ADVANCED HIGHER MATHEMATICS

2.(a)

(b)

(©)

3.(a)

(b)

Solutions to Exam Questions on Matrices
W pac(? 1Y2 1)_( 20+u0)  2m+1-1) ) _(4 1
o 100 -1) o)+ (-DO) oW+ (-1)(-1)) (o 1
5 [4 1} (2 1J (2 Oj (1 OJ
AP~ A= - = =2 =21
01 0 -1 0 2 0 1
Hence A?—- A=kl where k=2.

g2 L4 6 _(2W+(DO 29+ (D) _(8 15
_(3 5][0 —3}‘( 3(4)+5(0)  3(6)+5(-3) J_[ﬂ 3}

X 2 2 7 4x 8 2 7 4x+2 15
4C+D=4 + = + =
(O yj (12 —1] ( 0 4yj (12 —J ( 12 4y—1j

8 15 4x+2 15
AB=4C+D = =
12 3 12 4y-1

Equating entries = 4x+2=8 = 4x=6 = x:g
and 4y-1=3 = 4y=4 = y-=1

Hence x:g and y=1.

2 X
Let A= )

3 —X
det A= 2(3)—x(-)=6+x = Alo_1_
6rx\l 2

The matrix A is singular when detA=0 = 6+x=0 = x=-6

Note

a b d
The inverse of the 2x 2 matrix A=£ ] is A? :L(
c d -Cc a

b
jwhen detA=0.



4.(a)

(b)

(©)

5.()

(b)

t+4 3t
A:
3 5

det A =5(t +4) —3(3t) = 5t + 20 — 9t = 20 — 4t

ai_ 1 5 3t
C20-4t\ -3 t+4

The matrix A is singular when detA=0 = 20-4t=0 = 20=4t = t=5

t+4 3t t+4 3 6 3
A: - A’: =
3 5 3t 5 6 5

Equating entries = t+4=6 —= t=2 [or 3t=6 = t=2]

Note
a b d -b

The inverse of the 2x 2 matrix A= is At = L when det A= 0.
c d detAl—-c a

araac[d X4 X _(HD+x(O) 4x+x(2))_(16 6x
o 200 2) 0@ +20) 0x+2(2)) (0 4

(5 1] (15 3)
3B=3 -

01/ (o 3

) (16 6x] (15 3} (1 6x—3j
Hence A -3B= — =
o 4) (o 3 o 1
1

3 2 _3
M c=|"’ — detC=2y—3(-1)=2y+3 = C'=
12 2y+3l1

(i)  The matrix C is singular when detC=0 = 2y+3=0 = 2y=-3

3
= y:—E

Note

a b d -b
The inverse of the 2x 2 matrix A= is A = i when det A= 0.
c d detAl—-c a



6.(a)

(b)

e d

The matrix A is singular when detA=0 = 1(4)-x(x)=0 = 4-x*=0
= 4=x°
= X=%2

(i) When x =2, A:@ j]

, [1 2)(1 zj (1(1)+2(2) 1(2)+2(4)] (5 10) (1 2}
2 4)\2 4) \20+42) 22)+44)) \10 20) |2 4
Hence A® = pA where p=5.

(i)  Method 1

An expression for A* in terms of A can be found using the fact that A*> =5A.
A* = A’A? = (5A)(5A) = 25A% = 25(5A) =125 A
Hence A*=gA where q=125.

Method 2

An expression for A* in terms of A can be found by finding the matrix A*.

nt_prpz (B 10)(5 10)_(5(8)+1010)  5(10)+10(20)
B (10 zoj[ j_(10(5)+20(10) 10(10)+20(20)J

10 20
(125 250
250 500
1 2
-125
2 4
—125A

Hence A*=qgA where q=125.



