=3) is — %



41, x=t"+t-1, y=2t"-t+2
At the point A(-1,5), x=-1and y=5.

To show that the point A(-1, 5) lies on the curve, we must find a value of t which gives both
x=-land y=5.

When x=-1: t’+t-1=-1 = t’+t=0 = t{t+1)=0 = t=0,t=-1

When y=5: 2t>?-t+2=5 = 2t°-t-3=0
= (2t-3)(t+1) =0
= t:§, t=-1

2

Hence t =-1 gives x=-1 and y =5, thus giving the point A(-1, 5).

So the point A(-1, 5) lies on the curve.

x=t’+t-1 = %zZHl and y=2t’-t+2 = %:M—l

d
o Y a1
dx d%t 2t +1

When t = -1: m:ﬂzwz__525
dx 2(-)+1 -1
Equation of tangent at the point A(-1,5): y—-b=m(x-a) = y-5=5(x+1)
= y-5=5x+5
= y =5x+10



43.

2 2
The instantaneous speed, v, of the particle at time tis givenby v = \/(%j + (2—{] .

X=tlt+4)=t’+4t = %=2t+4

To differentiate y =t(1—1t)* with respect to t, use the product rule as y is the product of
two functions of t and use the chain rule to differentiate (1-t)°.

d 3_3(1-1)2 x(—1) = —3(1 —t)2
G707 =30-0" < (- =-3-1)

Hence %zt(—3(l—t)2)+(1—t)3(1)

=-3t(L-t)* +(1-1)°
=(1-1)° -3t(1-1)?
dx

When t=3: —5=2(3+4=10, %:(_2)3 _3(3)(-2)" = 44

2 2
and v= \/(%j +(%) = /10% + (—44)% =/2036

dt

The instantaneous speed of the particle when t =3 is +/2036 .
Notes

(1) No units are given in this question.

(2)  Although not necessary, the expression for % can be simplified by factorising as
follows.
dy 3 2
—=(1-t)"-3t@-t
il Gt Gl

=(1-t)*(@-t)-3t) [removing a common factor of (1—t)?]
=(1-t)*(1-4t)



2 2
44.(a) The instantaneous speed, v, of the particle at time t is given by v = \/( dxj + (ﬂ] .

(b)

dt dt

x=tcost, y=tsint

To differentiate x with respect to t, use the product rule as x is a product of two functions
of t. Similarly fory.

dx . i i
x=tcost = Py =t(-sint) +cost(l) = —tsint + cost = cost —tsint

. d . i
y=tsint = d—{ztcost+smt(1):tcost+smt

2 2
Hence v= \/(%j + [%) = /(cost —tsint)? + (tcost +sint)?

To calculate the instantaneous speed of the particle at point A, we need to find the value
of t at point A.

Point A is on the x-axis, so point A occurs when y =0.

tsint=0
t=0orsint=0
t=0o0rt=0, r, 2r, 37, ...
t=0, =, 2x, 37, ...

When y=0: y=tsint

b uuy

The particle starts from O at time t =0 and the above solutions indicate the times when the
particle crosses the x-axis.

Tracing the spiralling path of the particle anticlockwise from O shows that the point A
occurs when t = 37 (see diagram below).



t=nx
YEAYa _

7 Q\ E
t=3r t=0

When t =37 v:\/(cost—tsint)2 +(tcost +sint)?

= \/(cos 37 —3xsin 37)? + (37 cos 37 +sin 37)*
= J(-1-32(0)) +(32(-1) +0)’
= (=) + (-3’

The instantaneous speed of the particle at point Ais V1+977% .
Notes
(1) No units are given in this question.

(2) Although not necessary, the expression for the instantaneous speed of the particle
in (a) can be simplified as follows.

v =./(cost —tsint)? + (tcost +sint)?

— Jcos?t —2tsintcost +t2sin?t+t2cos’t + 2tsintcost +sin?t

=Jcos® t+t2sin’t+t2cos’t +sin’t [since —2tsintcost + 2tsintcost =0]

= J(sin?t +sint) +t?(sin t +cos’ t)

= /1+1? [since sin®t+cos’t =1]

Then in (b), when t=37: v=+1+t> =1+ (37)? =1+ 97>



45, X=t-sint = %zl—COSt and y=1-cost = ﬂ:sint

d
dy _ %t __sint
dx d%t 1-cost

2
To differentiate % with respect to x to find the second derivative d 3/ :
X X

you must use the

chain rule as % is a function of t and t is a function of x.

X

d?y d(dyj dt
dx

dx?  dt ar

dx

d(dy) d{ sint

E(&j - a(l—costj
_ (I—cost)cost —sint(sint)
- (1-cost)?
_cost(l—cost) —sin’t
- (1—cost)?
_cost—cos’t—sin®t
~ (1-cost)?
_cost —(cos*t+sin’t)
- (L—cost)?
_cost-1
~ (1-cost)?
~ —(1—cost)
~ (1-cost)(1—cost)
-1
~ 1-cost

[using the quotient rule]

[since sin’t+cos’t =1]

[cancelling the factor of (1—cost) ]

d 1 1
Tdx/ 11—
dx At 1—cost

o (o oot oo
Hence == x = .
dx 1—cost 1-cost) (L—cost)



46.

x:2t+1t2 = %=2+t
2 dt

d
dy _ %t:tz—:s:tz—3
dx d%t 2+t t+2

dy

To differentiate & with respect to x to find the second derivative
X

dy

and y:§t3—3t = 2=

chain rule as d_ is a function of t and t is a function of x.

