ADVANCED HIGHER MATHEMATICS

1.(a)

Solutions to Exam Questions on Maclaurin Series

f(x)=cosx = f(0)=cos0=1
f'(x)=-sinx = f'(0)=-sin0=0
f"(x)=—cosx = f"(0)=-cos0=-1
f"(x)=sinx = f"(0)=sin0=0
f@(x)=cosx = f@(0)=cos0=1

The Maclaurin series for f(x) is given by

: f'(0) o £"(0) o, £(0) .
f(x)=f(0)+ f'(0)x+ T X° + 3 X7+ m X"+
D

= cosx:1+0x+—x2+0x3+ix4+...
2 24

= cosx:l—ix2 +ix4+...
2 24

(b) g(x)= %cos 2X

(©)

To deduce the Maclaurin series for cos2x, simply replace x with 2x in the Maclaurin series
for cosx.

COS 2X =1—1(2x)2 +i(2x)4 +... =1—1(4x2)+i(16x4)+... =1-2x° +gx4 +...
2 24 2 24 3

Hence g(x)=£c052x=1 -2+ 2x¢ 4. =2 oxe i tye
2 2 2 3

To find the Maclaurin series for g(3x), simply replace x with 3x in the Maclaurin series for
9(x).

1 2 1 4 1 2 1 4 1 2 4
X)) ==—=BX) " +=(3X) " +...==—9X" +=(BIX ) +... ==—=9X" +27X" +...
g(3x) 5 (3%) 3( ) 5 3( ) 5



2.(a) Let f(x)=¢* = f(0)=e"=1
f'(x)=¢* = f'(0)=¢"=1
f'(x)=e* = f"(0)=e’=1
f"(x)=¢* = f"(0)=¢e’=1

The Maclaurin series for f(x) is given by

£0) ., £"(0)
2! 3

f(x)= f(0)+ f'(0)x+ X3 +

= e :1+x+1x2+1x3+...
2 6

(b) Method 1
(1+e)’ =(1+e*)1+e*)=1+2e" +e*

To deduce the Maclaurin series for e**, simply replace x with 2x in the Maclaurin series
for e*.

P PR SV I I ezx:1+2x+£(2x)2+1(2x)3+...
2 6 2 6
1 o 1, 5
=1+2X+—=(4X°)+=(8x*) +...
2 6
2 4 3
=1+2X+2X +§x +...
Hence (1+e*)? =1+2e* +e*
1 2 1 3 2 4 3
=142l 14+ X+ =X+ =X+ [ F |1+ 2X+2X 4+ =X+ ... | +...
2 6 3
2 1 3 2 4 3
=1+2+2X+X +§x +1+2Xx+2X +§x +...

A A3 42X



Method 2

1, 1 ’
(1+e*)? = 1+(1+x+—x2+—x3+...]
2 6
2
:(2+x+£x2+lx3+...)
2 6
PN YRV S S
2 6 2 6
=2(2)+2(x)+2@x2]+2(%x3j+x(2)+x(x)+x@xzj+%x2(2)+%x2(x)+%x3(2)+...

3

3 3+x2+1x3+1x +...
2 3

=4+2x+x2+%x +2x+x2+%x

:4+4x+3x2+§x3+...

Method 3

You can find the Maclaurin series for (1+e*)* from first principles by finding the

derivatives of f(x) = (1+¢€*)%.
Let f(x)=(1+e")> = f(0)=1+e°)’=(1+1)°>=4
To differentiate f(x), use the chain rule.
f'(x)=21+e)xe* =2e*(1+e*)=2e"+2e* = f'(0)=2e"+2e" =4
f7(x) =2e* +2(2e**) =2e* +4e* = f{"(0)=2e"+4e’® =6
f"(x) =2e* +4(2e”) =2e* +8” = f"(x)=2e"+8e*” =10

The Maclaurin series for f (x) is given by

f(x)=f(0)+ f'(0)x + f”2(!0) x* + f';EO) x°+ ...

