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7. First factorise the denominator:   )4(42 −=− xxxx  

 The denominator contains distinct linear factors. 
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8. First factorise the denominator:   )5)(3(1522 −+=−− xxxx  

 The denominator contains distinct linear factors. 

 

 
53)5)(3(

73

152

73
2 −

+
+

=
−+

−
=

−−

−

x

B

x

A

xx

x

xx

x
 

                                                           
)5)(3(

)3()5(

−+

++−
=

xx

xBxA
 

 

 )3()5(73 ++−=− xBxAx  

 

 Let 5=x          )8()0(7)5(3 BA +=−             B88 =               1=B  

 Let 3−=x        )0()8(7)3(3 BA +−=−−        A816 −=−        2=A  

 

 Hence   
5

1

3

2

152

73
2 −

+
+

=
−−

−

xxxx

x
. 

 

   −
+

+
=









−
+

+
=

−−

−
dx

x
dx

x
dx

xx
dx

xx

x

5

1

3

2

5

1

3

2

152

73
2

 

                                                                            −
+

+
= dx

x
dx

x 5

1

3

1
2  

                                                                          Cxx +−++= 5ln3ln2  

 



9. First factorise the denominator:   )1)(2(22 −+=−+ xxxx  

 The denominator contains distinct linear factors. 
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The exact value of the definite integral is not required. An approximate value can be given 
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10. First factorise the denominator:   )3)(2(62 −+=−− xxxx  

 The denominator contains distinct linear factors. 
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11. The denominator contains distinct linear factors. 
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 The denominator contains distinct linear factors. 
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13. The denominator contains distinct linear factors. 
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






=

9

5
ln

16

12
ln  

                                                     







=














=








−








=

20

27
ln

9
5

4
3

ln
9

5
ln

4

3
ln  units2 

 

 



Note 

 

            There are other ways of combining the logarithms to complete the evaluation, 

 eg       5ln9ln6ln16ln2ln5ln9ln6ln16ln2ln −++−=+−−+−           

                                                                       )5ln16(ln)9ln6ln2(ln +−++=    

                                                                       )516ln()962ln( −=   

                                                                       80ln108ln −=        

                                                                       







=

80

108
ln     

                                                                       







=

20

27
ln    

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



14.(a) The denominator contains distinct linear factors. 

 

x

C

x

B

x

A

xxx

xx

+
+

−
+

+
=

+−+

++

321)3)(2)(1(

5613 2

 

                                 
)3)(2)(1(

)2)(1()3)(1()3)(2(

xxx

xxCxxBxxA

+−+

−++++++−
=  

 

)2)(1()3)(1()3)(2(5613 2 xxCxxBxxAxx −++++++−=++  

 

Let 2=x        )0)(3()5)(3()5)(0()2(5)2(613 2 CBA ++=++        B1545 =        3=B  

 

Let 3−=x        )5)(2()0)(2()0)(5()3(5)3(613 2 −+−+=−+−+ CBA        C1040 −=      

             4−=C  

 

Let 1−=x        )3)(0()2)(0()2)(3()1(5)1(613 2 CBA ++=−+−+        A612 =     

                             2=A  

 

Hence   
xxxxxx

xx

+

−
+

−
+

+
=

+−+

++

3

4

2

3

1

2

)3)(2)(1(

5613 2

   

 

      or   
xxxxxx

xx

+
−

−
+

+
=

+−+

++

3

4

2

3

1

2

)3)(2)(1(

5613 2

. 

 

     (b) dx
xxx

dx
xxx

xx
  









+
−

−
+

+
=

+−+

++
1

0

1

0

2

3

4

2

3

1

2

)3)(2)(1(

5613
 

                                                         1
0

3ln42ln31ln2 xxx +−−−+=  

                       3ln42ln31ln24ln41ln32ln2 −−−−−=  

                                                           3ln42ln31ln24ln41ln32ln2 −−−−−=  

                       4342 3ln2ln)0(24ln)0(32ln −−−−−=  

                                                           81ln8ln256ln4ln −−−−=  

                                                        81ln8ln256ln4ln ++−=  

                                                        256ln)81ln8ln4(ln −++=  

                                                        256ln)8184ln( −=  

                                                        







=








=−=

8

81
ln

256

2592
ln256ln2592ln  

 

 Hence    =
+−+

++
1

0

2

ln
)3)(2)(1(

5613

b

a
dx

xxx

xx
   where 81=a  and 8=b . 

 

                                                         

 



 Note 

 

 Cxdx
x

+−−=
− 2ln3

2

3
   using    ++=

+
Cbax

abax
ln

11
; 

 remember to divide by the coefficient of x when integrating. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

  

 

 

 

 



15. First check whether 62 −− xx  is irreducible:    

 

1=a , 1−=b , 6−=c        25)6)(1(4)1(4 22 =−−−=− acb  

 

042 − acb , so 62 −− xx  has two real and distinct roots and can be written as the product 

of two distinct linear factors, ie )3)(2(62 −+=−− xxxx .  

 

This means that the denominator can be written as )3)(2( −+ xxx  and contains distinct 

linear factors. 

 

32)3)(2(

692

)6(

692 2

2

2

−
+

+
+=

−+

−−
=

−−

−−

x

C

x

B

x

A

xxx

xx

xxx

xx
 

                                                  
)3)(2(

)2()3()3)(2(

−+

++−+−+
=

xxx

xCxxBxxxA
 

 

)2()3()3)(2(692 2 ++−+−+=−− xCxxBxxxAxx  

 

Let 2−=x        )0)(2()5)(2()5)(0(6)2(9)2(2 2 −+−−+−=−−−− CBA  

                         B1020 =  

               2=B  

 

Let 3=x           )5)(3()0)(3()0)(5(6)3(9)3(2 2 CBA ++=−−  

                         C1515 =−  

                 1−=C  

 

Let 0=x           )2)(0()3)(0()3)(2(6)0(9)0(2 2 CBA +−+−=−−  

                         A66 −=−  

                1=A  

 

Hence   
3

1

2

21

)6(

692
2

2

−

−
+

+
+=

−−

−−

xxxxxx

xx
   or   

3

1

2

21

)6(

692
2

2

−
−

+
+=

−−

−−

xxxxxx

xx
. 

 

 

 

 

 

 

 

 

 

 

 



dx
xxx

dx
xxx

xx
  









−
−

+
+=

−−

−−
6

4

6

4

2

2

3

1

2

21

)6(

692
 

                              6
4

3ln2ln2ln −−++= xxx  

                                1ln6ln24ln3ln8ln26ln −+−−+=  

                                1ln6ln24ln3ln8ln26ln −+−−+=  

                                06ln4ln3ln8ln6ln 22 −+−−+=  

                                36ln4ln3ln)64ln6(ln +−−+=  

                                )364ln(3ln)646ln( −−=  

                                144ln3ln384ln −−=  

                              144ln
3

384
ln −
















=  

                             144ln128ln −=  

                             







=

144

128
ln  

                            







=

9

8
ln  

 

Hence    =
−−

−−
6

4

2

2

ln
)6(

692

n

m
dx

xxx

xx
   where 8=m  and 9=n . 

 

Notes 

 

(1)    A common error in this question is to assume that 62 −− xx  is irreducible leading to    

   the incorrect partial fractions 
62 −−

+
+

xx

CBx

x

A
. 

