ADVANCED HIGHER MATHEMATICS

Solutions to Exam Questions on Further Integration
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2. Let | =|————dx.
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Note that | ———=0dx=|—=—=———==0dx and this integral can be related to the
'[\/9—16x2 3% = (4x)?

du by using the substitution u = 4x.
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V1-49x*
Using the substitution u = 7x*, rewrite the entire integral in terms of u.

u=7x* = (;_u:14x = du=1l4xdx = %du:xdx
X

V1-49x* = J1-(7x))? =1-u?

P P SN dx) = ;(idj
j\/1—49x4 " '[\/1—49x4 o I\/ ETeT

- 4du

14 V1— u

=isin’1u +C
14

= isin’1(7x2) +C
14

Let —dx
1+ x8

Using the substitution t = x*, rewrite the entire integral in terms of t.

t=x* = %:4x3 — dt=4x3dx = %dt=x3dx
X

1+ x% =1+ (x*)* =1+t?

1 1 )1 1 1
| = xdx = [[ —— |=dt = = [——dt
-[1+x (1+x8j J(1+t2)4 4-[1+t2

:ltan‘lt+c
4

1 1,4
=—tan"(x")+C
2 (x*)
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Vo X
Let | = j—dx.
0

v1-25x*

Using the substitution u = 5x?, rewrite the entire integral in terms of u (including the
limits).

o

u=5x> = d—u:10x = du=10xdx = idu:xdx
dx 10

V1-25x% = \[1-(5x%)? =1-u?

2
1 1 1 1
When x=0: u=5(0)*=0 When x=—: u=5 — :5(_):_
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COSX

—— dx.
1+4sin? x

Let | =

Ot | N

Using the substitution u = 2sin x, rewrite the entire integral in terms of u (including the
limits).

u=2sinx = g—u:ZCosx = du=2cosxdx —= %du:cosxdx
X

1+4sin?x =1+ (2sinx)*> =1+u?

When x=0: u=2sin0=2(0)=0

When x:z: u=25in£=2 1 =1
6 6 2

< s 1
I:J' cosX .[[ jcosxdx I( L jldu
< 1+ 4sin? x <\ 1+4sin? x \1+Uu?)2

r 1
= 1tan‘lu}
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First factorise the denominator: x> —4x = x(x —4)
The denominator contains distinct linear factors.

5x-4 5x-4 A B

x2—4x  x(x—4) x x-4
_ A(x—4)+Bx
X(x—4)

5x —4 = A(X—4) + Bx

Let x=4 = 5(4)-4=A(0)+B(4) = 16=4B = B=4
Let x=0 = 50)-4=A(-4)+B0) = -4=-4A = A-=1

5x-4 1 4
2 =t
X‘—4x X Xx-4

J-stx:fxdx:J'G 2 jdx I—dx+j—dx j dx+4j—dx

=1In|x|+4In|x—4[+C

Hence

First factorise the denominator: x> —2x —15 = (x + 3)(x — 5)
The denominator contains distinct linear factors.

3x—-7 _ 3x—7 _ A+ B

x> -2x-15 (x+3)(x-5) x+3 x-5
~ A(x-5)+B(x+3)
~ (x+3)(x-5)

3Xx—7=A(x-5)+B(x+3)

Let x=5 = 3(5)-7=A(0)+B(8) = 8=8B = B=1
Let x=-3 = 3(3)-7=A(-8)+B(0) = -16=-8A = A=2

3x-7 2 1
Hence 5 = + .
X —-2x-15 x+3 x-5
o U Py ey
X° —2x-15 X+3 x-5 X+3 -5
=2 —dx+ —dx
X+3

=2In|x+3|+|n|x—5|+C



First factorise the denominator: x> +x—2 = (x+2)(x-1)
The denominator contains distinct linear factors.

11-2x _ 11-2x _ A N B

X2 +x—-2 (X+2)(x-1) x+2 x-1
_ A(x-1)+B(x+2)
O (x+2)(x-1)

11-2x=A(x-1)+B(x+2)

Let x=1 = 11-21)=A(0)+B(3) = 9=3B = B=3
Let x=-2 = 11-2(-2)=A(-3)+B(0) = 15=-3A = A=-5

11-2x -5 3 11-2x 3 5
Hence — = + or — = - :
X“+x-2 Xx+2 x-1 X“+x=2 x-1 x+2

2 11-2 i
JX2+XX2 J‘(X_l_ﬁjdx_[mmx 1- 5In|x+2|]
3 3
— [3In]4) ~51n[7]]-[3In[2] - 5In|5]]

=[3In4-5In7]-[3In2-5In5]
=0-3971 (to 4 dp)

Note

The exact value of the definite integral is not required. An approximate value can be given
to any reasonable degree of accuracy.



10.

First factorise the denominator: x* —x—6 = (x+2)(x-3)
The denominator contains distinct linear factors.

1 _ 1 _ A N B
x> —x—-6 (X+2)(x-3) x+2 x-3
_ A(x-3)+B(x+2)
T (x+2)(x-3)

1=A(x-3)+B(x+2)

Let x=3 = 1=A0)+B(5B) = 1=5B = B:%

Let x=-2 = 1=A(-5+B(0) = 1=-5A = A:—%

Hence = = .
x> —x—-6 x+2 x-3 x> —x—6 x—-3 x+2

1

j‘;dx:j ﬁ—ﬁ dx = _lln|x—3|—lln|x+2|}
) 5 5

o X —x—6 X—3 X+2 0

- Eln|—2|—£In|3|}—Fln|—3|—lln|2|}
5 5 5 5

= lIn2—lln3 - 1In3—1In2
5 5 5 5

=-0-1622 (to 4 dp)

Notes

1

— but there is no need to
5(x—3) 5(x+2)

(1)  The partial fractions can also be written as

do this.

2 The inclusion of modulus signs is essential in this question.

(3) The exact value of the definite integral is not required. An approximate value can be
given to any reasonable degree of accuracy.



11. The denominator contains distinct linear factors.

3x+32 A N B
(x+4)(6-x) x+4 6-Xx
_ A(6-x)+B(x+4)
 (x+4)(6-x)

3Xx+32=A(6-x)+B(x+4)

Let x=6 = 3(6)+32=A0)+B(10) = 50=10B = B=5
Let x=-4 = 3(-4)+32=A(10)+B(0) = 20=10A = A=2

3x+32 2 5
Hence = + .
(x+4)(6-%x) x+4 6-Xx
¢ 3x+32
I(x+)z1;(6 9 :J(H+G—de [2In|x + 4/ ~51n[6 - x|]
= [2Injg/~5In2]]-[2In7] -5 1n[3]
=[2In8-5In2]-[2In7 -5In3]
=|In8? —=In2°|-[In7? —In3°|
= [In64 —In32] - [In 49 — In 243]
51
={Inf —||-]|In] —
32 243
49 486
SN [ /43} ()
Notes

(1) J‘rsxdx=—5ln|6—x|+c using jﬁziln|ax+b|+c;

remember to divide by the coefficient of x when integrating.

2 There are other ways of combining the logarithms to complete the evaluation,
eg [In64-1In32]-[In49 —In243]=1In64 —In32 - In49 + In 243
= (In64 + In 243) — (In 32 + In 49)
= In(64 x 243) — In(32 x 49)
= In15552 —In1568

_ [ 15552 _ (468
1568 49



12.(a) First factorise the denominator: 1—y? = (1-y)(1+ )

(b)

The denominator contains distinct linear factors.

