
ADVANCED HIGHER MATHEMATICS 

 

Exam Questions on Further Integration 

 

1. Evaluate  +

2

0

24

1
dx

x
. 

 

2. Find dx
x


− 2169

2
. 

 

3. Use the substitution 27xu =  to obtain dx
x

x


− 4491
. 

 

4. Use the substitution 4xt =  to obtain dx
x

x
 + 8

3

1
. 

 

5. Use the substitution 25xu =  to find the exact value of 
−

10

1

0
4251

dx
x

x
. 

 

6. By using the substitution xu sin2= , evaluate the definite integral 
 

     +

6

0

2sin41

cos



dx
x

x
. 

 

7. Express 
xx

x

4

45
2 −

−
 in partial fractions. 

 

 Hence find the indefinite integral dx
xx

x
 −

−

4

45
2

. 

 

8. Use partial fractions to find  −−

−
dx

xx

x

152

73
2

. 

 

9. Express 
2

211
2 −+

−

xx

x
 in partial fractions 

 

 Hence evaluate  −+

−
5

3

2 2

211
dx

xx

x
. 

 

 

 



10. Express 
6

1
2 −− xx

 in partial fractions. 

 

 Hence evaluate  −−

1

0

2 6

1
dx

xx
. 

 

11. Express 
)6)(4(

323

xx

x

−+

+
 in partial fractions and hence evaluate 

 

     −+

+
4

3
)6)(4(

323
dx

xx

x
. 

 

 Give your answer in the form 








q

p
ln . 

 

12. (a) Express 
21

1

y−
 in partial fractions. 

 

 (b) Use the substitution xu −= 1  to obtain 
− xx

dx

1
, 10  x . 

 

13. Express 
)4)(2(

8

++ xxx
 in partial fractions. 

 

 Calculate the area under the curve  
 

xxx
y

86

8
23 ++

=  

 

between 1=x  and 2=x . Express your answer in the form 
b

a
ln , where a and b are positive 

integers. 

 

14. (a) Find partial fractions for 
)3)(2)(1(

5613 2

xxx

xx

+−+

++
. 

 

 (b) Show that  =
+−+

++
1

0

2

ln
)3)(2)(1(

5613

b

a
dx

xxx

xx
 where a and b are positive integers. 

 

 

 

 

 



15. Express 
)6(

692
2

2

−−

−−

xxx

xx
 in partial fractions. 

 

 Given that 

     =
−−

−−
6

4

2

2

ln
)6(

692

n

m
dx

xxx

xx
, 

 

 determine values for the integers m and n. 

 

16.  (a) Find partial fractions for 
4

4
2 −x

. 

 

     (b) By using (a) obtain  −
dx

x

x

42

2

. 

 

17. (a) Obtain partial fractions for 
12 −x

x
. 

 

       (b) Use the result of (a) to find  −
dx

x

x

12

3

. 

 

18. Use partial fractions to find the exact value of  −+

+
2

1

2 )12()1(

4
dx

xx

x
. 

 

19.  (a) Find a real root of the cubic polynomial 
 

    2)( 23 −−−= xxxxc  

 

  and hence factorise it as the product of a linear term )(xl  and a quadratic term )(xq . 

 

       (b) Show that )(xc  cannot be written as the product of three linear factors with real  

coefficients. 
 

       (c) Use your factorisation to find values of A, B and C such that 
 

)()(2

45
23 xq

CBx

xl

A

xxx

x +
+=

−−−

+
. 

 

  Hence obtain the indefinite integral 
 

      −−−

+
dx

xxx

x

2

45
23

. 

 

 

 



20. Express 
)5(

2012
2

2

+

+

xx

x
 in partial fractions. 

 

 Hence find  +

+
dx

xx

x

)5(

2012
2

2

 and evaluate  +

+
2

1

2

2

)5(

2012
dx

xx

x
. 

 

21. Express 
)1(

3
2

2

xx

x

+

+
 in partial fractions. 

 

 Hence obtain  +

+
1

2

1
2

2

)1(

3
dx

xx

x
. 

 

22. Express 
xx +3

1
 in partial fractions. 

 

 Obtain a formula for )(kI , where  +
=

k

dx
xx

kI
1

3

1
)( , expressing it in the form 









b

a
ln , 

where a and b are expressions in terms of k. 
 

 Write down an expression for )(kIe  and obtain the limiting value of )(kIe  as →k . 

 

23. Find  +−

−−
dx

xx

xx

)1)(3(

12
2

3

, 3x . 

 

24. Use integration by parts to find  xdxx 3sin . 

 

25. Use integration by parts to evaluate 


0

sin xdxx . 

 

26. Find the value of 
4

0

4sin2



xdxx . 

 

27. Find the exact value of 
6

0

3sin



xdxx . 

 

28. Use the method of integration by parts to evaluate 
−

1

0

2 dxxe x
. 

 

 



29. Use integration by parts to obtain  +

3

0

1dxxx . 

 

30. Use integration by parts to find  xdxx ln2 . 

 

31. Use integration by parts to obtain dx
x

x
 3

ln
 where 0x . 

 

32. Use integration by parts to find the exact value of 
 

    
4

2

ln xdx , 

 

 expressing your answer in terms of 2ln . 

 

33. Use integration by parts to find  xdxx sin2 . 

 

34. Use integration by parts to obtain dxxx 4sin8 2 . 

 

35. Use integration by parts to obtain  xdxx 3cos2 . 

 

36. Use integration by parts to obtain  xdxx 5sin2 . 

 

37. Find dxex x


32 . 

 

38. Obtain the exact value of 
2

0

42 dxex x
. 

 

39. Obtain dxxx
27 )(ln . 

 

40. (a) Write down the derivative of x1sin − . 
 

(b) By using a substitution, or otherwise, find 
−

dx
x

x

21
. 

 

 (c) Use integration by parts to obtain dx
x

x
x

−
−

2

1

1
sin . 

 

 

 



41.  (a) By using a substitution, or otherwise, find 
−

dx
x

x

21
. 

(b)  Use integration by parts and the result of (a) to evaluate 
−

2

1

0

1sin xdx . 

 

42. Use integration by parts to obtain the exact value of 
−

1

0

21 )(tan dxxx . 

 

43. (a) Evaluate 
1

0

2 dxxe x . 

 (b) Use part (a) to evaluate 
1

0

22 dxex x . 

 (c) Hence obtain  +

1

0

22 )23( dxexx x
. 

 

44. By integrating by parts twice, show that 
 

    ++= Cxxexdxe xx )sin(cos
2

1
cos    

 

 where C denotes the constant of integration.   

 

45. (a) Use integration by parts to obtain an expression for  xdxex cos . 

 

 (b) Similarly, given = nxdxeI x

n cos , where 0n , obtain an expression for nI . 

 

 (c) Hence evaluate 
2

0

8cos



xdxex
. 

 

46. Define 
−=

1

0

dxexI xn

n  for 1n . 

     (a) Use integration by parts to obtain the value of 
−=

1

0

1 dxxeI x
. 

     (b) Similarly, show that 1

1

−

− −= enII nn  for 2n . 

 

     (c) Evaluate 3I . 

 

 

 

 