 

It is essential that you check whether a quadratic factor in the denominator is 

irreducible and factorise the denominator fully before finding the partial fractions. 

 

(2)    There are other ways of combining the logarithms to complete the evaluation, 

eg       36ln4ln3ln64ln6ln36ln4ln3ln64ln6ln −−−+=+−−+  

                                                           )36ln4ln3(ln)64ln6(ln ++−+=  

                                                           )3643ln()646ln( −=  

                                                           432ln384ln −=  

                                                           







=

432

384
ln  

                                                           







=

9

8
ln  

 

 

 



16.(a) First factorise the denominator:   )2)(2(42 +−=− xxx  

 The denominator contains distinct linear factors. 

 

 
22)2)(2(

4

4

4
2 +

+
−

=
+−

=
− x

B

x

A

xxx
 

                                                  
)2)(2(

)2()2(

+−

−++
=

xx

xBxA
 

 

 )2()2(4 −++= xBxA  

 

 Let 2−=x        )4()0(4 −+= BA        B44 −=        1−=B  

 Let 2=x          )0()4(4 BA +=          A44 =          1=A  

 

 Hence   
2

1

2

1

4

4
2 +

−
+

−
=

− xxx
   or   

2

1

2

1

4

4
2 +

−
−

=
− xxx

. 

 

(b) To find  −
dx

x

x

42

2

, note that 
42

2

−x

x
 is an improper algebraic fraction since the degree of 

the numerator is equal to the degree of the denominator, so algebraic long division should be 

used to start the integration process. 

 

                               
 

 Hence   
2

1

2

1
1

4

4
1

4 22

2

+
+

−
+=

−
+=

− xxxx

x
   [using the partial fractions in (a)] 

 

  +++−+=








+
+

−
+=

−
Cxxxdx

xx
dx

x

x
2ln2ln

2

1

2

1
1

42

2

 

 

 Note 

 

The final answer can be written as Cxxx ++−+ )2)(2(ln  or Cxx +−+ 4ln 2  but there is 

no need to do this. 

 

 

 

 

 

 



17.(a) First factorise the denominator:   )1)(1(12 +−=− xxx  

 The denominator contains distinct linear factors. 

 

 
11)1)(1(12 +

+
−

=
+−

=
− x

B

x

A

xx

x

x

x
 

                                                
)1)(1(

)1()1(

+−

−++
=

xx

xBxA
 

 

 )1()1( −++= xBxAx  

 

 Let 1−=x        )2()0(1 −+=− BA        B21 −=−        
2

1
=B  

 Let 1=x          )0()2(1 BA +=              A21 =              
2

1
=A  

 

 Hence   
1

2
1

1

2
1

12 +
+

−
=

− xxx

x
. 

 

     (b) To find  −
dx

x

x

12

3

, note that 
12

3

−x

x
 is an improper algebraic fraction since the degree of  

the numerator is greater than the degree of the denominator, so algebraic long division 

should be used to start the integration process. 

 

                               
 

 Hence   
1

2
1

1

2
1

11 22

3

+
+

−
+=

−
+=

− xx
x

x

x
x

x

x
   [using the partial fractions in (a)] 

 

 Cxx
x

dx
xx

xdx
x

x
+++−+=















+
+

−
+=

−  1ln
2

1
1ln

2

1

21

2
1

1

2
1

1

2

2

3

 

 

 Notes 

 

The partial fractions can be written as 
)1(2

1

)1(2

1

+
+

− xx
 but there is no need to do this. 

 

 



18. The denominator contains a repeated linear factor. 

 

22 )1(112)12()1(

4

+
+

+
+

−
=

−+

+

x

C

x

B

x

A

xx

x
 

                          
)12()1(

)12()1)(12()1(
2

2

−+

−++−++
=

xx

xCxxBxA
 

 

)12()1)(12()1(4 2 −++−++=+ xCxxBxAx  

 

Let 1−=x        )3()0)(3()0(41 2 −+−+=+− CBA        C33 −=        1−=C  

Let 
2

1
=x        )0(

2

3
)0(

2

3
4

2

1
2

CBA +







+








=+           A

4

9

2

9
=         2=A  

 

Equating coefficients of 
2x        BA 20 +=        B220 +=        22 −=B        1−=B  

 

Hence   
22 )1(

1

1

1

12

2

)12()1(

4

+

−
+

+

−
+

−
=

−+

+

xxxxx

x
 

 

      or   
22 )1(

1

1

1

12

2

)12()1(

4

+
−

+
−

−
=

−+

+

xxxxx

x
. 

 

dx
xxx

dx
xx

x
 









+
−

+
−

−
=

−+

+
2

1

2

2

1

2 )1(

1

1

1

12

2

)12()1(

4
 

                                dxx
xx 








+−

+
−

−
= −

2

1

2)1(
1

1

12

2
 

                                

2

1

1

1)1(

)1(
1ln12ln

2

1
2 









−

+
−+−








−=

−x
xx  

                                 2
1

1)1(1ln12ln −+++−−= xxx  

                                

2

11

1
1ln12ln 









+
++−−=

x
xx  

                                







+−−








+−=

2

1
2ln1ln

3

1
3ln3ln  

                                







+−−








+−=

2

1
2ln1ln

3

1
3ln3ln  

                                







+−−








+=

2

1
2ln0

3

1
3ln2  

                                
2

1
2ln

3

1
3ln2 −++=  

                                
6

1
2ln −=  

                               



Note 

 

CxCxdx
x

dx
x

+−=+







−=

−
=

−  12ln12ln
2

1
2

12

1
2

12

2
 

 

using the standard integral    ++=
+

Cbax
a

dx
bax

ln
11

. 

 

Remember to divide by the coefficient of x when integrating. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



19.(a) 2)( 23 −−−= xxxxc  

 

 To find a real root of )(xc , use synthetic division and try factors of 2− . 

 

   1        −1        −1        −2 

    2  2 2 2 
 

   1 1 1 0 

 

 remainder = 0,   so 2=x  is a root of )(xc    and   )1)(2()( 2 ++−= xxxxc . 

 

 Hence   )()()( xqxlxc =    where   2)( −= xxl    and   1)( 2 ++= xxxq . 

 

     (b) For 1)( 2 ++= xxxq :   1=a , 1=b , 1=c        3)1)(1(414 22 −=−=− acb  

  

042 − acb , hence )(xq  has no real roots and is irreducible (cannot be written as the 

product of two linear factors with real coefficients). 

 This means that )(xc  cannot be written as the product of three linear factors with real  

coefficients. 

 

     (c) 
)()(2

45
23 xq

CBx

xl

A

xxx

x +
+=

−−−

+
       

122

45
223 ++

+
+

−
=

−−−

+

xx

CBx

x

A

xxx

x
 

                                                                                                   
2

)2)(()1(
23

2

−−−

−++++
=

xxx

xCBxxxA
 

 

 )2)(()1(45 2 −++++=+ xCBxxxAx  

 

 Let 2=x        0)122(4)2(5 2 +++=+ A        A714 =        2=A  

 

 Equating coefficients of 
2x        BA +=0        B+= 20        2−=B  

 

 Equating constants       CA 24 −=        C224 −=        22 −=C        1−=C  

 

 Hence   2=A , 2−=B , 1−=C    and   
1

12

2

2

2

45
223 ++

−−
+

−
=

−−−

+

xx

x

xxxx

x
. 