1 _ 1 _ A N B
1-y* (@(-y)A+y) 1-y 1+y
_ Ad+y)+B(a-y)
O -y)A+y)

1=AQ0+y)+B(l-Yy)

lety=-1 = 1=A0)+B(2) = 1=2B = B:%
Llety=1 = 1=A2)+B(0) = 1=2A = A:%
Hence 12:%+% or 12: ! + ! .

1-y* 1-y 1+y 1-y° 2Q-y) 2(+y)
Note
The partial fractions can also be written as + L but there is no need to do

20-y) 2(1+y)
this.
dx

Let | = .

J.xxll—x

Using the substitution u =+1- X, rewrite the entire integral in terms of u.

1 1 1
= du 1 - 1 - 1
U=+1-x=01-x)? —="(1-X)2x(-)=—=(1-X) 2 =—
v ():>dX2()><()2() s
1
= du=- dx
241-X
= —2du= dx
1-x

U=+v1l-x = u’=1-x = x=1-u?



d 1/ dx 1
by :IQ(mj:J(l_uzj(‘Zd“):
_ J }/ }/ du
1-u 1+u
=—2(—lln|1—u|+iln|1+u|j+c
2 2
=Inl—u[-Inl+u[+C
:In‘l—\/l—_x‘—ln‘l+\/1—_x‘+c
Notes

(1) Jydx_—%ln|l—u|+c using Iﬁ=§ln|ax+b|+c;

remember to divide by the coefficient of x when integrating.

-
L Viox

(2)  The final answer can be written as In + C but there is no need to do this.




The denominator contains distinct linear factors.

8 A B N C
X(X+2)(x+4) x Xx+2 x+4
~ A(X+2)(X+4) + Bx(x +4) + Cx(x + 2)

X(X+2)(x+4)

8=A(X+2)(x+4)+Bx(x+4)+Cx(x+2)

Let x=-2 = 8=A0)(2)+B(-2)(2)+C(-2)(0) = 8=-4B = B=-2
Let x=-4 = 8=A(-2)0)+B(-4)(0)+C(-4)(-2) = 8=8C = C=1

Let x=0 = 8=A(2)(4)+B(0)4)+C(0)2) = 8=8A = A=1
8 1 -2 1 8 1 2 1

Hence ——M—=—+——+—— o0r == + .
X(X+2)(x+4) Xx x+2 x+4 X(X+2)(x+4) x Xx+2 x+4

8 8 8
X3 +6x%+8X  X(X2+6X+8) X(X+2)(X+4)

2
Areazj.#dx: #dx
1 X° +6X° +8X X(X+2)(x+4)

2

|

2
:-[ E—L'FLjdX

X X+2 x+4
= [In[x - 2In|x+2|+|n|x+4|]
= [In[2| - 2In[4] + In6|] - [In[ - 21n|3 + Inj5]]
=[IN2-2In4+1n6]-[In1-2In3+1In5]
=[In2-4% +In6|-[o-In3? +In5|
=[IN2-1In16+In6]-[-In9 +In5]
=[(IN2+1In6)—In16]-[In5-In9]
=

In(2x6) —In16]- {m[gﬂ



Note

There are other ways of combining the logarithms to complete the evaluation,
eg [IN2-In16+In6]-[-IN9+In5]=IN2-In16+In6+IN9—In5

=(IN2+IN6+In9) —(In16 +In5)
=1In(2x6x9) —In(16 x 5)
=1In108 —In 80

(2
26



14.(a) The denominator contains distinct linear factors.

13+ 6x +5x° _ A, B C
@+x)(2-x)(B8+x) 1+x 2-x 3+X
CAC-X)EB+x)+BL+x)3B+x)+C(1+x)(2-X)
- 1+ X)(2-X)(3+X)

13+6x+5x> = A2-X)B+X)+BAL+X)B+X)+CL+x)(2—X)
Let x=2 = 13+6(2)+5(2)% = A(0)5)+B(3)(5)+C(3)(0) = 45=15B = B=3

Let x=-3 = 13+6(-3)+5(-3)° = A(5)(0) + B(-2)(0) +C(-2)(5) = 40=-10C
= C=-4

Let x=-1 = 13+6(-1)+5(-1°=AB)(2)+B(0)(2)+C(0)(3) = 12=6A
= A=2

13+ 6x +5x%° 2 3 -4

Hence = + +
QI+x)(2-x)(3+x) 1+x 2—-x 3+X

13+6x+5¢ 2 3 _ 4
A+X)2-X)B+Xx) 1+x 2-x 3+x

t 13+6x+5x%?
®) | a
0

l( 2 3 4 jd

dx=I + - X

+X)(2—X)(3+ X) \Wd+x 2-x 3+X
:[2In|1+x|—3|n|2—x|—4|n|3+x|]2
= [2In[2| - 3Inft| - 4In[4]]- [2In| - 3In[2| - 4In[3]
=[2In2-3In1-4In4]-[2In1-3In2—-4In3]
=|In2? —3(0) - In4* |- [2(0) - In 2° = In3*]
=[IN4-1In256]-[-In8—In81]

=In4-In256 +In8+1In81
=(n4+In8+1In81)—In 256

=In(4x8x81) — In 256

—In2592—1n 256 = In| 2292 ) _ [ 8L
256 8

13+ 6X + 5x2
@+x)(2-x)(8+Xx)

dx:lnE where a=81and b=8.

1
Hence I
0



Note

1
ax+b
remember to divide by the coefficient of x when integrating.

_[idx=—3ln|2—x|+c using _[ :lln|ax+b|+C;
2—-X a



15.

First check whether x?> —x —6 is irreducible:
a=1,b=-1,c=-6 = b®-4ac=(-1)*-4(1)(-6)=25

b® —4ac >0, so x> —x—6 has two real and distinct roots and can be written as the product
of two distinct linear factors, ie x> —x—6 = (x+2)(x—3).

This means that the denominator can be written as x(x + 2)(x —3) and contains distinct
linear factors.

x(xz—x—6)_x(x+2)(x—3)_;+m x-3
_ A(X+2)(x—3) + Bx(x —3) + Cx(x + 2)
- X(X + 2)(x—3)

2x*-9x—-6  2x*-9x-6 A B . C

2x% —9x -6 = A(X + 2)(x —3) + Bx(x —3) + Cx(x + 2)

Let x=-2 = 2(-2)°—9(~2)—6 = A(0)(-5) + B(—2)(-5) + C(-2)(0)
20 =10B
B=2

J

Let x=3 = 2(3)>-9(3)-6=A(5)(0)+ B(3)(0) + C(3)(5)
~15=15C
C=-1

J

Let x=0 = 2(0)2—-9(0)—6 = A(2)(~3) + B(0)(=3) + C(0)(2)

= —-6=-6A
= A=1
2x2—9x-6 1 2 -1 2x2 —9x-6 1 2 1
Hence ——MM -+ — +——— Of —— =" — ——— |

X(x—x-6) X X+2 Xx-3 X(x>—x-6) X Xx+2 x-3



2x* -9x-6 7
J.x(x —X— 6) !( E_ﬁjdx
[n|x|+2|n|x+2|—In|x—3|]f1

= [In[6[ + 21n[8| - In[3 ] - [In[4| + 2In|6| - In[L]
=[In6+2IN8-In3]-[In4+2In6—In1]
=|In6+In82 —In3]-[In4 +In62 -0
[(IN6+1In64)—In3]-[In4 +1n36]

= [In(6 x 64) - In3] - [In(4 x 36)]

[IN384 —In3]-[In144]

:In% —(In144
(5 e

=1n128 —In144
I (128)
144
9

6 2
Hence J‘wdx:lnm where m=8 and n=9
% X(X® —X—6) n

Notes

(1) A common error in this question is to assume that x> — x — 6 is irreducible leading to

the incorrect partial fractions A + E’X—+C .
X X" —X-6

It is essential that you check whether a quadratic factor in the denominator is
irreducible and factorise the denominator fully before finding the partial fractions.