A2
7.(a) A:(2 /1_3j

AMA-3)-2(2)=0
2 -31-4=0
(A+1)(A-4)=0
A=-1,A=4

The matrix A is singular when det A=0

UV

3 2
(b) When 4 =3, A:( ]
2 0

—4-2 3

det A=3(0)-2(2) =4 = Alzi[o ‘2]:_1(0 2]{0 %]

Note

b d -b
The inverse of the 2x 2 matrix A= a is A = i when det A= 0.
c d detAl—-c a



. X 2
8.(a) (i) P:(_5 _J

detP=2 = x(-)-2(-5=2 = -x+10=2 = -x=-8 = x=8

8 2
(i)  We now know that x =8, so Pz( J and detP =2.

S F R P

. (2 -3 (2 4
() Q_(‘l yj - Q_(—S yj

D@ +(D(=3) DA+ (-2)y
5(2) +8(-3) 5(4) +8y

4 —4—2yJ

5 -2
b) R=
o R 2
The matrix R is singular when detR=0 = 5(-6)—(-2)z=0 = -30+2z=0

= 22=30
— z=15

Note

a b d -b
The inverse of the 2x 2 matrix A= is A = i when det A=0.
c d detAl—-c a



9.(a) A2:AA:[4 pj(4 p}:£4(4)+p(—2) 4p+p(l)j:(16—2p 5pj
-2 1) -2 1) (-4 +1-2) -2p+1Q) ~10 1-2p

(b) Method 1

(16-2p)(1-2p)-5p(-10)=0
16 -34p+4p*+50p=0

4p® +16p+16=0

A(p®> +4p+4)=0
4(p+2)(p+2)=0

p=-2

The matrix A? is singular when det(A%*) =0

A

Method 2

The matrix A? is singular when det(A®)=0.
To find det(A?), we can use the fact that det(AB) = det Ax detB .

det(A?) = det(AA) = det Ax det A = (det A)?
4
A:( 5 ]F-)J = detA=4(1)—p(—2):4+2p — det(A2)=(detA)2=(4+2p)2

Hence the matrix A? issingular when (4+2p)’=0 = 4+2p=0 = 2p=-4
= p=-2

4 p 4 -2 4 -2\ (12 -6
() A= = A= = 3A'=3 =
-2 1 p 1 p 1 3p 3
X —6 12 -6
B=3A, j— =
L) S
Equating entries = x=12 and 3p=1 = p:%

Hence p:% and x =12.



10.(a) A:(j _OJ = detA=2(-1)-01=-2

() A* = AA— 2 0Y2 0) ( 22+04 20)+0(-1) ) (4 0
B _(/1 —1}(1 —1}‘(1(2)“—1)/1 /1(0)+(—1)(—1)j_(1 1}
0y (2 0 10
YL I
0y (2p O g O
1]{&0 —p}(o q]

0) (2p+q 0
A 1J_( p —p+qj

Equating entries = 2p+g=4 ..(1) and -p+q=1 ..(2)

S

A*=pA+ql = (

-
|

N

> b

N

=

Solving equations (1) and (2) gives p=1and q=2.
Hence A®*=pA+ql where p=1and q=2.
(¢) Method 1

A similar expression for A* in terms of A and I can be found using the fact that
A’ =A+2l.

A* = AA% = (A+21)(A+21)
=A(A+21)+21(A+21)
= A* +2A1 +21A+417

= A% +2A+2A+4l [since Al =A, IA=Aand I°=11=1]
= A’ +4A+ 41

=(A+21)+4A+41 [since A*> = A+21]

=5A+6I

Hence A*=5A+6l.



Method 2
An expression for A* in terms of A and | can be found by finding the matrix A*.
At AZAZ 4 0Y4 O _ 4(4)+04 4(0)+0() _ 16 0
A 1 \1 1 A4+ A(0)+1(D) 50 1
We wish to find the values of x and y such that A* = xA+ yl .
. 16 0 2 0 10
A"=xA+yl = =X +y
50 1 A -1 01
16 0 2x 0 y 0
= = +
54 1 AX =X 0 vy
16 0 2X+Yy 0
:> =
54 1 AX  —X+Y
Equating entries = 2x+y=16 ..(1) and -x+y=1 ..(2)

Solving equations (1) and (2) gives x=5 and y=6.

Hence A*=5A+6l".