 

  

 

 

 

 

 

 



   








++

−−
+

−
=

−−−

+
dx

xx

x

x
dx

xxx

x

1

12

2

2

2

45
223

 

                                              ++

−−
+

−
= dx

xx

x
dx

x 1

12

2

2
2

 

                                              ++

+−
+

−
= dx

xx

x
dx

x 1

)12(

2

2
2

 

                                              ++

+
−

−
= dx

xx

x
dx

x 1

12

2

2
2

 

 

 To find  −
dx

x 2

2
, use the standard integral  ++=

+
Cbax

a
dx

bax
ln

11
: 

 

   +−=
−

=
−

Cxdx
x

dx
x

2ln2
2

1
2

2

2
 

 

To find  ++

+
dx

xx

x

1

12
2

, note that the numerator is the exact derivative of the denominator, 

so the integral can be found directly using the result  +=


Cxfdx
xf

xf
)(ln

)(

)(
: 

 

Cxxdx
xx

x
+++=

++

+
 1ln

1

12 2

2
 

 

 Hence    +++−−=
−−−

+
Cxxxdx

xxx

x
1ln2ln2

2

45 2

23
. 

 

 Note 

 

 Alternatively, to find  ++

+
dx

xx

x

1

12
2

 the substitution 12 ++= xxu  could be used. 

 

 

  

 

  

 

 

 

 

 

 

 

 

 



20. The denominator contains an irreducible quadratic factor 52 +x . 

(You can assume that any quadratic factor of the form ax +2 , where 0a , is irreducible, 

or you can show that 042 − acb .) 

 

5)5(

2012
22

2

+

+
+=

+

+

x

CBx

x

A

xx

x
 

                 
)5(

)()5(
2

2

+

+++
=

xx

xCBxxA
 

 

xCBxxAx )()5(2012 22 +++=+  

 

Let 0=x       0)50(20)0(12 22 ++=+ A       A520 =       4=A  

 

Equating coefficients of 2x       BA +=12        B+= 412       8=B  

 

Equating coefficients of x         C=0  

 

[Note that equating constants gives   A520 =       4=A ] 

 

Hence   
5

84

)5(

2012
22

2

+
+=

+

+

x

x

xxx

x
. 

 

     (b)     +
+=









+
+=

+

+
dx

x

x
dx

x
dx

x

x

x
dx

xx

x

5

84

5

84

)5(

2012
222

2

 

 

 Cxdx
x

dx
x

+==  ln4
1

4
4

 

 

 To find  +
dx

x

x

5

8
2

, make the numerator the exact derivative of the denominator by 

adjusting the constant and then integrate using  +=


Cxfdx
xf

xf
)(ln

)(

)(
. 

 

 Note that   xx
dx

d
2)5( 2 =+ ,   so the numerator must be written as x2 . 

 

  ++=
+

=
+

Cxdx
x

x
dx

x

x
5ln4

5

2
4

5

8 2

22
 

 

 Hence    +++=
+

+
Cxxdx

xx

x
5ln4ln4

)5(

2012 2

2

2

. 

 



  2
1

2

2

1

2

2

5ln4ln4
)5(

2012
++=

+

+
 xxdx

xx

x
 

                                       6ln41ln49ln42ln4 +−+=  

                                       6ln41ln49ln42ln4 +−+=  

                                    39444 =  (to 4 dp) 

 

 Notes 

 

 (1) Alternatively, to find  +
dx

x

x

5

8
2

 the substitution 52 += xu  could be used. 

 

(2) The exact value of the definite integral is not required. An approximate value can be  

given to any reasonable degree of accuracy. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



21. The denominator contains an irreducible quadratic factor 21 x+ . 

(You can assume that any quadratic factor of the form ax +2 , where 0a , is irreducible, 

or you can show that 042 − acb .) 

 

22

2

1)1(

3

x

CBx

x

A

xx

x

+

+
+=

+

+
 

                 
)1(

)()1(
2

2

xx

xCBxxA

+

+++
=  

 

xCBxxAx )()1(3 22 +++=+  

 

Let 0=x       0)01(30 22 ++=+ A       A=3     

 

Equating coefficients of 2x       BA +=1       B+= 31       2−=B  

 

Equating coefficients of x         C=0  [Note that equating constants gives A=3 ] 

 

Hence   
22

2

1

23

)1(

3

x

x

xxx

x

+

−
+=

+

+
   or   

22

2

1

23

)1(

3

x

x

xxx

x

+
−=

+

+
. 

 

Before evaluating  +

+
1

2

1
2

2

)1(

3
dx

xx

x
, first find  +

+
dx

xx

x

)1(

3
2

2

 using the partial fractions. 

 

 +
−=









+
−=

+

+
dx

x

x
dx

x
dx

x

x

x
dx

xx

x
222
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1
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1
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3
 

 

  +== Cxdx
x

dx
x

ln3
1

3
3

 

 

To find  +
dx

x

x
21

2
, note that the numerator is the exact derivative of the denominator, so 

the integral can be found directly using the result  +=


Cxfdx
xf

xf
)(ln

)(

)(
: 

 

Cxdx
x

x
++=

+
2

2
1ln

1

2
 

 

Hence   Cxxdx
xx

x
++−=

+

+


2

2

2

1lnln3
)1(

3
 

 

 



  1
2

1
2

1

2

1
2

2

1lnln3
)1(

3
xxdx

xx

x
+−=

+

+
  

                                    





















+−−+−=

2

2

2

1
1ln

2

1
ln311ln1ln3  

                                     















−








−−=

4

5
ln

2

1
ln32ln1ln3  

                                   60941=  (to 4 dp) 

 

 Notes 

 

 (1) Alternatively, to find  +
dx

x

x
21

2
 the substitution 21 xu +=  could be used. 

 

(2) The exact value of the definite integral is not required. An approximate value can be  

given to any reasonable degree of accuracy. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



22. First factorise the denominator fully:   )1( 23 +=+ xxxx    and   12 +x  is irreducible 
 

 The denominator contains an irreducible quadratic factor. 

 

1)1(

11
223 +

+
+=

+
=

+ x

CBx

x

A

xxxx
 

                               
)1(

)()1(
2

2

+

+++
=

xx

xCBxxA
 

 

xCBxxA )()1(1 2 +++=  

 

Let 0=x       0)10(1 2 ++= A       A=1     

 

Equating coefficients of 2x       BA +=0       B+= 10       1−=B  

 

Equating coefficients of x         C=0  [Note that equating constants gives A=1 ] 

 

Hence   
1

11
23 +

−
+=

+ x

x

xxx
   or   

1

11
23 +

−=
+ x

x

xxx
. 

 

Before finding  +
=

k

dx
xx

kI
1

3

1
)( , first find  +

dx
xx3

1
 using the partial fractions. 

 

  +
−=









+
−=

+
dx

x

x
dx

x
dx

x

x

x
dx

xx 1

1

1

11
223

 

 

Cxdx
x

+= ln
1

 

 

To find  +
dx

x

x

12
, make the numerator the exact derivative of the denominator by 

adjusting the constant and then integrate using  +=


Cxfdx
xf

xf
)(ln

)(

)(
. 

 

 Note that   xx
dx

d
2)1( 2 =+ ,   so the numerator must be written as x2 . 