(2)  There are other ways of combining the logarithms to complete the evaluation,
eg [IN6+In64—-In3]-[IN4+In36]=In6+In64—In3—In4—In36

=(n6+1In64)—(In3+1In4+1n36)
=In(6 % 64) —In(3x 4 x 36)
=1n384 —1n 432

(2
=t



16.(a) First factorise the denominator: x> —4 = (x—2)(x + 2)
The denominator contains distinct linear factors.

4 4 __A B
x> -4 (x-2)(x+2) x-2 x+2
_ A(x+2)+B(x-2)
T (x=2)(x+2)

4=A(x+2)+B(x-2)

Let x=—2 = 4=A00)+B(-4) = 4=-4B = B=-1
Let x=2 = 4=A4)+B0O0) = 4=4A = A=1

1 -1 4 1 1
5 = + or — = - .
X°—4 X—-2 X+2 X°—4 X—-2 X+2

Hence

X2

x> —4

the numerator is equal to the degree of the denominator, so algebraic long division should be
used to start the integration process.

2
(b) To find IZX—4dx , hote that is an improper algebraic fraction since the degree of
X —

1

x'—4 x +0x+0

x -4
4
Hence X’ =1+ 4 —1+i+L [using the partial fractions in (a)]
x> —4 x> —4 X—2 X+2

2
.[ X 4dx= (1+L+L2jdx:x+|n|x—2|+|n|x+2|+C

Note

The final answer can be written as X + In|(x — 2)(x + 2)| + C or x+ In‘x2 - 4‘ +C but there is

no need to do this.



17.(a) First factorise the denominator: x> —1=(x—1)(x +1)
The denominator contains distinct linear factors.

X _ X _ A N B
x? -1 (x-D(x+1) x-1 x+1
_A(x+1)+B(x-1)
T (x=1)(x+1)

X=A(X+1)+B(x-1)

Let x=-1 = -1=A0)+B(-2) = -1=-2B = B=

Let x=1 = 1=A(2)+B(0) = 1=2A = A=

_ b

X° -1 x1x+1

Hence

3

(b) To find I dx note that Is an improper algebraic fraction since the degree of

x> -1
the numerator is greater than the degree of the denominator, so algebraic long division
should be used to start the integration process.

x

x? -1 xP +0x? +0x+0

x —-x

X
3
Hence 2X =X+ ZX :x+i+é [using the partial fractions in (a)]
X“ -1 X -1 x-1 x+1

jx _1dx j{x+y y} " In|x ]4+—|n|x+]4+c

Xx-1 x+1

Notes

The partial fractions can be written as ! + ! but there is no need to do this.

2(x-1) 2(x+1)




18.  The denominator contains a repeated linear factor.

xt+4 A B C
(x+1)?(2x-1) 2x-1 x+1 (x+1)?
CAX+D)? +B2x-1)(x+1)+ C(2x-1)
- (x+1)2(2x —1)

X+4=AX+1)>+B@2x-1)(x+1)+C(2x-1)

Let x=-1 = -1+4=A(0)°+B(-3)(0)+C(-3) = 3=-3C = C=-1
2

Letx:l = l+4: 3 +B(0)§+C(0) = g:gA = A=2

2 2 2 2 2 4

Equating coefficients of x> = 0=A+2B = 0=2+2B = 2B=-2 = B=-1

x+4 _ 2 -1 -1
(x+1)?(2x-1) 2x-1 x+1 (x+1)°?

Hence

X+ 4 2 11
(x+1)?(@2x-1) 2x-1 x+1 (x+1)?

T X+4 dX_j-Z_l_ldX
J(x+D)2@2x-1)  J(2x-1 x+1 (x+1)

= [In|2x —1—Injx+1+ (x +1)’1]"2
= _In|2x —1-In|x+1 + )%J

i 1 1
- | g+ 5} _[mm “Inf2+ E}

= In3—|n3+1 - Inl—In2+1
L 3 2

= 2In3+1}—[0—ln2+l}
L 3 2

:2In3+£+In2—1
3 2

:In2—1
6



Note

2 1 1
sz_ldx = 2_[ 2X_ldx_ Z(Eln|2x—]0+c =In2x-1+C

using the standard integral I dx = 1 Injax +b| +C.
a

ax+b

Remember to divide by the coefficient of x when integrating.



19.(a) c(x)=x>—x*—x-2

To find a real root of ¢c(x), use synthetic division and try factors of — 2.

remainder =0, so x=2 isarootof ¢(x) and c(x)=(x-2)(x*+x+1).
Hence c(x)=1(x)q(x) where I(x)=x—-2 and q(x)=x*>+x+1.
(b) For q(x)=x*+x+1: a=1,b=1,¢c=1 = b’*-4ac=1"-4Q@1)=-3

b® —4ac <0, hence q(x) has no real roots and is irreducible (cannot be written as the

product of two linear factors with real coefficients).
This means that c(x) cannot be written as the product of three linear factors with real

coefficients.

5x+4 A Bx+C 5x+4 A Bx+C
32 - + = 52 - t 2
X =x"=x=-2 1I(x) q(x) X*=X"=X—-2 Xx—-2 X" +x+1
A+ x+1) + (Bx+C)(x—2)
X} —x?—x-2

(©)

5X+4=A(X*+x+1)+ (Bx+C)(x-2)
Let x=2 = 52)+4=AR°+2+1)+0 = 14=7A = A=2
Equating coefficientsof x> = 0=A+B = 0=2+B = B=-2

Equating constants = 4=A-2C = 4=2-2C = 2C=-2 = C=-1

5x+4 2 -2x-1
3 2 = T :
X°—=X"=X—-2 X—-2 X +x+1

Hence A=2,B=-2,C=-1 and



5x+4 2 -2x-1
I—g——jr—————dx::j +— dx
X=X =x-2 X—2 X +x+1

= idx_k #dx
X—2 X°+x+1

_ —ji—d I (2x+4)dx
X?+x+1

2w 2L g,
X—2 X°+x+1

dx=§mpx+w+c:

I———dx ZI—%de:ZmV—ﬂ+C

To find Iﬂdx, note that the numerator is the exact derivative of the denominator,

X+ x+1

so the integral can be found directly using the result I%dx = In| f (x)| +C:
X

J—%ﬁﬂde:mhz+x+ﬂ+C
X“+Xx+1
Hence I X+ 4 dx:sz—ﬂ—mV2+x+Q+C.
Zox-2
Note
Alternatively, to find j—ldx the substitution u = x* + x +1 could be used.