1 -2
11.(a) A:(3 oJ — det A=1(0) - (-2)(3) =6

L 1(0 2 P A
A :E 3 1 or A” =
- -7 %
(b) Method 1
-4 -3
AB =
6 -3
To find B, pre-multiply both sides of the equation by A™.

-4 -3
This gives A*(AB) = A-{ j

6 -3
0 2)y-4 -3
= (A‘lA)le
6{-3 16 -3
10 2)Y-4 -3 . )
= IB== [since A-A=1]
6{-3 16 -3
0 2)-4 -3 .
= B= [since IB=B]
Sk o)

1
6

1( 0(-4)+2(6)  0(=3)+2(-3)
6L(-3)(-4)+1(6) (3)(-3)+1(- 3)j
1

6

12 -6
18 6

L




Method 2

.
Let B= )
c d

Equating entries:

(2
Hence B =
3

Note

)

R
PSR ROy

3a=6 = a=2
b=-3 = b=-1

N
)

2-2c=-4 =

-1-2d=-3 =

a b
The inverse of the 2x 2 matrix A= is A = i
c d det A

d -b
-Cc a

-2c=-6 = ¢=3

-2d=-2 = d=1

then detA=0.



1 3 4 3 -10 2 4 -7 6
12.a) A=k 0 -1}, B=|-3 9 0| = A+B=k-3 9 -1
5 3 0 0 -2 1 5 1 1

(b) Expanding along the top row of matrix A in a ‘+ — +’ pattern gives
k O‘

0 - k —
detA= -3 +
3 0 5 0 5 3

=1(0(0) - (-1)(3)) - 3(k(0) — (-1)(5)) + 4(k(3) - 0(5))
=1(3) - 3(5) + 4(3k)

=3-15+12k

=-12+12k

=12k —12

3 -10 2Y3 2 -6
) BC=|-3 9 01 1 -2
0 -2 1)\2 2 -1

33) +(-10)(1) +2(2) 3(2) +(-10)D) +2(2) 3(-6) +(~10)(~2) +2(-1)
= ()R +9D+02) (32 +9D)+0(2)  (-3)(-6) +9(-2) +0(-1)
03 +(2)M)+12) 0+ (=)D +12)  0(-6)+(-2)(-2) +1(-1)

300
=10 3 0

0 0 3

300) (100
(d) BC=|0 3 0|=30 1 0|=3l
003 (001

BC =3l = B(—CJ=|

4

[CO RN

Hence the matrix %C is the inverse of the matrix B, ie B™ = %C .

[or BC=3] = (% BJC =1, hence the matrix %B is the inverse of the matrix C,

iect=lp]
3



p 2 0
13. A=|3 p 1
0 -1 -1

The matrix A is singular when detA=0.

Expanding along the top row of matrix A in a ‘+ — +’ pattern gives

1 3 1 3
detA:p‘p 1‘—2‘ 11+0‘ DJ
-1 - 0 - 0 -

= p(p(-1) -1(-1))- 2(3(-1) -1(0))+ 0
= p(-p+1) - 2(-3)

=—p*+p+6
Hence the matrix A is singular when —p*+p+6=0 [x(-D]
= p’-p-6=0
= (p+2)(p-3)=0
m 1 1
14. A={0 m -2
1 0 1

The matrix A is singular when detA=0.

Expanding along the top row of matrix A in a ‘+ — +’ pattern gives
m -2 |0 -2 N 0 m
0 1 1 1 10
=m(m(®) - (-2)(0)) - 1(0() - (-2)(0)) +1(0(0) - m(D))

=m(m)-1(2) +1(-m)
=m®’-2-m

detA=m

=m?-m-2

Hence the matrix A is singular when m*>-m-2=0
= (M+)(m-2)=0
= m=-1 m=2



15.

16.

Let A=|3 -4 2]|.

The matrix A is singular when detA=0.