= (" +1)? :4+4x+gx2+%x3+...

= (e"+1)? =4+4x+3x2+§x3+...



3. Let f(x)=sin3x = f(0)=sin3(0)=sin0=0
f'(x)=3cos3x = f'(0)=3cos3(0)=3cos0=3(1)=3
f"(x) =3(-3sin3x) =-9sin3x = f"(0)=-9sin3(0)=-9sin0=-9(0)=0
f"(x) =-9(3cos3x) =—-27cos3x = f"(0) =—-27cos3(0) =-27cos0=-27(1) =-27

The Maclaurin series for f(x) is given by

f(x)=f(0)+ f'(0)x + f2(|0) x* + f3§0) X3+ ...
= Sin3x:0+3x+0x2+%x3+...

= sin3x:3x—%x3+...

Let g(x)=e" = g(0)=e"®=¢"=1
g'(x)=4e” = g'(0)=4e*? =41)=4
9"(x) = 4(4e*™) =16e* = g¢"(0)=16e'® =16(1) =16
9"(x) =16(4e*) =64e™ = g"(0) =64e*® =64(1) =64

The Maclaurin series for g(x) is given by

9(x) = g(0) + g'(0)x + 9"2(!0) X2+ 9';(!0) i

= ¥ =1+4x+%x2+6—;x3+...

= ¥ =1+4x+8x2+3—:x3+...

Hence e4xsin3x:(l+4x+8x2+3—32x3+..)(3x—%x3+...j
=1(3x)+J.(—§x3j+4x(3x)+8x2(3x)+...
9 3 2 3
=3x—§x +12X° +24X° +...

= 3X +12x° +3—29x3+...



4.

Let f(x)=cos3x = f(0)=cos3(0)=cos0=1
f'(x)=-3sin3x = f'(0) =-3sin3(0) =-3sin0=-3(0) =0
f"(x) =-3(3cos3x) =—-9cos3x = f"(0)=-9cos3(0)=-9cos0=-9(1)=-9
f"(x) =-9(-3sin3x) =27sin3x = f"(0)=27sin3(0)=27sin0=27(0)=0
f 4 (x) =27(3cos3x) =81cos3x = f“(0)=81cos3(0)=81cos0=81(1) =81

The Maclaurin series for f(x) is given by

f(x)=f(0)+ f'(0)x+ f;(lo) 2 4 f"(0) O f4(0) .

3 41
= cosSx:1+0x+@x2 +Ox3+ﬂx4+...
2 24

= cos3x=l—gx2 +2x4+...
2 8

Let g(x)=e” = g(0)=e"P=¢’=1
g'(x)=2e* = g'(0)=2e"" =2(1) =2
9"(x) =2(2e™) =4e* = g"(0)=4e" =4(1) =4
9"(x) =4(2) =8 = @"(0)=8e*" =8(1)=8

The Maclaurin series for g(x) is given by

9(%) = g<0>+g'(0)x+%x2 +@x3+...

= ¥ :1+2x+£x2+§x3+...
2 6

= ¥ :1+2x+2x2+%x3+...

Hence e?*cos3x = (1+ 2X + 2x2 +%x3 +...j(1—gx2 +%x4 +j

9 , 9, 2 4
=1(1)+1(—§x )+2x(1)+2x(—5x j+2x (1)+§x @ +...

:1—%x2 +2x—9x3+2x2+%x3+...

S 2 §X3

=1+2X——X"— +...
2



Let f(x)=+v1+x = f(0)=+1+0=1

1 1 1

F)=(1+x)? = ()= %(1+ X) 2 ><1=%(1+ X) 2

= FO)=20+0) =20~

3
2

£/(%) =%(1+ N7 = )= —%(1+ %) 2 xl —%(1+ X)

= 1(0)=—;0+0) 2 =2 =

1 _3 3 _5 3 _5
f"(X):—Z(1+ X)? = f"'(X):§(l+ X) 2 Xl:§(1+ X) 2

3 =23 3
= f"0)="(1+0)2=2(1)=2
(0) 8(+) 8() 5

The Maclaurin series for f(x) is given by

+ f(0) X3+ ...
3

£(x) = £(0)+ f'(0)x+ f”2('0) X
_ 3
= 14X :1+%x+(7%)x2+éx3+...

