
ADVANCED HIGHER MATHEMATICS 

 

Solutions to Exam Questions on Maclaurin Series 

 

1.(a) xxf cos)( =       10cos)0( ==f  

 

 xxf sin)( −=       00sin)0( =−=f  

 

xxf cos)( −=       10cos)0( −=−=f  

 

xxf sin)( =       00sin)0( ==f  

 

xxf cos)()4( =       10cos)0()4( ==f  

 

The Maclaurin series for )(xf  is given by 
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    (b) xxg 2cos
2

1
)( =  

 

To deduce the Maclaurin series for x2cos , simply replace x with x2  in the Maclaurin series 

for xcos . 
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(c) To find the Maclaurin series for )3( xg , simply replace x with x3  in the Maclaurin series for 

)(xg . 
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2.(a) Let   xexf =)(       1)0( 0 == ef  

 

         xexf = )(       1)0( 0 == ef  

 

         xexf = )(       1)0( 0 == ef  

 

         xexf = )(       1)0( 0 == ef  

 

The Maclaurin series for )(xf  is given by 
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    (b) Method 1 

 

 xxxxx eeeee 22 21)1)(1()1( ++=++=+  

 

To deduce the Maclaurin series for 
xe2
, simply replace x with x2  in the Maclaurin series 

for xe . 

 

...
6

1

2

1
1 32 ++++= xxxe x       ...)2(

6

1
)2(

2

1
21 322 ++++= xxxe x  

                                                              ...)8(
6

1
)4(

2

1
21 32 ++++= xxx  

                                                              ...
3

4
221 32 ++++= xxx  

 

Hence   xxx eee 22 21)1( ++=+  

                            ......
3

4
221...

6

1

2

1
121 3232 +








+++++








+++++= xxxxxx  

                            ...
3

4
221

3

1
221 3232 +++++++++= xxxxxx  

                            ...
3

5
344 32 ++++= xxx  

  

 

 

 

 

 

 



Method 2 
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Method 3 

 

You can find the Maclaurin series for 2)1( xe+  from first principles by finding the 

derivatives of 2)1()( xexf += . 

 

Let   2)1()( xexf +=       4)11()1()0( 220 =+=+= ef  

 

To differentiate )(xf , use the chain rule. 

 
xxxxxx eeeeeexf 222)1(2)1(2)( +=+=+=       422)0( )0(20 =+= eef  

 
xxxx eeeexf 22 42)2(22)( +=+=       642)0( )0(20 =+= eef  

 
xxxx eeeexf 22 82)2(42)( +=+=       1082)( )0(20 =+= eexf  

 

The Maclaurin series for )(xf  is given by 
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3. Let   xxf 3sin)( =       00sin)0(3sin)0( ===f  

 

         xxf 3cos3)( =       3)1(30cos3)0(3cos3)0( ====f  

 

         xxxf 3sin9)3sin3(3)( −=−=       0)0(90sin9)0(3sin9)0( =−=−=−=f  

 

         xxxf 3cos27)3cos3(9)( −=−=   27)1(270cos27)0(3cos27)0( −=−=−=−=f  

 

The Maclaurin series for )(xf  is given by 
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 Let   xexg 4)( =       1)0( 0)0(4 === eeg  

 

         xexg 44)( =       4)1(44)0( )0(4 === eg  

 

                    xx eexg 44 16)4(4)( ==       16)1(1616)0( )0(4 === eg  

 

         xx eexg 44 64)4(16)( ==       64)1(6464)0( )0(4 === eg  

 

The Maclaurin series for )(xg  is given by 
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4. Let   xxf 3cos)( =       10cos)0(3cos)0( ===f  

 

         xxf 3sin3)( −=       0)0(30sin3)0(3sin3)0( =−=−=−=f  

 

         xxxf 3cos9)3cos3(3)( −=−=       9)1(90cos9)0(3cos9)0( −=−=−=−=f  

 

         xxxf 3sin27)3sin3(9)( =−−=       0)0(270sin27)0(3sin27)0( ====f  

 

        xxxf 3cos81)3cos3(27)()4( ==       81)1(810cos81)0(3cos81)0()4( ====f  

 

The Maclaurin series for )(xf  is given by 
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 Let   xexg 2)( =       1)0( 0)0(2 === eeg  

 

         xexg 22)( =       2)1(22)0( )0(2 === eg  
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The Maclaurin series for )(xg  is given by 
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5. Let   xxf += 1)(       101)0( =+=f  
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The Maclaurin series for )(xf  is given by 
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To deduce the Maclaurin series for 
21 x+ , simply replace x with 2x  in the Maclaurin 

series for x+1 . 
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Q.(a) (i) xexf 3)( =       1)0( 0)0(3 === eef  