 

  ++=
+

=
+

Cxdx
x

x
dx

x

x
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2

1

1

2

2

1

1

2
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 Hence   Cxxdx
xx

++−=
+ 1ln

2

1
ln

1 2

3
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1

2

1

3
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2

1
ln

1
)( 








+−=

+
=   

                                         







−−








+−= 2ln

2

1
1ln1ln

2

1
ln 2kk  

                                         







−−








+−= 2ln

2

1
1ln)1ln(

2

1
ln 2kk  

                                         







−−








+−= 2

1

2

1

2 2ln0)1ln(ln kk  

                                            2ln1lnln 2 −−+−= kk  

                                          2ln
1
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2
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

























+
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k
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1
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2

+













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=

k
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












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+
= 2

1
ln
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










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=

1

2
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2
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
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


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
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 As →k , 
22 1 kk + , so kkk =+ 22 1  and 2

2

1

2

2
=

+ k

k

k

k
. 

 

 Hence the limiting value of )(kIe  as →k  is 2 . 

 

 Notes 
 

(1) Alternatively, to find  +
dx

x

x

12
 the substitution 12 += xu  could be used. 

 

(2) There are other ways of combining the logarithms to complete the evaluation of 

)(kI ,  

eg       2ln1lnln2ln1lnln 22 ++−=−−+− kkkk  

                                                    1ln)2ln(ln 2 +−+= kk  

                                                    1ln)2ln( 2 +−= kk  

                                                    














+
=+−=

1

2
ln1ln)2ln(
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23. To find  +−

−−
dx

xx

xx

)1)(3(

12
2

3

, note that 
)1)(3(

12
2

3

+−

−−

xx

xx
 is an improper algebraic fraction 

since the degree of the numerator is equal to the degree of the denominator, so algebraic 

long division should be used to start the integration process. 

 

 First multiply out the brackets in the denominator:   33)1)(3( 232 −+−=+− xxxxx  

 

                          
 

 

 Hence   
)1)(3(

536
2

)1)(3(

12
2

2

2

3

+−

+−
+=

+−

−−

xx

xx

xx

xx
. 

 

 Now express 
)1)(3(

536
2

2

+−

+−

xx

xx
 in partial fractions before integrating. 

Note that this is a proper algebraic fraction and the denominator contains an irreducible 

quadratic factor 12 +x . 
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2

+

+
+

−
=

+−

+−

x

CBx

x

A

xx

xx
 

                        
)1)(3(

)3)(()1(
2

2

+−

−+++
=

xx

xCBxxA
 

 

)3)(()1(536 22 −+++=+− xCBxxAxx  

 

Let 3=x        0)13(5)3(3)3(6 22 ++=+− A        A1050 =        5=A  

 

Equating coefficients of 
2x        BA +=6         B+= 56          1=B  

 

Equating constants                     CA 35 −=        C355 −=        0=C  

 

Hence   
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5

)1)(3(

536
22

2

+
+

−
=

+−

+−

x

x
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xx
   and   

13

5
2

)1)(3(
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3

+
+

−
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+−
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x

x
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 








+
+

−
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+−

−−
dx

x

x

x
dx

xx

xx

13

5
2

)1)(3(

12
22

3

 

                                  +
+

−
+= dx

x

x
dx

x
dx

13

5
2

2
 

 

 += Cxdx 22  

 

To find  −
dx

x 3

5
, use the standard integral  ++=

+
Cbax

a
dx

bax
ln

11
: 

 

 +−=
−

=
−

Cxdx
x

dx
x

3ln5
3

1
5

3

5
 

 

To find  +
dx

x

x

12
, make the numerator the exact derivative of the denominator by 

adjusting the constant and then integrate using  +=


Cxfdx
xf

xf
)(ln

)(

)(
. 

 

 Note that   xx
dx

d
2)1( 2 =+ ,   so the numerator must be written as x2 . 

 

  ++=
+

=
+

Cxdx
x

x
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x

x
1ln

2

1

1

2

2

1

1

2

22
 

 

 Hence   Cxxxdx
xx

xx
+++−+=

+−

−−
 1ln

2

1
3ln52

)1)(3(

12 2

2

3

. 

 

 Note 

 

 It common error in this question is to try to express 
)1)(3(

12
2

3

+−

−−

xx

xx
 in partial fractions, 

leading to the incorrect partial fractions 
13 2 +

+
+

− x

CBx

x

A
. It is important to note that only a 

proper algebraic fraction (where the degree of the numerator is less than the degree of the 

denominator) should be expressed in partial fractions. The correct way to proceed is to use 

algebraic long division first to give 
)1)(3(

536
2

)1)(3(

12
2

2

2

3

+−

+−
+=

+−

−−

xx

xx

xx

xx
 and then express the 

proper algebraic fraction 
)1)(3(

536
2

2

+−

+−

xx

xx
 in partial fractions before integrating. 

 

 

 



24. Let   = xdxxI 3sin . 

 

 Use integration by parts with xxf =)(  and xxg 3sin)( = . 

 

  xxf =)(  and xxg 3sin)( =  

   1)( = xf  and xxg 3cos
3

1
)( −=  

 

  −= dxxgxfxgxfI )()()()(  

                







−−








−= dxxxx 3cos

3

1
13cos

3

1
 

               +−= xdxxx 3cos
3

1
3cos

3

1
 

               Cxxx +







+−= 3sin

3

1

3

1
3cos

3

1
 

               Cxxx ++−= 3sin
9

1
3cos

3

1
 

 

25. Let   = xdxxI sin . 

 

 Use integration by parts with xxf =)(  and xxg sin)( = . 

 

  xxf =)(  and xxg sin)( =  

   1)( = xf  and xxg cos)( −=  

 

  −= dxxgxfxgxfI )()()()(  

               ( ) ( ) −−−= dxxxx cos1cos  

               +−= xdxxx coscos  

               Cxxx ++−= sincos  

 

 Hence    


0

0

sincossin xxxxdxx +−=  

                                             0sin0cos0sincos +−−+−=   

                                             000)1( +−+−−=   

                                          =  

                

 

 

 

 



26. Let   = xdxxI 4sin2 . 

 

 Use integration by parts with xxf 2)( =  and xxg 4sin)( = . 

 

  xxf 2)( =  and xxg 4sin)( =  

   2)( = xf  and xxg 4cos
4

1
)( −=  

 

  −= dxxgxfxgxfI )()()()(  

                







−−








−= dxxxx 4cos

4

1
24cos

4

1
2  

               +−= xdxxx 4cos
2

1
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2

1
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






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4

1

2

1
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2
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               Cxxx ++−= 4sin
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1
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2
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Hence   
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0
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8

1
4cos

2
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
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27. Let   = xdxxI 3sin . 

 

 Use integration by parts with xxf =)(  and xxg 3sin)( = . 

 

  xxf =)(  and xxg 3sin)( =  

   1)( = xf  and xxg 3cos
3

1
)( −=  

 

  −= dxxgxfxgxfI )()()()(  

                







−−








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3

1
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
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 Hence   
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28. Let   
−= dxxeI x2 . 

 

 Use integration by parts with xxf =)(  and xexg 2)( −= . 

 

  xxf =)(  and xexg 2)( −=  

   1)( = xf  and xexg 2

2

1
)( −−=  

 

  −= dxxgxfxgxfI )()()()(  

               dxeex xx

 

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29. Let    += dxxxI 1 . 

 

 Use integration by parts with xxf =)(  and 1)( += xxg . 