Expanding along the top row of matrix A in a ‘+ — +’ pattern gives

+2
0O 1 1k 1 |k O

= 3((-4)(1) - 2(0)) - k(3(1) — 2k )+ 2(3(0) — (-4)k)
= 3(—4) —k(3—2k) + 2(4k)
=12 -3k + 2k? + 8k

-4 2 3 2 |3 -4
detA:3‘ ‘k‘ ‘

=2k? +5k —12
Hence the matrix A is singular when 2k? +5k-12=0
= (2k-3)(k+4)=0
= k=§,k=—4
2
1 1 0
Let A=|0 k-2 -1]|.
1 2 K

The matrix A does not have an inverse when det A=0.

Expanding along the top row of matrix A in a ‘+ — +’ pattern gives
‘0 k- 2‘

R

detA= - +0

2 k| 1 k| |1 2
=1(k(k —2) - (-1)2)-1(0k — (-1)(1)) + 0
=1(k? — 2k + 2) —1(1)

=k*-2k+2-1
=k? -2k +1

Hence the matrix A is singular when k?-2k+1=0
= (k-Dk-1)=0
= k=1



-2 1 2 -2 1 1

17(a) C=|1 -1 0| = C'=|1 -1 0
1 0 -1 2 0 -1

-2 1 1 1
2C'-bD=211 -1 0 |-|k+3
2 0 -1 1
-4 2 2 1
=2 -2 0 |-]k+3

L S = T
P NN - poN

-5 1 0
=|-1-k -2 -2 [since 2—(k+3)=2-k-3=-1-K]
3 -1 -3
1
0) (i) D=|k+3
1

Expanding along the top row of matrix D in a ‘+ — +’ pattern gives

40 1 4k+3 1 k+3 0

detD = - +

11 1 1 1 1

=1(0(1) — 2(1)) - 2(1(k +3) — 2(1) )+ 2(1(k + 3) - 0(1))
=1(-2) -1(k +1) + 2(k +3)

=-2-k-1+2k+6

=3+Kk

(i) D' doesnotexistwhen detD=0 = 3+k=0 = k=-3



1 2 -1
18.(a) Let P=| 3 0 2
-1 1 6

The matrix P is singular when detP =0.

Expanding along the top row of matrix P in a ‘+ — +’ pattern gives

0 2 3 2 3 0
detP = -2 + (-1
A 6 |-1 6 -1 A

=1(0(6) — 24) - 2(3(6) — 2(-1))-1(31 - 0(-1))
=1(-24) — 2(20) —1(34)

=21 -40-31

= —51-40

Hence the matrix P is singular when -54-40=0 = -514=40 = A1=-8

2 2a-p -1 2 3a+28 -1) (2 -5 -1
() A=[3a+28 4 3| = A=[2a-8 4 3|=|-1 4 3
-1 3 2 -1 3 2) -1 3 2

Equating entries = 3a+28=-5 ..(1) and 2a-pF=-1 ..(2)

Solving equations (1) and (2) gives « =-1 and g =-1.



11 1)y1 0 1
19. AB=(1 2 3| 4 -2 -2
1 -1 -1){-3 2 1

1(1) +1(4) +1(-3) 1(0) +1(~2) +1(2) () +1(=2) +1())
=| 1) +2(4)+3(=3) 1(0) + 2(~2) + 3(2) 1(1) + 2(~2) + 3(1)
1D+ DA+ D=3 10+ (D) + (D) 1Y)+ (-D(-2) + (-D(D)

2 00 1 01
=10 2 0{=20 1 0|=2I
0 0 2 0 01

Hence AB =kl where k=2.

(i) To find the inverse matrix A™ from the equation AB = 21, rearrange the equation into the
form A(..)=1.

1 0 1 0
. 4 b %
AB=21 = A B|=l = A'="B=_|4 2 —2l=| 2 -1 -1
-3 2 1 —% 1 %

(ii) A?B=(AA)B = A(AB)

= A(21) [since AB =21]
=2Al
=2A [since Al = A]
1 1 1
_2{1 2 3
1 -1 -1

2 2 2
=2 4 6

2 -2 -2



20.

21.

A = 4A-3I

A* = A2A% = (4A-31)(4A-3I)
= 4A(4A-31)-3I(4A-3I)
=16A2 —12Al —121A+91?