X+ x+1



20.

(b)

The denominator contains an irreducible quadratic factor x> +5.
(You can assume that any quadratic factor of the form x* +a, where a > 0, is irreducible,
or you can show that b”> —4ac <0.)

12X2+20_A Bx+C
x(x2+5) X x2+5
_ A(X* +5) +(Bx +C)x
- X(x* +5)

12x% + 20 = A(x* +5) + (Bx + C)x

Let x=0 = 12(0)°+20=A(0*+5)+0 = 20=5A = A=4
Equating coefficients of x> = 12=A+B = 12=4+B = B=8
Equating coefficientsof x = 0=C

[Note that equating constants gives 20=5A = A=4]

12x2+20 4 8

Hence 5 =—+——.
X(x“+5) x Xx°+45

2
IlZ)(Z—+2()dx:j(ﬂ+ 28X jdX=IﬂdX+I 28X dx
X(x +5) X X°+5 X X“+5

jgdx=4j§dx:4ln|x|+c

8x
x?+5

To find I dx, make the numerator the exact derivative of the denominator by

adjusting the constant and then integrate using I%dx =In|f (x)|+C.
X

Note that Oli(x2 +5) =2x, so the numerator must be written as 2x.
X

J. 8x dx:4j 2x dx:4|n‘x2+5‘+C

x> +5 x> +5

12x* + 20

Hence IX(XZ +5)

dx = 4In|x| + 4In‘x2+5‘ +C.



j.12)(22—+20dx = [4In|x| +4In‘x2 +5HL2

1 X(X° +5)
= [41n[2]+ 4In 9] [4Inf1l + 41n|g]]
=[4In2+4In9]-[4In1+4In6]
=4-3944 (to4dp)

Notes

8x
x> +5

(1) Alternatively, to find I dx the substitution u = x> +5 could be used.

(2) The exact value of the definite integral is not required. An approximate value can be
given to any reasonable degree of accuracy.



21.  The denominator contains an irreducible quadratic factor 1+ x°.
(You can assume that any quadratic factor of the form x* +a, where a > 0, is irreducible,
or you can show that b”> —4ac <0.)

x*’+3 A Bx+C
— = =y
X(L+x?) x  1+x?
AL+ X%) + (Bx+C)x
X(1+ x?)

x> +3=A(l+ x?) + (Bx +C)x

let x=0 = 0°+3=A(1+0°)+0 = 3=A

Equating coefficients of x> = 1=A+B = 1=3+B = B=-2

Equating coefficientsof x = 0=C [Note that equating constants gives 3= A]

xX*+3 3 -2x x*+3 32X
Hence ————=—+—> — === =
X(1+x%) x 1+x X(1+x°) x 14X

2

Before evaluating I—B)dx first find J.—de using the partial fractions.

1 X(1+ x?)
2

x* +3 32X 3 2x
jdeZJ(X — ]d _j;dx—j“xzdx
J‘gdx=3_|édx=3ln|x|+c

dx, note that the numerator is the exact derivative of the denominator, so

To find j12X2
+ X

the integral can be found directly using the result I%dx = In| f (x)| +C:
X

I1+x dx = In‘1+x ‘+C

x?+3

Hence I ?)
X1+ x

dx =3In|x - In‘l+ xz‘ +C



¢ x*+3
J; ) dx = [3In|x| ~InfL+ XZHZ
2
2
= [3In|ﬂ - In‘1+12‘]{3ln Yo 1+(£] u
2 2
=[3In1-1In 2]—{3In(lj— In(Eﬂ
2 4
~1-6094 (to 4 dp)
Notes

2
1+

1) Alternatively, to find j X > dx the substitution u =1+ x* could be used.
X

(2) The exact value of the definite integral is not required. An approximate value can be
given to any reasonable degree of accuracy.



First factorise the denominator fully: x* +x=x(x*+1) and x*+1 is irreducible

The denominator contains an irreducible quadratic factor.

1 1 A Bx+C
3 = 5 :—-|-2—
X+x  x(x*+1) x x°+1
_ A(X? +1)+(Bx+C)x
X(x? +1)

1= A(x* +1) + (Bx + C)x
Let x=0 = 1=A0°+1)+0 = 1=A

Equating coefficientsof x> = 0=A+B = 0=1+B = B=-1
Equating coefficientsofx = 0=C [Note that equating constants gives 1= A]

1 —-x 1 1 X

1
Hence 3 =—+— or =_— .
X*+X X x°+1 X>+Xx X x°+1

k
Before finding I(k)Z_[ 31
X%+ X

1

dx,firstfindj 31 dx using the partial fractions.
X + X

1 1
-|.x3+de=J.(;_x2+ )dx I—dx Ix +1
_[%dx:ln|x|+c

To find I dx make the numerator the exact derivative of the denominator by

adjusting the constant and then integrate using j%dx = In| f (x)| +C.
X

Note that Oli(x2 +1) = 2x, so the numerator must be written as 2x.
X

1
J‘x +1 =_'[x +1 Eln‘xszquC

Hence _[ dx:ln|x|—%ln‘x2 +1‘+C.

X% + X



(k) = jX3 —d |n|x|——|n\x +1

]
okl o |-t~ 21z
-

=|Ink ——In(k2 +1) {Inl——ln 2}

:—Ink—ln(k2+1)} [ |n22}
:]nk—ln\/k2+1J—[—ln\/§]

|o| iy v

~1In J+|nﬁ
k? +1
k

=1In X\/E
vk? +1 ]
J2k ]

=In
k? +1

2k
e e‘”[ﬂjz V2k
k?+1

As k — 0, k? +1~k?, 50 Vk?+1~+k? =k and 2k zﬁk:\/}
Jk2+1 K

Hence the limiting value of e'® as k — o is v/2 .

Notes

(1)  Alternatively, to find I 2X ldx the substitution u = x* +1 could be used.
X° +

(2)  There are other ways of combining the logarithms to complete the evaluation of

1(k),
eg [nk-Invik?+1]-[-nv2]=Ink-InVk? +1+Inv2
= (Ink+In+/2) - InVk? +1
=In(k x~/2) - InVk? +1

=In(v2k) - InVk? +1 = In( V2 J

vk +1



23.

3 v 3 v
ZX—XZldX , hote that 2)(—)(21
(x=3)(x“ +1) (x=3)(x* +1)
since the degree of the numerator is equal to the degree of the denominator, so algebraic
long division should be used to start the integration process.

To find '[ is an improper algebraic fraction

First multiply out the brackets in the denominator: (x —3)(x* +1) = x* —=3x* +x-3

2

¥ —3xt+x-3 | 2 +0x*— x—1

2xF —6x* +2x—6

6x —3x+5

2x3 —x-1 6x> —3x+5
Hence ——————=2+—u———.
(x=3)(x“ +1) (x=3)(x“ +1)

6x* —3x+5
(x=3)(x* +1)
Note that this is a proper algebraic fraction and the denominator contains an irreducible
quadratic factor x> +1.

Now express in partial fractions before integrating.