 

 Note that   
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15

116
=  

 



30. Let   = xdxxI ln2 . 

 

 Use integration by parts with xxf ln)( =  and 2)( xxg = . 

Note that we must choose xxf ln)( =  as there is no standard integral for xln  at Advanced 

Higher. 

 

  xxf ln)( =  and 2)( xxg =  

   
x

xf
1

)( =  and 
3

)(
3x

xg =  

 

  −= dxxgxfxgxfI )()()()(  

               dx
x

x

x
x  








−








=

3

1

3
ln

33

 

               dxxx
x

−= 2
3

3

1
ln

3
 

               C
x

x
x

+







−=

33

1
ln

3

33

 

               C
x

x
x

+−=
9

ln
3

33

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



31. Let   
−== xdxxdx

x

x
I ln

ln 3

3
. 

 

 Use integration by parts with xxf ln)( =  and 3)( −= xxg . 

Note that we must choose xxf ln)( =  as there is no standard integral for xln  at Advanced 

Higher. 

 

  xxf ln)( =  and 3)( −= xxg  

   
x

xf
1

)( =  and 
2

)(
2

−
=

−x
xg  

 

  −= dxxgxfxgxfI )()()()(  

               dx
x

x

x
x 









−
−









−
=

−−

 2

1

2
ln

22

 

               dxx
x

x 
−+








−= 3

2 2

1

2

1
ln  

               C
x

x

x
+









−
+−=

−

22

1

2

ln 2

2
 

               C
x

x

x
+

−
+−=

−

)4(2

ln 2

2
 

               C
xx

x
+−−=

22 4

1

2

ln
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



32. Let   = xdxI ln . 

 

 Use integration by parts with xxf ln)( =  and 1)( = xg . 

Note that we must choose xxf ln)( =  as there is no standard integral for xln  at Advanced 

Higher. 

 

  xxf ln)( =  and 1)( = xg  

   
x

xf
1

)( =  and xxg =)(  

 

  −= dxxgxfxgxfI )()()()(  

               −= dxx
x

xx )(
1

ln  

               −= dxxx 1ln  

               Cxxx +−= ln  

 

 Hence    42
4

2

lnln xxxxdx −=  

                                         22ln244ln4 −−−=  

                                         22ln242ln4 2 −−−=   [write 4ln  as 22ln ] 

                                         22ln242ln8 −−−=  

                                      22ln242ln8 +−−=  

                                      22ln6 −=  

 

 Note 

 

There are other ways of dealing with the logarithms to complete the evaluation in terms of 

2ln ,    eg          22ln44ln22ln244ln4 24 −−−=−−−  

                                                                      24ln4256ln −−−=  

                                                                   24ln4256ln +−−=  

                                                                   2)4ln256(ln −−=  

                                                                   2
4

256
ln −








=  

                                                                   264ln −=  

                                                                   22ln 6 −=  

                                                                   22ln6 −=  

 

 

 

 

 



33. Let   = xdxxI sin2 . 

 

 Use integration by parts with 2)( xxf =  and xxg sin)( = . 

 

  2)( xxf =  and xxg sin)( =  

   xxf 2)( =  and xxg cos)( −=  

 

  −= dxxgxfxgxfI )()()()(  

                −−−= dxxxxx )cos(2)cos(2  

               +−= xdxxxx cos2cos2   ...(*) 

 

 Integration by parts must be used again to find  xdxx cos . 

 

 Let   = xdxxJ cos . 

 

  xxf =)(  and xxg cos)( =  

   1)( = xf  and xxg sin)( =  

 

  −= dxxgxfxgxfJ )()()()(  

               −= dxxxx )(sin1sin  

               −= xdxxx sinsin  

               )cos(sin xxx −−=   [there is no need to include a constant of integration here] 

               xxx cossin +=  

 

 Hence from (*):   CxxxxxI +++−= )cossin(2cos2  

                                            Cxxxxx +++−= cos2sin2cos2
 

 

 

 

 

 

 

 

 

 

 

 

 

 



34. Let   = xdxxI 4sin8 2 . 

 

 Use integration by parts with 28)( xxf =  and xxg 4sin)( = . 

 

  28)( xxf =  and xxg 4sin)( =  

   xxf 16)( =  and xxg 4cos
4

1
)( −=  

 

  −= dxxgxfxgxfI )()()()(  

                −−−= dxxxxx )4cos
4

1
(16)4cos

4

1
(8 2  

               +−= xdxxxx 4cos44cos2 2   ...(*) 

 

 Integration by parts must be used again to find  xdxx 4cos . 

 

 Let   = xdxxJ 4cos . 

 

  xxf =)(  and xxg 4cos)( =  

   1)( = xf  and xxg 4sin
4

1
)( =  

 

  −= dxxgxfxgxfJ )()()()(  

                







−








= dxxxx 4sin

4

1
14sin

4

1
 

               −= xdxxx 4sin
4

1
4sin

4

1
 

               )4cos
4

1
(

4

1
4sin

4

1
xxx −−=         [there is no need to include a constant of integration here] 

               xxx 4cos
16

1
4sin

4

1
+=  

 

 Hence from (*):   CxxxxxI +







++−= 4cos

16

1
4sin

4

1
44cos2 2  

                                            Cxxxxx +++−= 4cos
4

1
4sin4cos2 2  

 

 

 

 

 

 



35. Let   = xdxxI 3cos2 . 

 

 Use integration by parts with 2)( xxf =  and xxg 3cos)( = . 

 

  2)( xxf =  and xxg 3cos)( =  

   xxf 2)( =  and xxg 3sin
3

1
)( =  

 

  −= dxxgxfxgxfI )()()()(  

                







−








= dxxxxx 3sin

3

1
23sin

3

12  

               −= xdxxxx 3sin
3

2
3sin

3

1 2   ...(*) 

 

 Integration by parts must be used again to find  xdxx 3sin . 

 

 Let   = xdxxJ 3sin . 

 

  xxf =)(  and xxg 3sin)( =  

   1)( = xf  and xxg 3cos
3

1
)( −=  

 

  −= dxxgxfxgxfJ )()()()(  

                







−−








−= dxxxx 3cos

3

1
13cos

3

1
 

               +−= xdxxx 3cos
3

1
3cos

3

1
 

               







+−= xxx 3sin

3

1

3

1
3cos

3

1
        [there is no need to include a constant of integration here] 

               xxx 3sin
9

1
3cos

3

1
+−=  

 

 Hence from (*):   CxxxxxI +







+−−= 3sin

9

1
3cos

3

1

3

2
3sin

3

1 2  

                                            Cxxxxx +−+= 3sin
27

2
3cos

9

2
3sin

3

1 2  

 

 

 

 

 



36. Let   = xdxxI 5sin2 . 

 

 Use integration by parts with 2)( xxf =  and xxg 5sin)( = . 

 

  2)( xxf =  and xxg 5sin)( =  

   xxf 2)( =  and xxg 5cos
5

1
)( −=  

 

  −= dxxgxfxgxfI )()()()(  

                







−−








−= dxxxxx 5cos

5

1
25cos

5

12  

               +−= xdxxxx 5cos
5

2
5cos

5

1 2   ...(*) 

 

 Integration by parts must be used again to find  xdxx 5cos . 

 

 Let   = xdxxJ 5cos . 