= 1+ :1+1x—1x2 +ix3+...
2 8 16

To deduce the Maclaurin series for v/1+ x* , simply replace x with x* in the Maclaurin

series for V1+Xx.
V1+x? :1+1x2—1(x2)2+i(x2)3+...:1+1x2—lx NI
2 8 16 2 8 16

Hence +/(1+X)A+x2) =v/1+x41+x> [since vab =+ax+/b]

:[1+1x—£x2+ix3+...j[1+1x2—£x4+ix6+...j

2 8 16 2 8 16
1 1 1 (1 1 1
=10+ =% [+Zx@)+ =X =x* [-=x* Q)+ = x°1) +...
@+ 30+ x5 |- g+ X0

:1+1x2+1x+lx3—1x2+—x3+...
4 8 16

1. 3., 5
=1+ —-X+-X"+—X+..
2 8 16



Q@ (@) f(=e* = f(0)=e"P=e"=1
f'(x)=3e> = f'(0)=3°" =3 =3
f'(x)=3(3e¥)=9%% = {"(0)=9%" =9(1)=9
f"(x) =9(3e¥)=27e* = f"(0)=27e*" =27()) =27

The Maclaurin series for f(x) is given by

(09 = 10+ POx+ x+ =2 4
= e3x:1+3x+gx2+£x3+...
2 6
= e3x:1+3x+gx2+gx3+...
2 2
.. _ 1 1 1
(i) 9(X)=(X+2)2=(X+Z)2 = 9(0)=2—2:Z
gx)=(x+2)? = g’(x):—2(x+2)*3><1:_2(x+2)*3:_—23
(x+2)
-2 =2 1
:> ,O === ——
9O=Z5=%="3
0'() =2x+2)° = g"()=6(x+2)*x1=6(x+2)¢ =2 _
(x+2)
6 6 3
"0)z — = — =2
= 90 2 16 8
g"(xX)=6(x+2)" = g"(X)=-24(x+2)°x1=-24(x+2)"° = _245
(x+2)

-24 -24 3

= 9"(0)-

25 32 4




The Maclaurin series for g(x) is given by

9(x)= g(0) + g'(O)x + 9"2‘0) 2 9O,

! 3
3 _3

= (x+2)7 :1+(—1]x+éx2 +(—A)x3+...
4 4 2 6

= (x+2)7° :l—1x+£x2 e
4 4 16 8

3x

() h(x)=— =xe¥(x+2)

(x+2)
:x(1+3x+§x2 +§x3+...j(l—1x+ix2 1y +j

9
2 2
:1[1)+1(—£xj+1[3x2j+1(—1x3j+3x(1j+3x(—ixj+3x(3xzj+gxz(i]
4 4 16 8 4 4 16 2 4
9 1
>
1
4
1
4

Hence h(x) = x EC P SR S (RIS SV VC IV B B
4 2 16 16 4 2 16 16



6.

Let f(x)=e¢* = f(0)=e"=1
f'(x)=e* = f'(0)=e"=1
fr(x)=e* = f"(0)=¢’=1
fr(x)=e* = f"(0)=¢’=1

fOx) =" = f¥0)=e"=1

The Maclaurin series for f(x) is given by

£ Fm (4)
f(x)=f(0)+ f'(0)x + —= (0) "(0) X% + 0 X'+
3 41
= g :1+x+1x2 +1x3+ix4+...
6 24

To deduce the Maclaurin series for e* , simply replace x with x* in the Maclaurin series for

X

e”.
e =1+ x? +l(x2)2 +1(x2)3+i(x2)4...=1+ iyt iye Lo
2 6 24 2 6 24
e =gt = Lex+ix i s g J1ex?+ixtaixes ooy
2 6 24 2 6 2
=1(1) +1(x?) + 1y +x(1)+x(xz)+1x2(1)+£x2(x2)+lx3(1)+ix4(1)+...
2 2 2 6 24
RGN N R B SVC I SV Y. B I
2 6 24
7 ., 25,
=14 XX+ =X+ ==X
2 6 24
Note

- - 2
The Maclaurin series for e***

can also be found from first principles by finding the
derivatives of f(x)=e*"

, however this approach is not recommended.