6x>-3x+5 A L Bx+C
(x=3)(x*+1) x-3 x*+1
_A(X? +1)+ (Bx+C)(x—3)

(x=3)(x* +1)

6x> —3x+5= A(x* +1) + (Bx+C)(x-3)

Let x=3 = 6(3)°-33)+5=A3?+1)+0 = 50=10A = A=5
Equating coefficients of x> = 6=A+B = 6=5+B = B=1
Equating constants = 5=A-3C = 5=5-3C = C=0

6x> —3x+5 5 X 2x3 —x—1 X
Hence =

: = +— and —2=2+i+ P
(x=3)(x“+1) x-3 x°+1 (x=3)(x* +1) Xx—-3 x°+1




3_ —
I—ZX X2 1 dx:j(2+—5 + ZX ]dx
(x=3)(x* +1) X-3 x°+1

jzdx=2x+c

To find J'—dx use the standard integral I dx = lIn|ax+ b|+C:
a

ax+b

j—d _5j%3dx=5|n|x—3|+c

To find J‘%dx, make the numerator the exact derivative of the denominator by

adjusting the constant and then integrate using I )) dx = In|f (x)|+C .

Note that di(x2 +1) = 2x, so the numerator must be written as 2x.
X

%In‘x2 +ﬂ+C

J.x +1 :_J.

x-1

Hence I—(x 3)()( )

dx:2x+5ln|x—3|+lln‘x2 +1‘+C.
2

Note

3

It common error in this question is to try to express 2)(;)(2_1 in partial fractions,
(x=3)(x" +1)
. . . . A Bx +
leading to the incorrect partial fractions —— + —; ¢
X-3 Xx°+1
proper algebraic fraction (where the degree of the numerator is less than the degree of the

denominator) should be expressed in partial fractions. The correct way to proceed is to use

. It is important to note that only a

3 v 2
algebraic long division first to give 2X XZ L =2+ ox 3)§+5 and then express the
(x=3)(x" +1) (x=3)(x* +1)
2 —
proper algebraic fraction OxT=3x+5 in partial fractions before integrating.

(x=3)(x* +1)



24.

25.

Let | = Ixsin 3xdx .

Use integration by parts with f(x) = x and g'(x) =sin 3x.

f(x)=x and  g’'(x) =sin3x

= f'(x)=1 and  g(x) :—§0053x

1= £()g() -] /() g(x)dx

= x(— 1 cosSx) - I 1(— 1 cosijdx
3 3

:—Exc053x+lfc033xdx

3 3

=—1xcos3x+E 1sin3x +C
3 3.3

= —E xc053x+lsin 3x+C
3 9

Let | = fxsin xdx .
Use integration by parts with f(x) = x and g'(x) =sin x.

f(x)=x and  g'(x)=sinx
= f'(x)=1 and  g(x)=-cosx

1= f()g(x) - [ /() g(x)dx
= x(— cos x) - J' 1(—cos x)dx
= —XCOS X + Icos xdx

=—XCOSX+Sinx+C

T
Hence .[xsin xdx = [~ xcos x +sin ]
0

= [~ zcosz +sin z]-[-0cos0+sin 0]
= [-z(-1)+0]-[0+0]

=7



26.

Let | = I2xsin 4xdx .

Use integration by parts with f(x) =2x and g'(x) =sin 4x.

f(x) =2x and  g’'(x) =sin4x

= f'(x)=2 and g(x)= —%cos4x

= £()g()~[ f'()g(x)dx
= ZX(— lcos4xj —J.Z(—icos4xjdx
4 4
:—ixcos4x+ljcos4xdx
2 2
=—1xcos4x+1 1sin4x +C
2 2\ 4

= —lxcos4x+lsin 4x +C
2 8

T

¢ ) 1 1. 4
Hence I2xsm 4xdx = —Excos4x + gsm 4X
0 0

Ci(x 1. ( (= 1 1
= __ E(ZJ coS 4(2) + §Sm(4(2jﬂ — [— > (0) cos(4(0)) + gsm 4(0)}

= —5005n+15in 7Z':| —{O+lsin 0}
8 8 8

[z 1 1
= —g(—1)+§(0)}—[0+§(0)}

oy



217.

Let | = Ixsin 3xdx .

Use integration by parts with f(x) = x and g’(x) =sin 3x.

f(x)=x and  g’'(x) =sin3x

= f'(x)=1 and  g(x) :—§0053x

1= £()g() -] /() g(x)dx

= x(— 1 cosSx) - I 1(— 1 cos3xjdx
3 3

:—Exc053x+lfc033xdx
3 3
=—1xcos3x+E 1sin3x +C
3 3.3
:—Exc053x+lsin3x+c
3 9

T

& . 1 1. 6
Hence Ixsm3xdx: — = XC0S3X + —=sin 3x
0 3 9 0

—__1 z a E . LA _l 1 _
__ 3(6j0033(6)+93m3(6ﬂ [ 3(0)0053(0)+95|n3(0)}

T T 1. & 1.
=|——C0S—+—SIN— |[—|0+=sIn0
| 18 2 9 2 9

[z 1 1
= —E(O)+§(1)}—[O+§(O)}

O



28.

Let | = jxe‘zxdx.

Use integration by parts with f(x) = x and g'(x) =e >

f(x)=x and

= f'(x)=1 and

= £()g()~[ f'()g(x)dx

S

0

g'(=e?
1 —2X
=—=e
90 =-3

1
~-e
2 4

I
1)
o
‘——‘I\)H

~ (0 -

1
4

2 o720 }



29.

Let | =Ix\/x+1dx.

Use integration by parts with f(x) =x and g'(x) = vx+1.

3

1
Note that g(x) :J'\/x+1dx =I(x+1)5dx =

3

(x+1)?2 _2(x+1)?

%xl 3

f(x)=x and g'(x)=+/x+1

N | w

_ 2(x+1)

= f'(x)=1 and  g(x) 3

L= 1(9g(x) -] /()g(x)dx

- X[M}_J{Z()Hl)g ]dx
3 3

3
2

3
:%—%J’(x+l)zdx
3 5
2X(x+1)?% 2| (x+1)2
= -— +C
3 3[ %le

3 5

2 2

:2x(x+1) ~ 21 2(x+]) LC
3 3 5

_ 2xJ(x+1)°  4y(x+1)° c
3 15

Hence ix /¥ + 1, XI:ZX\/(X+1)3 _4\/(X+1)5]

) 3 15

REONE 4\/F}_[2(0)\/1—3 4

3 15 3 15

_[23)®) _ 4(32)} _ {0 _ @}
3 15 15

_[48 128 4
|- B
116

T 15

|



30.

Let | :J'x2 In xdx .

Use integration by parts with f(x) =Inx and g'(x) = x°.
Note that we must choose f (x) =Inx as there is no standard integral for In x at Advanced
Higher.

f(x)=Inx and g'(x)=x°

3
= =1 ad  g)=2
X 3

L= f()g(x) - [ /() g(x)dx

{55



31.

Let | :J.In—sxdx:jx‘3 In xdx .
X

Use integration by parts with f(x) =Inx and g'(x) = x°.
Note that we must choose f (x) =Inx as there is no standard integral for In x at Advanced
Higher.