 

  xxf =)(  and xxg 5cos)( =  

   1)( = xf  and xxg 5sin
5

1
)( =  

 

  −= dxxgxfxgxfJ )()()()(  

                







−








= dxxxx 5sin

5

1
15sin

5

1
 

               −= xdxxx 5sin
5

1
5sin

5

1
 

               







−−= xxx 5cos

5

1

5

1
5sin

5

1
       [there is no need to include a constant of integration here] 

               xxx 5cos
25

1
5sin

5

1
+=  

 

 Hence from (*):   CxxxxxI +







++−= 5cos

25

1
5sin

5

1

5

2
5cos

5

1 2  

                                            Cxxxxx +++−= 5cos
125

2
5sin

25

2
5cos

5

1 2  

 

 

 

 



37. Let   dxexI x

=
32 . 

 

 Use integration by parts with 2)( xxf =  and xexg 3)( = . 

 

  2)( xxf =  and xexg 3)( =  

   xxf 2)( =  and xexg 3

3

1
)( =  

 

  −= dxxgxfxgxfI )()()()(  

                







−








= dxexex xx 332

3

1
2

3

1
 

               dxxeex xx

−= 332

3

2

3

1
  ...(*) 

 

 Integration by parts must be used again to find  dxxe x3 . 

 

 Let   = dxxeJ x4 . 

 

  xxf =)(  and xexg 3)( =  

   1)( = xf  and xexg 3

3

1
)( =  

 

  −= dxxgxfxgxfJ )()()()(  

                







−








= dxeex xx 33

3

1
1

3

1
 

               −= dxexe xx 33

3

1

3

1
 

               







−= xx exe 33

3

1

3

1

3

1
 [there is no need to include a constant of integration here] 

               xx exe 33

9

1

3

1
−=  

 

 Hence from (*):   CexeexI xxx +







−−= 3332

9

1

3

1

3

2

3

1
 

                                            Cexeex xxx ++−= 3332

27

2

9

2

3

1
 

 

 

 

 



38. Let   = dxexI x42 . 

 

 Use integration by parts with 2)( xxf =  and xexg 4)( = . 

 

  2)( xxf =  and xexg 4)( =  

   xxf 2)( =  and xexg 4

4

1
)( =  

 

  −= dxxgxfxgxfI )()()()(  

                







−








= dxexex xx 442

4

1
2

4

1
 

               dxxeex xx

−= 442

2

1

4

1
  ...(*) 

 

 Integration by parts must be used again to find  dxxe x4 . 

 

 Let   = dxxeJ x4 . 

 

  xxf =)(  and xexg 4)( =  

   1)( = xf  and xexg 4

4

1
)( =  

 

  −= dxxgxfxgxfJ )()()()(  

                







−








= dxeex xx 44

4

1
1

4

1
 

               −= dxexe xx 44

4

1

4

1
 

               







−= xx exe 44

4

1

4

1

4

1
 [there is no need to include a constant of integration here] 

               xx exe 44

16

1

4

1
−=  

 

 Hence from (*):   CexeexI xxx +







−−= 4442

16

1

4

1

2

1

4

1
 

                                            Cexeex xxx ++−= 4442

32

1

8

1

4

1
 

 

 

 

 

 



 

2

0

4442

2

0

42

32

1

8

1

4

1








+−=

xxxx exeexdxex  

                            







+−−








+−= )0(4)0(4)0(42)2(4)2(4)2(42

32

1
)0(

8

1
)0(

4

1

32

1
)2(

8

1
)2(

4

1
eeeeee  

                            







+−−








+−= 0888

32

1
00

32

1
)2(

8

1
)4(

4

1
eeee  

                            







−








+−= )1(

32

1

32

1

4

1 888 eee  

                            







−








=

32

1

32

25 8e  

                            )125(
32

1 8 −= e  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



39. Let   dxxxI =
27 )(ln . 

 

The integrand is a product of two functions of x which suggests that integration by parts 

could be used. 

Use integration by parts with 2)(ln)( xxf =  and 7)( xxg = . 

 

To differentiate 2)(ln)( xxf = , use the chain rule: 

 

x

x

x
xx

dx

d ln21
ln2)(ln 2 ==  

 

  2)(ln)( xxf =   and 7)( xxg =  

   
x

x
xf

ln2
)( =   and 

8
)(

8x
xg =  

 

  −= dxxgxfxgxfI )()()()(  

                







−








= dx

x

x

xx
x

8

ln2

8
)(ln

88
2  

               −= xdxxx
x

ln
4

1
)(ln

8

72
8

  ...(*) 

 

 Integration by parts must be used again to find  xdxx ln7 . 

 

 Let   = xdxxJ ln7 . 

 

  xxf ln)( =  and 7)( xxg =  

   
x

xf
1

)( =  and 
8

)(
8x

xg =  

 

  −= dxxgxfxgxfJ )()()()(  

               dx
x

x

x
x 








−








=  8

1

8
ln

88

 

               dxxx
x

−= 7
8

8

1
ln

8
 

               







−=

88

1
ln

8

88 x
x

x
  [there is no need to include a constant of integration here] 

               
64

ln
8

88 x
x

x
−=  

 



 Hence from (*):   C
x

x
x

x
x

I +







−−=

64
ln

84

1
)(ln

8

88
2

8

 

                                            C
x

x
x

x
x

++−=
256

ln
32

)(ln
8

88
2

8

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



40.(a) 
2

1

1

1
sin

x
x

dx

d

−
=−  

 

     (b) Let   
−

= dx
x

x
I

21
. 

 

 Use the substitution 21 xu −=  to rewrite the entire integral in terms of u. 

 

 21 xu −=        x
dx

du
2−=        xdxdu 2−=        xdxdu =−

2

1
 

 

 duudu
u

xdx
x

dx
x

x
I 2

1

22 2

1

2

11
)(

1

1

1

−

 −=







−=

−
=

−
=  

                                                                                             C
u

+
















−=

2
12

1 2

1

 

                                                                                             Cu +−= )2(
2

1
 

                                                                                             Cu +−=  

                                                                                             Cx +−−= 21  

 

     (c) Let   dx
x

x
xI 

−
= −

2

1

1
sin . 

 

 Use integration by parts with xxf 1sin)( −=  and 
21

)(
x

x
xg

−
= . 

Note that we must choose xxf 1sin)( −=  as there is no standard integral for x1sin −  at 

Advanced Higher. 

 

  xxf 1sin)( −=   and 
21

)(
x

x
xg

−
=  

   
21

1
)(

x
xf

−
=  and 21)( xxg −−=    [using the result in (b)] 

 

  −= dxxgxfxgxfI )()()()(  

               ( )dxx
x

xx 2

2

12 1
1

1
sin1 −−

−
−−−= 

−  

               dxxx +−−= − 1sin1 12  

               Cxxx ++−−= −12 sin1  

 



41.(a) Let   
−

= dx
x

x
I

21
. 

 

 Use the substitution 21 xu −=  to rewrite the entire integral in terms of u. 

 

 21 xu −=        x
dx

du
2−=        xdxdu 2−=        xdxdu =−

2

1
 

 

 duudu
u

xdx
x

dx
x

x
I 2

1

22 2

1

2

11
)(

1

1

1

−

 −=







−=

−
=

−
=  

                                                                                             C
u

+
















−=

2
12

1 2

1

 

                                                                                             Cu +−= )2(
2

1
 

                                                                                             Cu +−=  

                                                                                             Cx +−−= 21  

 

     (b) Let   dxxI 
−= 1sin . 