7. The easiest way to find the Maclaurin series for xIn(2 + x) is to find the Maclaurin series
for In(2 + x) and then multiply this series by x.

Let f(x)=In(2+x) = f(O0)=In(2+0)=In2

1 _ 1 x1 = 1 4 :izl
f(x)_(2+xj ! 2ex ro 2+0 2
' _ -1 " _ 2 o :_;
f'xX)=@2+x)" = f"(x)=—(2+x) " x1 2+ %)’
" _ 1 :_l
= PO=—G0" 2

The Maclaurin series for f(x) is given by

umzum+mmmf;®ﬁ+f“®ﬁ+“”®ﬁ+m

(_ %) .2 3 4l

= In(2+x):ln2+%x+Tx +...

= In(2+x):ln2+%x—%x2+...

Hence xIn(2+ X) = x n2+ix-ix24 Joxmz2+ix_Lxes .
2 8 2 8

To deduce the Maclaurin series for xIn(2 —x), simply replace x with — x in the Maclaurin
series for xIn(2+ x).

- XIn(@-+ (X)) = XIN2 4+ (X)7 =2 (X +.
= —xIn(2-x) :—xln2+%x2 —%(—x3)+... [since (-x)? = x? and (—x)® = —x°]
1, 1,
= —xIn(2—x):—x|n2+§x +§x +... [x(-D]

= xln(2—x):xln2—%x2—%x3+...



xIn(4 - x?) = xIn((2 - x)(2 + x))
= x(In(2 = x) + In(2 + x))
=XIn(2-x) + xIn(2 + x)
:(xln2+£x2—1x3+...j+(xln2—1x2—£x3+...j
2 8 2 8

=xln2+lx2—lx +x|n2—lx2—lx3+...
2 8 8

:2xln2—lx3+...

Note

The Maclaurin series for xIn(2 + x) can also be found from first principles by finding the
derivatives of f(x)=xIn(2+ x).



Method 1
f(x) =e*sinx
Find the Maclaurin series for e* and sin x and then multiply the two series.
Let g(x)=¢* = g(0)=¢e’=1
g(x)=e¢* = g'(0)=e’=1
g'(x)=¢" = g"(0)=¢"=1
g"(x)=e* = g"(0)=¢e’=1
The Maclaurin series for g(x) is given by

0'0) -, 9"O) 5,
2! 3

9(x)=9(0) +g'(O)x+

= eX:1+x+%x2+%x3+...

Let h(x)=sinx = f(0)=sin0=0
h'(x) =cosx = h'(0)=cos0=1
h"(x)=—-sinx = h"(0)=-sin0=0
h"(x)=-cosx = h"(0)=-cos0=-1

The Maclaurin series for h(x) is given by

h(x) = h(0) + h’(0)x + h”2(!0) X% + h’;(!O) X3+

(G

= sinx:0+lx+0x2+Tx +...

. 1,
— SInX=X—gX +...



Hence f(x)=exsinx=(1+x+%x2 +%x3+...j(x—%x3+...)

1, 1.,
:1(x)+J{—€x J+x(x)+5x (X) +...