X

y_3(m) %
dx? dt

X
dx ) dx
g(yj_g -3
dtldx/ dt{ t+2
_(t+2)2t—(t* -3
(t+2)?
2t +2)-(t*-3)
(t+2)?
2P+ 4t-t7+3
(t+2)°
CtP+4t+3
(t+2)?

d 11 1
dx dx 2+t t+2
dt

[using the quotient rule]

d?y

X2

you must use the

Hence d2y= t> +4t+3 X( 1 j=t2+4t+3 o d’y _ (t+1)(t+3)
dx? (t+2)? t+2 (t+2)° dx? (t+2)°
2_
Stationary points occur when ﬂ:o = t 3:0
dx t+2
= t°-3=0
= t°=3
= t=+3



To determine the nature of each stationary point, use the second derivative test.

d’y _(—/3)’+4(—3)+3 _3-4J3+3_ 6-443

When t = —/3: = = =—48.2487...< 0
dx? (—/3+2)° (2-3)° (2-3)°
Hence t = —/3 gives a maximum turning point.
2 2
When t<J3: 9 y _(3)’+4(y3)+3 _3+4J3+3 _ 6+443 0.2487. 50

dx? (V3+2°  (2+43)° (2+3)°
Hence t = +/3 gives a minimum turning point.
2 2
dzlz0 - t+4tJ;3:O
dx (t+2)
= t*+4t+3=0
= ({t+)@t+3)=0
= t=-1,t=-3

Points of inflexion occur when

There are two distinct values of t, hence the curve has exactly two points of inflexion.



47.

5.2

2_Zt2=_—"_  and y:t3——t = z—i/:Btz—St

dt 2 2t 2

3
2

dy ’ 1 5
a_ At—?’t 9t o JR(3t? - 5t) = 2t2 (32 —5t) = 62 — 10t

1

2.t

To differentiate

chain rule as %

X

dx?  dt

E(ﬂj_i 6
dtldx )~ dt

2
dy_d(dy y

dy

is

dx_dX - 1
dt —F+
/ 24t
2
Hence d 2/:[
dx

2

d7y

with respect to x to find the second derivative pt
X

a function of t and t is a function of x.

3 3 1
—1Ot2J =15t2 —15t2

3 1

1 3 1
15t2 —15t2]><2\/f:2t2(15t2 —15t2] =30t* — 30t

Hence d7y =at?+bt where a=30 and b=-30.

dx?

Points of inflexion occur when

2

A% o — 30t?-30t=0
dx?

— 30t(t-1)=0

= t=0,t=1

= t=1(sincet>0)

The point of inflexion occurs when t =1.

5

you must use the

When t =1: x:\/izl, y:13—g(1)2:1__:_g — point:(l,—gj

2

3

5
m= % =6(1)2 -10(1)? =6-10=—4
X



Equation of tangent:

y—-b=m(x-a)

=

3
+—=-4(x-1
y+5=-40x-1)

3
+—=-4x+4
Y 2
2y+3=-8x+8
2y =-8x+5 or

2y +8x =5



48.(a) x=cos2t — %=—25in2t and y=sin2t = (;—i/:ZcosZt

d dV 2cos2t cos2t
& _ _/dt_ - =—cot2t [since — =cot2t]
dx dy —2sin 2t sin 2t
dt
When t =7 : x—cosz(zj—cosz—i y—sinz(zj—sinz—i
8 8 4 2 8 4 2
= point—[i ij
V22
m= ﬁ = —cotZ(zj =—cotZ=-1 [Note that cot” = 1 = 1 =1]
dx 4 4 tan ” 1
an —
4
Equation of tangent: y—-b=m(x-a) = vy _ 1 —]{x —ij
' V2 J2
VI I
J2 V2
I
J2
L oyexe 2
J2
= \/Ey ++/2x =2 (or equivalent)
: o dy . . . d?y
(b) To differentiate ™ with respect to x to find the second derivative —-, you must use the
X X
chain rule as % is a function of t and t is a function of x.
X
Sy dd), @
dx> dtldx) dx
dray)_ g(— cot2t) = —(—2 cosec?2t) = 2 cosec’ 2t
dt\dx /) dt
at 1 ! = —Ecosec 2t [since cosec 2t = ]

ax d%t T “osin2t 2 sin 2t



2

d°y

Hence >
dx

= 2c0sec 22t x (— % cos ec2tj = —cosec>2t

2 2
sin th—z + (QJ = sin 2t(— cosec *2t) + (—cot 2t)*
dx dx

3

=sin Zt(— - L
sin” 2t

j +cot® 2t

1 cos’ 2t . cos 2t

-t [since cot2t = —

sin“2t sin® 2t sin 2t
_ —1+cos® 2t
~ sin?2t
_—1+(@-sin?2t)
B sin? 2t
_ —1+1-sin®2t
~ sin?2t
_ —sin®2t
 sin? 2t
-1

]

[since cos® 2t =1—sin® 2t ]

o d%y (dyY
Hence sin2t—>-+|—=| =K where k = -1.
dx dx