=16A* ~12A-12A+9I [since Al =A, IA=Aand I°=11=1]
=16A* —24A+9I

=16(4A—-31)—24A+9I [since A® =4A-3I]

=64A—481 —24A+9I

= 40A -39

Hence A’ = pA+ql where p=40 and q=-39.

0 4 2YO0 4 2
A’=AA=|1 0 1|1 o0 1
-1 -2 -3)\-1 -2 -3

0(0) + 4(1) + 2(-1) 0(4) + 4(0) + 2(-2) 0(2) +4(1) + 2(-3)
= 1(0) + 0(1) +1(-1) 1(4) +0(0) +1(-2) 1(2) +0(1) +1(-3)
-D0)+(=2)D) +(=3)(-D) DA +(-2)0)+(-3)(=2) (-D(2)+(-2)D) + (-3)(-3)
2 -4 -2
=l-1 2 -1
1 2 5
2 -4 -2 0 4 2 2 00 1 00
A°+A=[-1 2 -1|+/1 0 11|=|0 2 0(=20 1 0|=2l
1 2 5 -1 -2 -3/ (0 0 2 001

Hence A?+ A=kl where k=2.

To find the inverse matrix A~ from the equation A® + A =2l , rearrange the equation into
the form A(...)=1.

A*+A=21 = AA+D)=21 = A(%(Aﬂ)jzl = A‘1:%(A+I)

= A? :EA+1I
2 2

Hence A™ = pA+ql where p:% and g =%



1 0 -1)(x+2 x-2 x+3
22a) AB=|0 1 -1| -4 4 2
01 2 2 -2 3
Ix+2)+0(-4)+(-D(2) 1x-2)+0(4)+(-D(-2) 1(x+3)+0(2)+ (-1(3)
= 0(Xx+2)+1(-4)+(-D)(2) 0(x-2)+1(4)+(-D(-2) 0O(x+3)+1(2)+(-1(3)
0(x+2)+1(-4)+2(2) 0(x—2)+1(4) +2(-2) 0(x+3)+1(2) +2(3)
X+2-2 X-2+2 x+3-3
=| —4-2 442 2-3
—4+4 4-4 2+6

X X X
=|-6 6 -1
0 0 8

10 -1 . 0 0
(b) A=[O 1 —1] = detA:]{ _J‘—o‘ _J‘+(—1)‘ il
1 2] o 2 0
01 2

=112) - (-)®)-0-1(0() - 1(0))
=1(3) -1(0)

=3
6 - -6 - -6 6
- X + X
0 8 0 8 0 O

= x(6(8) - (-1)(0))— x((—6)(8) — (~1)(0)) + X((~6)(0) — 6(0))
= x(48) — x(—48) + x(0)

= 48x + 48X

=96Xx

X X X
AB=-6 6 -1| = det(AB)=x
0 0 8

There are two ways of finding detB.
Method 1

Using the fact that det(AB) =det AxdetB = 96x=3xdetB

= detB:%X:BZX



Method 2

X+2 x—-2 x+3
Find det B directly from the matrix B=| —4 4 2
2 -2 3

4 2‘ ‘—4 2 -4 4
—(x-2)

-2 3 2 3 2 -2

= (x+2)(4(3) - 2(-2)) - (x = 2)((-H)B) — 2(2))+ (x + 3)((-4)(-2) - 4(2))

= (X+2)(26) — (x —2)(-16) + (x + 3)(0)

=16(x+2)+16(x—2)+0

=16x+32+16x—32

= 32X

detB = (x+2)

+(x+3)




23. Method 1

A+A'=1 = A=1-A"
A=A =Al-AN=Al-AMA " =A-1I [since Al = A and AA™ =1]
A% = AAZ = A(A-1) [since A>=A—-1]

=A? - Al

=A"-A [since Al = A]

=(A-1)-A [since A> =A-1]

=
Hence A% =kl where k =-1.

Method 2

Starting with the equation A+ A™ = | , pre-multiply both sides of the equation by A.