 

          xexf 33)( =       3)1(33)0( )0(3 === ef  

 

                     xx eexf 33 9)3(3)( ==       9)1(99)0( )0(3 === ef  

 

          xx eexf 33 27)3(9)( ==       27)1(2727)0( )0(3 === ef  

 

The Maclaurin series for )(xf  is given by 
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The Maclaurin series for )(xg  is given by 
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6. Let   xexf =)(       1)0( 0 == ef  

 

         xexf = )(       1)0( 0 == ef  
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The Maclaurin series for )(xf  is given by 
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To deduce the Maclaurin series for 
2xe , simply replace x with 

2x  in the Maclaurin series for 
xe . 
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 Note 

 

The Maclaurin series for 
2xxe +
 can also be found from first principles by finding the 

derivatives of 
2

)( xxexf += , however this approach is not recommended. 

  



 

 

 

 

7. The easiest way to find the Maclaurin series for )2ln( xx +  is to find the Maclaurin series 

for )2ln( x+  and then multiply this series by x. 
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The Maclaurin series for )(xf  is given by 
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To deduce the Maclaurin series for )2ln( xx − , simply replace x with x−  in the Maclaurin 

series for )2ln( xx + . 

 

        ...)(
8

1
)(

2

1
2ln))(2ln( 32 +−−−+−=−+− xxxxx  

   ...)(
8

1

2

1
2ln)2ln( 32 +−−+−=−− xxxxx  [since 22)( xx =−  and 33)( xx −=− ] 

   ...
8

1

2

1
2ln)2ln( 32 +++−=−− xxxxx  [ )1(− ] 

      ...
8

1

2

1
2ln)2ln( 32 +−−=− xxxxx  

 

 

 



 

 

 

 

( ))2)(2(ln)4ln( 2 xxxxx +−=−  

                    ( ))2ln()2ln( xxx ++−=  

                    )2ln()2ln( xxxx ++−=  

                    







+−−+








+−+= ...

8

1

2

1
2ln...

8

1

2

1
2ln 3232 xxxxxx  

                    ...
8

1

2

1
2ln

8

1

2

1
2ln 3232 +−−+−+= xxxxxx  

                    ...
4

1
2ln2 3 +−= xx  

 

Note 

 

The Maclaurin series for )2ln( xx +  can also be found from first principles by finding the 

derivatives of )2ln()( xxxf += . 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 

 

 

 

8. Method 1 

 

xexf x sin)( =  

 

Find the Maclaurin series for xe  and xsin  and then multiply the two series. 

 

Let   xexg =)(       1)0( 0 == eg  

 

         xexg = )(       1)0( 0 == eg  

 

         xexg = )(       1)0( 0 == eg  

 

         xexg = )(       1)0( 0 == eg  

 

The Maclaurin series for )(xg  is given by 

 

                ...
!3

)0(

!2

)0(
)0()0()( 32 +


+


++= x

g
x

g
xggxg  

    ...
6

1

2

1
1 32 ++++= xxxe x  

 

 Let   xxh sin)( =       00sin)0( ==f  

 

         xxh cos)( =       10cos)0( ==h  

 

        xxh sin)( −=       00sin)0( =−=h  

 

        xxh cos)( −=       10cos)0( −=−=h  

 

The Maclaurin series for )(xh  is given by 

 

                    ...
!3

)0(

!2

)0(
)0()0()( 32 +


+


++= x

h
x

h
xhhxh  

    ...
6

)1(
010sin 32 +

−
+++= xxxx  

    ...
6

1
sin 3 +−= xxx  

 

 



 

 

 

 

 Hence   







+−








++++== ...

6

1
...

6

1

2

1
1sin)( 332 xxxxxxexf x  

                                                  ...)(
2

1
)(

6

1
1)(1 23 +++








−+= xxxxxx  

                                                  ...
2

1

6

1 323 +++−= xxxx  

                                                  ...
3

1 32 +++= xxx  

 

 Method 2 

 

The Maclaurin series for xexf x sin)( =  can be found from first principles by finding the 

derivatives of )(xf . 

 

xexf x sin)( =       0)0(10sin)0( 0 === ef  

 

To differentiate xexf x sin)( = , use the product rule as )(xf  is the product of two 

functions of x. 

 

)cos(sin)(sincos)( xxeexxexf xxx +=+=       1)10(1)0cos0(sin)0( 0 =+=+= ef  

 

To differentiate )cos(sin)( xxexf x += , use the product rule again. 