Method 2

The Maclaurin series for f(x) = e*sin x can be found from first principles by finding the
derivatives of f(x).

f(x)=e*sinx = f(0)=¢e"sin0=1(0)=0

To differentiate f (x) =e”sin x, use the product rule as f(x) is the product of two
functions of x.

f'(x) =e* cosx +sin x(e*) =e*(sinx+cosx) = f'(0)=e’(sin0+cos0)=1(0+1)=1
To differentiate f'(x) = e”(sin x + cos x) , use the product rule again.

f"(x) = e*(cos x —sin x) + (sin x + cos x)e*
= e*(cos X —sin x) + e (sin X + cos X)
=e* cosx —e”sinx+e*sin x +e* cos x
= 2e* cos X = f"(0)=2e"cos0=2(1)(1) =2

To differentiate f "(x) = 2e” cos x , use the product rule again.

f"(x) = 2e*(—sin x) + cos x(2e”)
=2e* cosx —2e*sin x
= 2e*(cos x —sin x) = f"(0)=2e°(cos0—sin0) =2(1)(1-0) =2

The Maclaurin series for f(x) is given by

f(x)=f(0)+ f’(O)x+%xz+@x3+...



] 2 2
= eXS|nx=O+1x+§x2+—x3+...

. 1
= exsmx:x+x2+§x3+...

Method 1

To find the Maclaurin series for f (x) =sin®x, you can square the Maclaurin series for
sin x..

Let g(x)=sinx = ¢g(0)=sin0=0
g'(x)=cosx = g'(0)=cos0=1
g"(x)=-sinx = @"(0)=-sin0=0
g"(x)=-cosx = g"(0)=-cos0=-1
g“(x)=sinx = g“(0)=sin0=0

The Maclaurin series for g(x) is given by

" " (4)
g(X) — g(o) + g’(O)x+ g2(|0) X2 + ggl() X3 + g 4|(0) X4 + ..
(=D s

= sinx=0+1x+0x*+ 2 x*+0x* +...

. 1,
= S|nx:x—gx +...

2
f(x):sinzx:(x—%x3+...j

= x(x)+x(—%x3j——x3(x)+
NI O

6 6
_xrolyey

The Maclaurin series for cos” x can be deduced from the Maclaurin series for sin? x using
the identity cos® x =1—sin® x.



coszx=1—sin2x=1—(x—%x4+...)=1—x+%x +...

Method 2

The Maclaurin series for f (x) = sin®x can be found from first principles by finding the
derivatives of f(x).

f(x)=sin’x = f(0)=sin*0=0°=0
f(x)=sin®x=(inx)> = f'(x)=2sinxcosx = f'(0)=2sin0cos0=2(0)(1)=0

To differentiate f'(x) = 2sin xcos x, use the product rule as f'(x) is the product of two
functions of x.

f"(x) = 2sin x(—sin x) + cos x(2 cos X)
=2c0s” X —2sin® x = f"(0)=2cos’0-2sin’0=2(1)* -2(0)* =2

f7(x) = 2(cos x)® = 2(sin x)> = f"(x) = 4cos x(—sin x) — 4sin X cos X

= —45sin X c0S X — 4sin X COS X
= —8sin X cos X

= f"(0)=-8sin0cos0=-8(0)(1) =0
To differentiate f"(x) =—8sin xcos x, use the product rule.

f @ (x) = —8sin x(—sin X) + cos x(—8 cos x)
=8sin? x —8cos’ X = f“(0)=8sin?0—-8cos’ 0 =8(0)> —8(1)* = -8

The Maclaurin series for f (x) is given by

14 m (4)
£ = £(0)+ F'O)x+ D ye  TO) o 7O o
2! 3 41

= sin2x=0+0x+§x2+0x3+@x4+...
=2 2 1 4
= sin®x=x _§X f..

Note



If you remember the identity sin 2x = 2sin x cos x from Higher, the first derivative of f(x)
can be written as f'(x) =sin 2x. This makes it a lot easier to find the other derivatives:
f"(x) =2cos2x, f"(x)=—4sin2x and f®(x)=-8cos2x.