-3

f(x)=Inx and g'(x)=x

-2

~ =t ad gx=*-
X -2

L= £(9g(0) -] /() g(x)dx



32. Let | =Iln Xdx .

Use integration by parts with f(x) =Inx and g'(x) =1.
Note that we must choose f (x) =Inx as there is no standard integral for In x at Advanced
Higher.

f(x)=Inx and g'(x)=1

= =% and  g()=x
X

= F()g()~[ F'()g(x)dx
1
= xInx—I;(x)dx

:xlnx—_[ldx

=XInx—-x+C

4
Hence  [Inxdx =[xInx—x];
2

=[4In4-4]-[2In2-2]

= [4In22 —4]-[2In2-2] [write In4 as In 2]
=[8In2-4]-[2In2-2]

=8In2-4-2In2+2

=6In2-2

Note

There are other ways of dealing with the logarithms to complete the evaluation in terms of
N2, eg [4In4-4]-[2In2-2]=[In4*-4]-[In2? - 2]

=[In256 —4]—[In4-2]

=In256 —4—-In4+2

=(In256 —In4) -2
:|n(@j_2

4
=In64 -2
=In2°-2

=6In2-2



33.

Let | :Ixzsin xdx .
Use integration by parts with f(x) = x* and g'(x) =sin x.

f(x)=x> and  g'(x)=sinx
= f'(x)=2x and  g(x)=-cosx

I=f()g(x) - [ /() g(x)dx
= x*(—Cos x) — j 2x(—cos x)dx

:—xzcosx+2jxcosxdx .(®)
Integration by parts must be used again to find _[ X COS xdX .

Let J= Ixcosxdx.

f(x) =x and  g'(x) =cosx
= f'(x)=1 and  g(x)=sinx

3= (0909~ [ F'(x)g(x)dx
= Xsin x—fl(sin X)dx

= XSin x—jsin Xdx

= XSin X — (—cos x) [there is no need to include a constant of integration here]
= XSIN X + COS X
Hence from (*): 1 = —x?cos x + 2(xsin X +cos X) + C

=—x2Ccos X+ 2xsin x+2cos X+ C



34.

Let |= J'8x2 sin 4xdx .
Use integration by parts with f (x) =8x* and g'(x) = sin 4x.
f(x)=8x> and  g'(x) = sin 4x

= f'(x)=16x and g(x) :—%cos4x

= £()g()~[ f'()g(x)dx
=8x* (—%cos 4X) — lex(—%cosAx)dx

:—2x2cos4x+4Ixcos4xdx ..(*)
Integration by parts must be used again to find j X C0S 4xdx .

Let J =Ixcos4xdx.
f(x) =x and  g'(x) =cos4x

= f'(x)=1 and  g(x) =%sin 4x

3= 109900 [ £'()g(x)dx
= x(l sin 4xj — J.l(lsin 4xjdx
4 4
= 1xsin 4x —lj'sin 4xdx
4 4
1 . 1,1 . . . .
= Xsin 4x — Z(_ZCOS4X) [there is no need to include a constant of integration here]

= Exsin 4x + icos4x
16

Hence from (*): | = —2x” cos4x + 4& Xsin 4x + %cos 4xj +C

= —2x% cos4x + Xsin 4x+1cos4x+C



35.

Let |= sz Ccos 3xdx .
Use integration by parts with f(x) = x* and g’(x) = cos3x.

f(x)=x> and  g'(x) = cos3x

= f'(x)=2x and g(x):%sin3x

= £()g()~[ f'()g(x)dx

= xz(lsin 3xj - _f ZX(lsin 3xjdx
3 3

1, . 2 .
== X“sin3x —— | xsin 3xdx (F
. 3j *)

Integration by parts must be used again to find _[ xsin 3xdx .

Let J =Ixsin 3xdx.

f(x)=x and  g’(x) =sin3x

= f'(x)=1 and g(x)= —%cos3x

3= (9909~ [ F'(x)g(x)dx

= x(— 1 cos3x) - I 1(— 1 cos 3xjdx
3 3

= —1x0053x +1.[0033xdx
3 3

= —% X COS3X + %(%sin 3x) [there is no need to include a constant of integration here]

= —lxc053x+lsin 3x
3 9

Hence from (*): | :%x2 sin 3x —%(—%xcowx + ésin 3Xj +C

:lxzsin 3x+zxc053x—£sin 3x+C
3 9 27



Let | = Ixz sin 5xdx .
Use integration by parts with f(x) = x> and g'(x) = sin5x.
f(x)=x> and  g'(x) =sin5x

= f'(x)=2x and g(x):—%cos5x

L= 1()g(x) -] /() g(x)dx
= xz(— 1cos5xj —~ I ZX(— 1cosijdx
5 5

__ 1y cosSx+ngc035xdx ()
5 5

Integration by parts must be used again to find j X COS 5XdX .

Let J= IxcosSxdx.

f(x)=x and  g'(x) =cos5x

= f'(x)=1 and g(x)= %sin 5X

3= 109900 [ £'()g(x)dx
= x(1 sin 5x) - J.l(1 sin 5xjdx
5 5
= 1 Xsin 5x —lj'sin 5xdx
5 5
1 . 1/ 1 . . i .
= Xsin 5x — g(— gCOS5X) [there is no need to include a constant of integration here]

= l XSin 5x + icos5x
5 25

Hence from (*): I:—lx2 c3035x+g 1xsin5x+ic055x +C
5 5(5 25

_ 1 x? cos5x +£xsin 5x +i0035x +C
5 25 125



Let | :Ix2e3xdx.
Use integration by parts with f(x) = x* and g’(x) =e**.
f(x)=x> and g'(x)=e*
= f'(x)=2x and g(x)= %e”
1= £()g(0) -] /() g(x)dx
= xz(leBX}—jZX(le“jdx
3 3

_ 1 2 43X 2 3x *
=—X"e —gjxe dx (®)
Integration by parts must be used again to find J xe¥dx .

Let J= Ixe4xdx.

f(x) = x and  g'(x)=e*

= f/(x)=1 and  g(x) =%e3X

3= 100900 - [ £/()g(x)dx

= x(% e j —~ J'l(% e jdx

= 1xe?’X —ljesxdx
3 3

= %xeSX —%(%e“j [there is no need to include a constant of integration here]
— 1 Xe3x _1e3x
3 9
Hence from (*): | = 1oen —3(1 xe¥ —EeSXJ+ C
3 3.3 9
e 2y Zen g
3 9 27



38.

Let | :Ix2e4xdx.
Use integration by parts with f(x) = x* and g'(x) =e*

f(x)=x> and g'(x)=e*

= f'(x)=2x and g(x):%e4

= £()g()~[ f'()g(x)dx

e

1 2 4x 4x *
_4x - Ixe dx ()

Integration by parts must be used again to find _[ xedx.
Let J= Ixe4xdx.

f(x)=x and  g'(x)=e*

= f'(x)=1 and g(x):%e“

3= (0909~ [ F'(x)g(x)dx

= xGe4X j —~ Il&e“x jdx

~Lye —ije“dx

4 4

1o ax (1 i . : : :
= er 2 Ze [there is no need to include a constant of integration here]
— ixe4x _ie4x

4 16

Hence from (*): | = Lyzer L[ Lyen_Lon) e
4 24 16

_Lyeer _Lygn Lo
4 8 32



2 r 2

1 1 1
J‘X2e4xdxz _X2e4x ——xe“x +_e4xi|
0

4 8 32

0

1 1 1 1 1 1

—_| = 2 2e4(2) - 2 e4(2) + e4(2) I 0 Ze4(0) - 0 e4(0) + e4(0)
4() 8() 32 4() 8() 32

= 1(4)e8—l(2)e8+ie8 o—0+Ler
4 8 32 32

4
25 1

=|—e — —
| 32 32

1
= (25¢° -1
3\ )



Let |= Ix7(ln x)2dx .