 

xx exxxxexf )cos(sin)sin(cos)( ++−=  

          )cos(sin)sin(cos xxexxe xx ++−=  

          xexexexe xxxx cossinsincos ++−=  

          xe x cos2=            2)1)(1(20cos2)0( 0 === ef  

 

To differentiate xexf x cos2)( = , use the product rule again. 

 

)2(cos)sin(2)( xx exxexf +−=  

           xexe xx sin2cos2 −=  

           )sin(cos2 xxe x −=      2)01)(1(2)0sin0(cos2)0( 0 =−=−= ef  

 

The Maclaurin series for )(xf  is given by 

 

                        ...
!3

)0(

!2

)0(
)0()0()( 32 +


+


++= x

f
x

f
xffxf  



    ...
6

2

2

2
10sin 32 ++++= xxxxe x  

    ...
3

1
sin 32 +++= xxxxe x  

 

9. Method 1 

 

To find the Maclaurin series for xxf 2sin)( = , you can square the Maclaurin series for 

xsin . 

 

Let   xxg sin)( =       00sin)0( ==g  

 

         xxg cos)( =       10cos)0( ==g  

 

        xxg sin)( −=       00sin)0( =−=g  

 

        xxg cos)( −=       10cos)0( −=−=g  

 

        xxg sin)()4( =       00sin)0()4( ==g  

 

The Maclaurin series for )(xg  is given by 

 

                    ...
!4

)0(

!3

()

!2

)0(
)0()0()( 4

)4(
32 ++


+


++= x

g
x

g
x

g
xggxg  

    ...0
6

)1(
010sin 432 ++

−
+++= xxxxx  

    ...
6

1
sin 3 +−= xxx  

 

 

2

32 ...
6

1
sin)( 








+−== xxxxf  

                                  







+−








+−= ...

6

1
...

6

1 33 xxxx  

                                  ...)(
6

1

6

1
)( 33 +−








−+= xxxxxx  

                                  ...
6

1

6

1 442 +−−= xxx  

          ...
3

1 42 +−= xx  

 

The Maclaurin series for x2cos  can be deduced from the Maclaurin series for x2sin  using 

the identity xx 22 sin1cos −= . 



 

...
3

1
1...

3

1
1sin1cos 4422 ++−=








+−−=−= xxxxxx  

 

 

Method 2 

 

The Maclaurin series for xxf 2sin)( =  can be found from first principles by finding the 

derivatives of )(xf . 

 

xxf 2sin)( =       000sin)0( 22 ===f  

 
22 )(sinsin)( xxxf ==       xxxf cossin2)( =       0)1)(0(20cos0sin2)0( ===f  

 

To differentiate xxxf cossin2)( = , use the product rule as )(xf   is the product of two 

functions of x. 

 

)cos2(cos)sin(sin2)( xxxxxf +−=     

           xx 22 sin2cos2 −=           2)0(2)1(20sin20cos2)0( 2222 =−=−=f  

 
22 )(sin2)(cos2)( xxxf −=       xxxxxf cossin4)sin(cos4)( −−=  

                                                                     xxxx cossin4cossin4 −−=  

                                                                     xx cossin8−=  

 

         0)1)(0(80cos0sin8)0( =−=−=f  

 

To differentiate xxxf cossin8)( −= , use the product rule. 

 

)cos8(cos)sin(sin8)()4( xxxxxf −+−−=  

             xx 22 cos8sin8 −=         8)1(8)0(80cos80sin8)0( 2222)4( −=−=−=f  

 

The Maclaurin series for )(xf  is given by 

 

                    ...
!4

)0(

!3

)0(

!2

)0(
)0()0()( 4

)4(
32 ++


+


++= x

f
x

f
x

f
xffxf  

    ...
24

)8(
0

2

2
00sin 4322 +

−
++++= xxxxx  

    ...
3

1
sin 422 +−= xxx  

 

 Note 

 



If you remember the identity xxx cossin22sin =  from Higher, the first derivative of )(xf  

can be written as xxf 2sin)( = . This makes it a lot easier to find the other derivatives: 

xxf 2cos2)( = , xxf 2sin4)( −=  and xxf 2cos8)()4( −= . 