 

 Use integration by parts with xxf 1sin)( −=  and 1)( = xg . 

Note that we must choose xxf 1sin)( −=  as there is no standard integral for x1sin −  at 

Advanced Higher. 

 

  xxf 1sin)( −=   and 1)( = xg  

   
21

1
)(

x
xf

−
=  and xxg =)(    

 

  −= dxxgxfxgxfI )()()()(  

               dxx
x

xx )(
1

1
sin

2

1


−

−= −  

               dx
x

x
xx 

−
−= −

2

1

1
sin  

               ( ) Cxxx +−−−= − 21 1sin   [using the result in (a)] 

               Cxxx +−+= − 21 1sin  

 

 



 Hence    2
1

0

21
2

1

0

1 1sinsin xxxxdx −+= −−

  

                                            21

2

1 010sin0
2

1
1

2

1
sin

2

1
−+−























−+








= −−

 

                                            10
4

3

62

1
+−








+








=


 

                                            1
2

3

12
−








+=


 

                                           1
2

3

12
−+=


 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



42. Let   
−= dxxxI )(tan 21 . 

 

 Use integration by parts with )(tan)( 21 xxf −=  and xxg = )( . 

Note that we must choose xxf 1tan)( −=  as there is no standard integral for x1tan −  at 

Advanced Higher. 

 

To differentiate )(tan)( 21 xxf −= , use the chain rule: 

 

422

21

1

2
2

)(1

1
)(tan

x

x
x

x
x

dx

d

+
=









+
=−  

 

  )(tan)( 21 xxf −=  and xxg = )(  

   
41

2
)(

x

x
xf

+
=  and 

2
)(

2x
xg =  

 

  −= dxxgxfxgxfI )()()()(  

               dx
x

x

x
x

x

21

2
)(tan

2

2

4

21
2

 








+
−= −  

               dx
x

x
x

x
 +

−= −

4

3
21

2

1
)(tan

2
 

 

To find  +
dx

x

x
4

3

1
, make the numerator the exact derivative of the denominator by 

adjusting the constant and then integrate using  +=


Cxfdx
xf

xf
)(ln

)(

)(
. 

 

 Note that   34 4)1( xx
dx

d
=+ ,   so the numerator must be written as 

34x . 

 

  ++=
+

=
+

Cxdx
x

x
dx

x

x 4

4

3

4

3

1ln
4

1

1

4

4

1

1
 

 

 Hence   Cxx
x

I ++−= − 421
2

1ln
4

1
)(tan

2
. 

 

 

 

 

 

 



 

1

0

421
21

0

21 1ln
4

1
)(tan

2
)(tan 








+−= −−

 xx
x

dxxx  

                                     







+−−








+−= −− 221

2
421

2

01ln
4

1
)0(tan

2

0
11ln

4

1
)1(tan

2

1
 

                                     







−−








−= − 1ln

4

1
02ln

4

1
1tan

2

1 1  

                                     







−−








−








= 1ln

4

1
02ln

4

1

42

1 
 

                                     







−−








−= )0(

4

1
02ln

4

1

8


 

                                     2ln
4

1

8
−=


 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



43.(a) Let   dxxeI x

=
2 . 

 

The integrand is a product of two functions of x which suggests that integration by parts 

could be used. 

Use integration by parts with xxf =)(  and xexg 2)( = . 

 

  xxf =)(  and xexg 2)( =  

   1)( = xf  and xexg 2

2

1
)( =  

 

  −= dxxgxfxgxfI )()()()(  

                







−








= dxeex xx 22

2

1
1

2

1
 

               −= dxexe xx 22

2

1

2

1
 

               Cexe xx +







−= 22

2

1

2

1

2

1
 

               Cexe xx +−= 22

4

1

2

1
 

 

 Hence   

1

0

22

1

0

2

4

1

2

1








−=

xxx exedxxe  

                                       







−−








−= )0(2)0(2)1(2)1(2

4

1
)0(

2

1

4

1
)1(

2

1
eeee  

                                       





−−





−= 022

4

1
0

4

1

2

1
eee  

                                       







−−








= )1(

4

1

4

1 2e  

                                       
4

1

4

1 2 += e  

                                       )1(
4

1 2 += e  

 

 

 

 

 

 

 

 

 



     (b) Let   =
1

0

22 dxexI x . 

 

The integrand is a product of two functions of x which suggests that integration by parts 

could be used. 

Use integration by parts with 2)( xxf =  and xexg 2)( = . 

 

  2)( xxf =  and xexg 2)( =  

   xxf 2)( =  and xexg 2

2

1
)( =  

 

  −= dxxgxfxgxfI )()()()(  

               dxexex xx

 







−








=

1

0

2

1

0

22

2

1
2

2

1
 

               dxxeee x

−







−








=

1

0

2)0(22)1(22 )0(
2

1
)1(

2

1
 

                 )1(
4

1
0)1(

2

1 22 +−−







= ee   [using the answer in (a)] 

               )1(
4

1

2

1 22 +−= ee  

               
4

1

4

1

2

1 22 −−= ee  

               
4

1

4

1 2 −= e  

               )1(
4

1 2 −= e  

 

     (c)  +=+

1

0

222

1

0

22 )23()23( dxxeexdxexx xxx
 

                                          +=

1

0

1

0

222 23 dxxedxex xx
 

                                          +=

1

0

1

0

222 23 dxxedxex xx
 

                                         







++








−= )1(

4

1
2)1(

4

1
3 22 ee  [using the answers in (a) and (b)] 

                                         )1(
2

1
)1(

4

3 22 ++−= ee  

                                         )15(
4

1

4

1

4

5

2

1

2

1

4

3

4

3 2222 −=−=++−= eeee  

 



44. Let   = xdxeI x cos . 

 

 Use integration by parts with xexf =)(  and xxg cos)( = . 

 

  xexf =)(  and xxg cos)( =  

   xexf = )(  and xxg sin)( =  

 

  −= dxxgxfxgxfI )()()()(  

               −= xdxexe xx sinsin   ...(*) 

 

 Integration by parts must be used again to find  xdxe x sin . 

 The choice of )(xf  and )(xg   must be consistent with that used already. 

 

 Let   = xdxeJ x sin . 

 

  xexf =)(  and xxg sin)( =  

   xexf = )(  and xxg cos)( −=  

 

  −= dxxgxfxgxfJ )()()()(  

                −−−= dxxexe xx )cos()cos(  

               +−= xdxexe xx coscos  

 

 To break this ‘infinite loop’, note that  xdxe x cos  is the original integral, I, so 

 IxeJ x +−= cos . 

 

 Hence from (*):    )cos(sin IxexeI xx +−−=  

       IxexeI xx −+= cossin  

                                        xexeI xx cossin2 +=  

                                        )cos(sin2 xxeI x +=  

         CxxeI x ++= )cos(sin
2

1
 

 

 Hence   Cxxexdxe xx ++= )sin(cos
2

1
cos . 

  

 

 



45.(a) Let   = xdxeI x cos . 

 

 Use integration by parts with xexf =)(  and xxg cos)( = . 

 

  xexf =)(  and xxg cos)( =  

   xexf = )(  and xxg sin)( =  

 

  −= dxxgxfxgxfI )()()()(  

               −= xdxexe xx sinsin   ...(*) 

 

 Integration by parts must be used again to find  xdxe x sin . 

 The choice of )(xf  and )(xg   must be consistent with that used already. 