The integrand is a product of two functions of x which suggests that integration by parts
could be used.

Use integration by parts with f(x) = (Inx)? and g'(x) = x".

To differentiate f (x) = (Inx)?, use the chain rule:

9 Inx)? = 2In xx = = 21X
dx X X
f(x) = (Inx)? and  g'(x)=x’
8
o g2 2nX and  g(x) =
X 8

1= £(9g(x) -] /() g(x)dx
o[ xB 2Inx( x®
= (InX) (E]_ | " (Eldx

8
:%(m X)2 —%jﬁ In xdx ()

Integration by parts must be used again to find _[ x" In xdx .
Let J :J‘x7 In xdx..

f(x)=Inx and g'(x)=x’

X8

= f=s  ad gx=%
X 8

3= 10900~ £'()9(x)dx

(i1

:—Inx—lj‘x7dx
8 8

8 8
1( x . . . .
=—Inx- —(—j [there is no need to include a constant of integration here]



8 8 8
Hence from (*): I:X—(Inx)z—l Xnx-Xl4c
8 4( 8 64

8 8 8
=X nx)? - Xinx+ 2 4C
8 32 256



1
1—x?

40.(a) %sin‘1 X =

(b) Let

B X
I_J—ﬁdx.

Use the substitution u =1-x” to rewrite the entire integral in terms of u.

u=1-x> = 3—u=—2X = du=-2xdx = —ldu:xdx
X
X 1 1( 1 1 -
| = | ——dx=| ——(xdx) = —(——duj: —=U 2du
J.ll_xz J./l_xz J.\/U 2 ,[ 2
1
1| u?
=—=|—|+C
2 h
1
=-5@Ju)+C
=—Ju+C

I

|
[

|
Z‘
+
O

(c) Let I=Isin‘1x- dx .

1—x?

Use integration by parts with f(x) =sin™ x and g'(x) = \/X_Z .

1-x
Note that we must choose f(x) =sin x as there is no standard integral for sin*x at
Advanced Higher.

f(x) =sin"x and  g'(x)=
1-x°
= f'(x)= ! and  g(x)=—-v1-x* [using the result in (b)]

1—x?

1= £()g() - () g(x)dx

=—\/1—75in‘1x—‘[\/1i7(—ﬁ)1x

= —/1—X? sin’1x+j1dx
=—JV1-x%sinx+x+C




X

41.(a) Let | :j dx .

1—x?

Use the substitution u =1—x” to rewrite the entire integral in terms of u.

Z = d—u:—2x = du=-2xdx = —ldu:xdx
dx 2

u=1-x

(b) Let 1 :Isin’l xdx.

Use integration by parts with f(x) =sin™ x and g’(x) =1.
Note that we must choose f(x) =sin x as there is no standard integral for sin*x at
Advanced Higher.

f(x)=sin""x and g'(x)=1
1

= f(X)=
1—x?

and  g(x)=x

1= £()g()~[ ()9 (x)dx
1
V1-x?
X
V1-x°
= xsin‘lx—(— V1-x? )+C [using the result in (a)]

=xsin X ++/1-x* +C

= xsin‘lx—j (x)dx

dx

= Xxsin ’1x—J'



1

2 r 1
Hence Isin‘l xdx = xsin‘1x+\/1—x2]§

Um ][J—]
_é(%]+\/ﬂ[0+\/1]




42.

Let | :Ixtan‘l(xz)dx.

Use integration by parts with f(x) = tan™(x*) and g’(x) = x.
Note that we must choose f(x) =tan™" x as there is no standard integral for tan " x at
Advanced Higher.

To differentiate f (x) = tan™"(x*), use the chain rule:

1 2X
o XX =
1+(x°) 1+X

d 1742
— tan =
o B (<) (

f(x) = tan*(x?) and  g'(x)=x

2X x2
and X)=—
1+ x* 9(x) 2

= f(x)=

1= £()g(0) -] /() g(x)dx

X2, 2x ) X2
=—tan " (X°) - —dx
tan () j[ j d

1+ x*

x2 X3
=" _tan*(x?) - | ——dx
2 () J'1+ x4

X3
1+ x*

To find J. dx, make the numerator the exact derivative of the denominator by

adjusting the constant and then integrate using I%dx =In|f(x)|+C.
X

Note that di(1+ x*)=4x?, so the numerator must be written as 4x°.
X

J.lf;(“ dx:%jlix; dx:%ln‘1+ x4‘+C

2
Hence | = X?tanl(xz) —%In‘1+ x‘|+C.



r 1

1 2
jxtan*l(xz)dx —| X tan(x?) 1 InfL+ x*|
) 2 4

0
(42 2
= EJmT%f)—lmh+f‘— 94mr%m)—1mp+oﬂ
2 4 2 4

= lmn41—1mp@—[0—lmm}
2 4 4

[ dne oo

Ea 1
= g—zln2j|—|:o—z(0)i|

:Z—EMZ
8 4




43.(a) Let I:Ixezxdx.

The integrand is a product of two functions of x which suggests that integration by parts
could be used.

Use integration by parts with f(x) = x and g'(x) = e**.

f(x)=x and  g'(x)=e*

= f'(x)=1 and  g(x) =%e2X

I=f()g(x) - [ /() g(x)dx

= x(% ezxj —~ jl@ ezxjdx

= 1xe2X —lj'ezxdx
2 2
N A
2 2\ 2

e levc
2 4

! 1 1,
Hence jxezxdx = [— xe?* — —ezx}
0 2 4 0

— 1(1)82(1) _leZ(l) _ 1(0)62(0) _392(0)
12 4 2 4

= lez_iez — O_EBO
2 4 4




1
(b) Let Izszezxdx.
0

The integrand is a product of two functions of x which suggests that integration by parts
could be used.
Use integration by parts with f(x) = x* and g'(x) = e**

f(x)=x> and g'(x)=e*

= f'(x)=2x and g(x):%e2

0900 - [ £/()g(x)dx

_ _
_| xzezx} - I ZX(1 ezx]dx
| 2 0 2

:_3(1)2 2(1)j| |: (0)2 2(O)i| j.erXdX

| 2
1, 1, . .
= E(l)e }—[O]—Z(e +1) [using the answer in (a)]
1. 1
=— e’ +1
2 4( )
Ll 1. 1
2 4 4
1.1
4 4
1
== (e?-1
4( )

(c) '[(3x +2x)e”*dx = j(3x2 e®* + 2xe*)dx

1
3x%e?*dx + j 2xe**dx

I
O ey

1 1
= 3j x2e?*dx + 2] xe**dx
0 0

= 3(% (e® —1)} + ZG (e® + 1)) [using the answers in (a) and (b)]

=§(e2—1)+1(e2+1)
:Ee2 3+1e2+1 5ez—1 1(5e -1
4 4 2 2 4 4 4



44,

Let | = J'eX cos xdx .

Use integration by parts with f(x) =e* and g'(x) =cosx.

f(x)=¢e" and  g'(x) =cosx

= f'(x)=e* and  g(x)=sinx

= £()g()~[ £'()g(x)dx

:exsinx—J.eXsin xdx (%)

Integration by parts must be used again to find Iex sin xdx .