 

 

10.(a) xexf 2)( =       1)0( 0)0(2 === eef  

 

xexf 22)( =       2)1(22)0( )0(2 === ef  

 

         xx eexf 22 4)2(2)( ==       4)1(44)0( )0(2 === ef  

 

xx eexf 22 8)2(4)( ==       8)1(88)0( )0(2 === ef  

 

The Maclaurin series for )(xf  is given by 

 

                  ...
!3

)0(

!2

)0(
)0()0()( 32 +


+


++= x

f
x

f
xffxf  

    ...
6

8

2

4
21 322 ++++= xxxe x  

    ...
3

4
221 322 ++++= xxxe x  

 

    (b) (i) xxg tan)( =       xxg 2sec)( =  

 

  2)(sec)( xxg =       xxxxxxg tansec2)tan(secsec2)( 2==  

 

To differentiate xxxg tansec2)( 2=  use the product rule as )(xg   is the product 

of two functions of x and note that xxxxx
dx

d
tansec4)tansec2(2)sec2( 222 == . 

 

)tansec4(tansecsec2)( 222 xxxxxxg +=  

           xxx 224 sectan4sec2 +=  

 

 (ii) xxg tan)( =       00tan)0( ==g  

 

  xxg 2sec)( =       110sec)0( 22 ===g     [since 1
1

1

0cos

1
0sec === ] 

 

  xxxg tansec2)( 2=       0)0()1(20tan0sec2)0( 22 ===g  

 

  xxxxg 224 sectan4sec2)( +=       0sec0tan40sec2)0( 224 +=g  

                                                                                                   )1()0(4)1(2 24 +=  



   2=  

 

 

 

 

 

 The Maclaurin series for )(xg  is given by 

 

                    ...
!3

)0(

!2

)0(
)0()0()( 32 +


+


++= x

g
x

g
xggxg  

    ...
6

2
010tan 32 ++++= xxxx  

    ...
3

1
tan 3 ++= xxx  

 

     (c) 







++








++++= ...

3

1
...

3

4
221tan 3322 xxxxxxe x  

                           ...)(2)(2
3

1
1)(1 23 +++








+= xxxxxx  

                           ...22
3

1 323 ++++= xxxx  

                           ...
3

7
2 32 +++= xxx  

 

(d) To deduce the Maclaurin series for xexe xx 222 sectan2 +  from the Maclaurin series for 

xe x tan2
, note that xexeexxexe

dx

d xxxxx 2222222 sectan2)2(tansec)tan( +=+=  using 

the product rule. 

 

 Start with the Macluarin series for xe x tan2
:   ...

3

7
2tan 322 +++= xxxxe x  

 

 Now differentiate both sides with respect to x giving 

 

 ...741sectan2 2222 +++=+ xxxexe xx
 

 

  

 

 

 

 

 

 

 



 

 

 

 

 

 

11. The denominator contains a repeated linear factor. 

 

 
22

2

)2(24)4()2(

46

+
+

+
+

−
=

−+

−+

x

C

x

B

x

A

xx

xx
 

                                     
)4()2(

)4()2)(4()2(
2

2

−+

−++−++
=

xx

xCxxBxA
 

 

 )4()2)(4()2(46 22 −++−++=−+ xCxxBxAxx  

 

 Let 2−=x       )6()0)(6()0(4)2(6)2( 22 −+−+=−−+− CBA     

                                    C612 −=−     

                                        2=C  

 

Let 4=x         )0()6)(0()6(4)4(64 22 CBA ++−=−+     

                        A3636 =     

                         1=A  

 

Equating coefficients of 2x       BA +=1       B+= 11       0=B  

 

Hence   
22

2

)2(

2

4

1

)4()2(

46

+
+

−
=

−+

−+

xxxx

xx
. 

 

)4()2(

46
)(

2

2

−+

−+
=

xx

xx
xf       

4

1

16

4

)4()2(

4
)0(

2
=

−

−
=

−

−
=f  

 

To find the derivatives of )(xf , differentiate the partial fractions for )(xf . 

 

21

2
)2(2)4(

)2(

2

4

1
)( −− ++−=

+
+

−
= xx

xx
xf  

 

32

32

)2(

4

)4(

1
1)2(41)4()(

+
−

−
−=+−−−= −−

xx
xxxf  

 

16

9

8

4

16

1

2

4

)4(

1
)0(

32
−=−−=−

−
−=f  

 

32 )2(4)4()( −− +−−−= xxxf       1)2(121)4(2)( 43 ++−= −− xxxf  



                                                                        
43 )2(

12

)4(

2

+
+

−
=

xx
 

 

                       
32

23

16

12

64

2

2

12

)4(

2
)0(

43
=+

−
=+

−
=f  

 

The Maclaurin series for )(xf  is given by 

 

                    ...
!2

)0(
)0()0()( 2 +


++= x

f
xffxf  

    ...
2

32
23

16

9

4

1
)( 2xxxf +








−+=  

    ...
64

23

16

9

4

1
)( 2xxxf +−=  

 

    

 

 

 

 

 

  

 

 

 

 

 

 

  

 

 

 

 

 

 

 