 

 Let   = xdxeJ x sin . 

 

  xexf =)(  and xxg sin)( =  

   xexf = )(  and xxg cos)( −=  

 

  −= dxxgxfxgxfJ )()()()(  

                −−−= dxxexe xx )cos()cos(  

               +−= xdxexe xx coscos  

 

 To break this ‘infinite loop’, note that  xdxe x cos  is the original integral, I, so 

 IxeJ x +−= cos . 

 

 Hence from (*):    )cos(sin IxexeI xx +−−=  

       IxexeI xx −+= cossin  

                                        xexeI xx cossin2 +=  

                                        )cos(sin2 xxeI x +=  

         CxxeI x ++= )cos(sin
2

1
 

 

 Hence   Cxxexdxe xx ++= )cos(sin
2

1
cos . 

 

 

 



     (b) Method 1 

 

= nxdxeI x

n cos ,   where 0n . 

 

 Use integration by parts with xexf =)(  and nxxg cos)( = . 

 

  xexf =)(  and nxxg cos)( =  

   xexf = )(  and nx
n

xg sin
1

)( =  

 

  −= dxxgxfxgxfIn )()()()(  

                 







−








= dxnx

n
enx

n
e xx sin

1
sin

1
  

                −= nxdxe
n

nxe
n

xx sin
1

sin
1

 ...(*) 

 

 Integration by parts must be used again to find  nxdxe x sin . 

 The choice of )(xf  and )(xg   must be consistent with that used already. 

 

 Let   = nxdxeJ x

n sin . 

 

  xexf =)(  and nxxg sin)( =  

   xexf = )(  and nx
n

xg cos
1

)( −=  

 

  −= dxxgxfxgxfJ n )()()()(  

                 dxnx
n

enx
n

e xx

 







−−








−= cos

1
cos

1
 

                 +−= nxdxe
n

nxe
n

xx cos
1

cos
1

 

 

 To break this ‘infinite loop’, note that  nxdxe x cos  is the original integral, nI , so 

 n

x

n I
n

nxe
n

J
1

cos
1

+−= . 

 

 

 

 

 

 



 Hence from (*):    







+−−= n

xx

n I
n

nxe
nn

nxe
n

I
1

cos
11

sin
1

 

       n

xx

n I
n

nxe
n

nxe
n

I
22

1
cos

1
sin

1
−+=        [ 2n  to clear the fractions] 

                                        n

xx

n InxenxneIn −+= cossin2  

                                        nxenxneIIn xx

nn cossin2 +=+  

         nxenxnenI xx

n cossin)1( 2 +=+  

                                          )cossin()1( 2 nxnxnenI x

n +=+  

                                          Cnxnxne
n

I x

n ++
+

= )cossin(
1

1
2

 

 

 Method 2 

 

= nxdxeI x

n cos ,   where 0n . 

 

 Use integration by parts with nxxf cos)( =  and xexg = )( . 

 

  nxxf cos)( =   and xexg = )(  

   nxnxf sin)( −=  and xexg =)(  

 

  −= dxxgxfxgxfIn )()()()(  

                dxenxnenx xx

 −−= sincos   

                += nxdxennxe xx sincos  ...(*) 

 

 Integration by parts must be used again to find  nxdxe x sin . 

 The choice of )(xf  and )(xg   must be consistent with that used already. 

 

 Let   = nxdxeJ x

n sin . 

 

  nxxf sin)( =   and 
xexg = )(  

   nxnxf cos)( =  and xexg =)(  

 

  −= dxxgxfxgxfJ n )()()()(  

                 dxenxnenx xx

 −= cossin  

                 −= nxdxennxe xx cossin  

 



 To break this ‘infinite loop’, note that  nxdxe x cos  is the original integral, nI , so 

 n

x

n nInxeJ −= sin . 

 

 Hence from (*):    n

xx

n nInxennxeI −+= sin(cos ) 

       n

xx

n InnxnenxeI 2sincos −+=         

                                        nxnenxeInI xx

nn sincos2 +=+  

         nxnenxenI xx

n sincos)1( 2 +=+  

                                          )cos(cos)1( 2 nxnnxenI x

n +=+  

                                          Cnxnnxe
n

I x

n ++
+

= )sin(cos
1

1
2

 

 

   or Cnxnxne
n

I x

n ++
+

= )cossin(
1

1
2

 

 

     (c) CxxeIxdxe xx ++
+

== )8cos8sin8(
18

1
8cos

28  

                                         Cxxe x ++= )8cos8sin8(
65

1
 

 

 Hence   
2

0

2

0

)8cos8sin8(
65

1
8cos










+= xxexdxe xx

 

                                           







+−
























+








= ))0(8cos)0(8sin8(

65

1

2
8cos

2
8sin8

65

1 02 ee




 

                                           





+−








+= )0cos0sin8(

65

1
)4cos4sin8(

65

1 02 ee 


 

                                           







+−








+= )1)0(8)(1(

65

1
)1)0(8(

65

1
2



e  

                                           





−








= )1(

65

1
)1(

65

1
2



e  

                                           
65

1

65

1
2 −=



e  

                                           












−= 1

65

1
2



e  

 

 

 

 

 



46.(a) To evaluate   
−=

1

0

1 dxxeI x ,   let   dxxeI x


−= . 

 

 Use integration by parts with xxf =)(  and xexg −= )( . 

 

  xxf =)(  and xexg −= )(  

   1)( = xf  and xexg −−=)(  

 

  −= dxxgxfxgxfI )()()()(  

               
−− −−−= dxeex xx )(1)(  

               
−− +−= dxexe xx  

               Cexe xx +−−= −−  

 

 Hence        00111

01 01 eeeeexeI xx −−−−−=−−= −−−−  

                                                           1011 −−−−= −− ee  

                                                           12 1 −−−= −e  

                                                        12 1 +−= −e  

                                                        
121 −−= e  

 

     (b) 
−=

1

0

dxexI xn

n    for 1n . 

 

Use integration by parts with nxxf =)(  and xexg −= )( . 

 

  nxxf =)(  and xexg −= )(  

   1)( −= nnxxf  and xexg −−=)(  

 

  −= dxxgxfxgxfIn )()()()(  

                   
−−− −−−=

1

0

11

0 )()( dxenxex xnxn  

                   
−−− +−=

1

0

11

0 dxexnex xnxn  

                     1

01 01 −

− +−−−= n

nn nIee  [since 
−−

− =

1

0

1

1 dxexI xn

n ] 

                     1

1 01 −

− +−−= nnIe   [since 11 =n
 and 00 =n

] 

                 
1

1

−

− −= enIn  

 

 Hence   1

1

−

− −= enII nn    for 2n . 

 



(c) The recurrence relation 1

1

−

− −= enII nn  with starting value 1

1 21 −−= eI  can be used to 

generate the values of 2I , 3I , ... 

 

 Using   1

1

−

− −= enII nn    with 2=n       1

12 2 −−= eII  

                                                                                 11)21(2 −− −−= ee  

                                                                                 1142 −− −−= ee  

                                                                                 152 −−= e  

 

Using   1

1

−

− −= enII nn    with 3=n       1

23 3 −−= eII  

                                                                                 11)52(3 −− −−= ee  

                                                                                 11156 −− −−= ee  

                                                                                 1166 −−= e  

 

 Hence   1

3 166 −−= eI . 

 

 

 

 

   

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

                

 