The choice of f(x) and g'(x) must be consistent with that used already.
Let J= J.ex sin xdx.

f(x)=¢" and  g'(x)=sinx

= f'(x)=e* and  g(x)=-cosx

3= 100900 - [ £/()g(x)dx
=e*(-cosXx) —jex(— cos X)dx

=—e"cosx +J.eX cos xdx

To break this ‘infinite loop’, note that Iex cos xdx is the original integral, I, so

J=—-e*cosx+1.

Hence from (*): | =e*sinx—(—e*cosx+1)
| =e*sinx+e*cosx— I

21 =e”sin x +e" cos x

21 =e*(sin x + cos x)

b Uy

I :%ex(sinx+cosx)+c

Hence _[ex cosxdx = %ex (cosx+sinx)+C.



45.(a) Let I:J.excosxdx.

Use integration by parts with f(x) =e* and g'(x) =cosx.

f(x)=¢e" and  g'(x) =cosx

= f'(x)=e* and  g(x)=sinx

= £()g()~[ £'()g(x)dx

:exsinx—J.eXsin xdx (%)

Integration by parts must be used again to find Iex sin xdx .

The choice of f(x) and g'(x) must be consistent with that used already.
Let J= J.ex sin xdx.

f(x)=¢" and  g'(x)=sinx

= f'(x)=e* and  g(x)=-cosx

3= 100900 - [ £/()g(x)dx
=e*(-cosXx) —jex(— cos X)dx

=—e"cosx +J.eX cos xdx

To break this ‘infinite loop’, note that Iex cos xdx is the original integral, I, so

J=—-e*cosx+1.

Hence from (*): | =e*sinx—(—e*cosx+1)
| =e*sinx+e*cosx— I

21 =e”sin x +e" cos x

21 =e*(sin x + cos x)

b Uy

I :%ex(sinx+cosx)+c

Hence _[ex cosxdx = %ex (sinx+cosx)+C.



(b) Method 1
I, = Iexcosnxdx, where n = 0.
Use integration by parts with f(x) =e* and g'(x) = cosnx.
f(x)=¢" and  g'(x) =cosnx

= f'(x)=e¢* and g(x)= %sin nx

1, = F()90) = [ £'()g(x)dx

= ex(lsin nx} —J'ex(lsin nx]dx
n n

:leX sin nx—ljeX sin nxdx (%)
n n

Integration by parts must be used again to find I e” sin nxdx.

The choice of f(x) and g'(x) must be consistent with that used already.

Let J, = J.eX sin nxdx .

f(x)=¢" and  g'(x) =sinnx

= f'(x)=¢* and g(x):—icosnx
n

3o = 1(09() - [ F(x)g(x)dx

= ex(— lcosnx) —Iex(—lcosnx)dx
n n

1, 1 4
=—"¢e cosnx+—_[e cosnxdx
n n

To break this ‘infinite loop’, note that Iex cosnxdx is the original integral, I, , so

1 1
J, =——e*cosnx+—1,.
n n

n



Hence from (*): I, :Eexsin nx—i(—lex cosnx+1 I”j
n n_ n n

1«

=—e
n

o =ne*sinnx+e*cosnx— 1

n

. 1 1 .
sinnx+—-e*cosnx——1,  [xn? to clear the fractions]
n n
n’l
n’l, + 1, = ne*sin nx +e* cos nx
I, (n* +1) = ne* sin nx + €* cos nx

I (n® +1) = e*(nsin nx + cos nx)

A

1 .
I, =—=—e¢e*(nsinnx+cosnx) +C
n“+1

Method 2
I, = _[excosnxdx, where n = 0.
Use integration by parts with f(x) =cosnx and g'(x) =e”.

f (x) = cosnx and g'(x)=¢e"

= f'(x) = —nsin nx and  g(x)=e"

= F()900) - [ £'(x)g(x)dx
=coshx x e* —f—nsin nx x e*dx

= e’ cosnx +n| e" sin nxdx (%)

Integration by parts must be used again to find _[ e” sin nxdx.

The choice of f(x) and g'(x) must be consistent with that used already.
Let J, = _[ex sin nxadx .

f (x) =sinnx and g'(x)=¢"
= f'(x) = ncosnx and g(x)=¢e"

3, = ()90 - [ /() g(x)dx
=sinnx xe* —J.ncosnXxede

=e’sinnx — n.[ex cosnxdx



To break this “infinite loop’, note that Iex cosnxdx is the original integral, 1, so

.
J,=e sinnx—-nl,.

Hence from (*): I, =e*cosnx+n(e*sinnx—nl,)
I =e*cosnx+ne*sinnx—n?l
I, +n%l, =e*cosnx+ ne*sinnx
I, (1+n?) =e* cosnx + ne* sin nx

I, (1+n?) = e*(cosnx + ncosnx)

R

. ~e*(cosnx+nsinnx) +C

:1+n

1 .
or I, =—=——e*(nsinnx+cosnx) +C
n“+1

(© _[ex cos8xdx = I, = %ex(Ssin 8X + c0s8x) +C
8 +1

= éex(Ssin 8X + c0s8x) +C

V4

2
Hence _fex cos8xdx = {é e*(8sin8x + cos8x)}
0

2

0

RN )| [Leossi
__65e [85|n8[2j+c058(2jﬂ [658 (85|n8(0)+0058(0))}

L (8sin 47 +cos4r) |- {i e’(8sin 0+ cosO)}
65 65

1.2 L
=_ge (8(0)+1)} {65(1)(8(0)+1)}
1 1
- & (1)Hg(1)}
1l 1
65 65



46.(a) Toevaluate I, = [xe™dx, let I=Ixe‘xdx.

O e

Use integration by parts with f(x)=x and g'(x)=e™".

f(x)=x and g'(x)=e’"
= f'(x)=1 and g(x)=—e"

= £(x)g(x) - | f'(x)g(x)dx
= x(—e ™) - [1(-e™)dx
=-xe™* +Ie‘xdx

=—xe *—-e*+C

Hence I, =[-xe™ e} =[-1e?—e*]-[-0e° —¢°]
—[ret—et]-[0-1]
Fa)ba
=-2e"+1

=1-2e*t

1
(o) I, = Ix”e‘xdx forn>1.
0

Use integration by parts with f(x) =x" and g'(x)=e™".

f(x)=x" and g'(x)=e™”
= f'(x)=nx"" and g(x)=-e"*

1, = £(0)g(x) - [ F'(0g(x)dx
= [x” (_e*X)E —jnx”l(—ex)dx

—[-xe ]+ nj X" e dx
0

=[1ret]-[-0"e]+ni [since I, = Jll X" e dx]
0

= [—le‘l]—[0]+ nl,_, [since 1" =1 and 0" = 0]

=nl_, —e"’

Hence I, =nl _,—e* forn>2.



(c) The recurrence relation 1. =nl__, —e™ with starting value I, =1—2e™ can be used to
generate the values of I,, I, ...
-1

Using I ,=nl ,—e

n n

withn=2 = 1,=2I,-¢"
=2(1-2e")—e™
=2-4e'—e™
=2-5¢"

Using I =nl_,—e™

n n

withn=3 = 1,=3I,-¢"
=3(2-5¢e"')—e™
=6-15e ' —e™"
=6-16e™"

Hence 1,=6-16e".