A+AtT=1 = AA+AY=Al
= A+AMAT=A [since Al = A]
= A’+1=A [since AA™ =1]

Now pre-multiply both sides of the above equation by A.

Ar1=A = AA2+1)=AA
= A+A=A
= A’+A=A [since Al = A]
= A*=A*’-A
= A’=(A-1)-A [since A>+1=Aandso A> =A—1]
= A’=-l

Hence A% =kl where k =-1.



cosd -—sind
24.) M, =| . where =7
singd cosd 2
cosZ —sin z
_ 5 2 |_ [0 —1}
sin% cosZ 10

(b) Under reflection in the x-axis: P(x,y) = P'(Xx,—Yy)

1 0
This can be represented by the matrix equation (0 J[X] :[ X J

1 0
Hence M2:0 1)

o w3 20
5 S )-C

Under the transformation represented by M,M,: P(x,y) = P'(-y,—x)

Hence the transformation represented by M, M, is equivalent to reflection in the line with
equation y =—x.



25.(a) Under reflection in the y-axis:  P(x,y) = P'(-=x,y)

-1 0\ x - X
This can be represented by the matrix equation ( 0 1)( J =[ ]
y y

-1 0
Hence M, = :

0 1
cosd -—sind
(b) M, =| . where =~
sin@ cosé 2
cosz —sin z
_ 5 5 :[0 —1}
sinZ cosz 1.0
2 2

(c) The matrix associated with the transformation in (b) followed by the transformation in (a)
iIs MM,

L v A R
o2 o)L

Under the transformation associated with M,: P(x,y) = P'(y,X)

Hence the single transformation associated with M, is reflection in the line with equation
y=X.



26.  Under reflection in the x-axis: P(x,y) = P'(x,—Yy)

1 0})x X
This can be represented by the matrix equation (0 J{ J :( j

1 0
Hence A=[ J
0o —

~ (cosa —sind

) where @ = 30°
sing cosdé

z[cossoo —sin30°J V3 / -1

sin30°  co0s30° /

The matrix associated with the transformation A followed by B is BA .

‘/_ 1 0
/y[)/

795 10 &

f/ o] [
f/[ ] 23y ) x—fy

Under the transformation A followed by B:  P(X,y) — P’(

\/§x+y x—\/§y
2 2

Hence the image of a point (X, y) under the transformation A followed by B is

[kxgy,x_zkyj,where k=+/3.




cosd -—sind

27.(a) A= J where 9:%

sin@ cosé

cosZ —sinZ \/_/
_ 3 3 \/_
. T T
sin= cos— /

3 3 }/

(b) Under reflection in the x-axis: P(x,y) = P'(Xx,—Yy)

(©)

(d)

1 0
This can be represented by the matrix equation (0 J[X] :[ X J

o )
Hence B= .
O _

The matrix associated with the transformation in (a) followed by the transformation in (b)
is BA.

1 0 AN V3
P=BA= 1) 3 \/_
/ % / %
The matrix associated with an anticlockwise rotation through an angle of & about the origin

. [cose —sin®
is

. . Note that in this matrix the top left and bottom right entries are equal.
sing cosé

_3 /
In the matrix P = \/}f / , the top left and bottom right entries are not equal, hence the

matrix P is not associated with rotation about the origin.



28.

Let A be the matrix associated with an enlargement, scale factor 2.

Under an enlargement, scale factor 2: P(x,y) — P'(2x, 2y)

2 0)x 2X
This can be represented by the matrix equation [ j( J :( J .

0 2y 2y
2 0
Hence A:( ]
0 2

Let B be the matrix associated with a clockwise rotation of 60° about the origin.

Note that a clockwise rotation of 60° about the origin is equivalent to an anticlockwise
rotation of 300° about the origin.

cosd -—sind

Hence B=| .
(sm@ cosd

J where @ =300°

(cos300° —sin300?) | ¥ V84
_[sin300° cosBOO"j_ _f% %

The matrix associated with an enlargement, scale factor 2, followed by a clockwise rotation
of 60° about the origin is BA.

oo B L s )