10.(a) f(x)=e* = f(0)=e*?=¢"=1
f'(x)=2e" = f'(0)=2"0=2(1)=2
f"(x) =2(2e*) =4e*> = f"(0)=4e*” =4(1) =4
f"(x)=4(2e”) =8 = {"(0)=8e*" =8(1)=8
The Maclaurin series for f(x) is given by

F(x) = £(0)+ F/(0)x+ f;(!o) X2 + f';fo) N

= ezx:1+2x+£x2+§x3+...
2 6
2x 2 4 3
= e =1+2X+2X"+=X"+...
(b) (i) g(x)=tanx = g'(x)=sec’x
g'(x) = (sec x)®> = g"(x) = 2sec x(sec x tan x) = 2sec® x tan x

To differentiate g”(x) = 2sec’ x tan x use the product rule as g"(x) is the product

of two functions of x and note that di (2sec® x) = 2(2sec” x tan x) = 4sec’ xtan x .
X

g"”(x) = 2sec® xsec’ x + tan x(4sec? x tan x)

=2sec* X + 4tan? xsec? x

(i) g(x)=tanx = g(0)=tan0=0
g'(x)=sec’x = g'(0)=sec’0=1°=1 [since sec0=

g"(x) =2sec’ xtanx = @"(0)=2sec’0tan0=2(1)*(0)=0

g"(x) =2sec* x +4tan® xsec’x = @"(0)=2sec’ 0+4tan®0sec’0
=2()* +4(0)*(1)



The Maclaurin series for g(x) is given by

90 =90+ gOx+ LD+ S04
= tanx =0+1x +0x? +Zx3 +...

1s
= tanx=x+>x>+..

(c) e”tanx= 1+ 2x+ 2 + 2% | x4+ 1x% 4.
3 3
:1(x)+1(%x3j+2x(x)+2x2(x)+...
1 3 2 3
:x+§x +2X° +2X° +...

;
=X+2X2+ =X +...

(d) To deduce the Maclaurin series for 2e* tan x + e* sec” x from the Maclaurin series for
d .
e** tan x, note that ™ (e tan x) = e* sec” x + tan x(2e*) = 2e** tan x + e** sec” x using
X

the product rule.
} ] ] 7
Start with the Macluarin series for e?*tan x: e* tanx = x + 2x*> + — x° +...

Now differentiate both sides with respect to x giving

2etan X + 2 sec® X =1+ 44X+ TX? +...



11.  The denominator contains a repeated linear factor.

X2 +6x-4 A B C
(X+2)°(x—4) x—4 x+2  (x+2)
CAXX+2)? +B(x—4)(x+2) +C(x - 4)
- (X +2)%(x —4)

X*+6Xx—4=A(x+2)*+B(x—4)(x+2)+C(x—4)

Let x=-—2 = (-2)*+6(-2)—-4=A(0)*+B(-6)(0) +C(-6)
= -12=-6C
= C=2

Let x=4 = 4°+6(4)—4=A(-6)°+B(0)(6)+C(0)
= 36=36A
= A=1

Equating coefficients of x> = 1=A+B = 1=1+B = B=0

Hence x?+6x-4 1 L2
(x+2)2%(x—4) x-4 (x+2)°

f(x)_ﬂ f(0) = -4 _-4_1
T (x+2)%(x—4) T (2%(-4) -16 4

To find the derivatives of f (x), differentiate the partial fractions for f(x).

1 2
+
Xx—4 (x+2)°

f(x)= =(x=4)"+2(x+2)7?

3 1 3 4
(x-4) (x+2)°

f/(x)=—(x—4)?x1-4(x+2)°x1=

1 4 1 4 9
f’o = = — = —
© (4> 2> 16 8 16

f'(X)=-(x-4)7-4(x+2)° = " (xX)=2(x-4)"x1+12(x+2)"* x1



2 12
C(x=4)°  (x+2)*

2 12 2 12 23

= f"(0)= + =t —=—
© (-4)° 2 -64 16 32

The Maclaurin series for f(x) is given by
f(x)=f(0)+ f’(O)x+%x2 +

23
= f(x)=l+ 9 x+-/32y2
4 16 2

= f(x):1—2x+§x2...
4 16 64



