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Solutions to Exam Questions on Matrices 
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   (b) The matrix A is singular when  0det =A        06 =+ x        6−=x  
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   (b) The matrix A is singular when  0det =A        0420 =− t        t420 =        5=t  
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  Hence   pAA =2    where 5=p . 

 

 (ii) Method 1 

 

An expression for 4A  in terms of A can be found using the fact that AA 52 = . 
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  Hence   qAA =4    where 125=q . 
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   (b) Method 1 
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 Equating entries       42 =+ qp    ...(1)     and     1=+− qp    ...(2) 

 

 Solving equations (1) and (2) gives 1=p  and 2=q . 
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 Equating entries       162 =+ yx    ...(1)     and     1=+− yx    ...(2) 
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







−
=

36

34

13

20

6

1
IB   [since IAA =−1

] 

           








−

−−









−
=

36

34

13

20

6

1
B   [since BIB = ] 

                                        








−+−−+−−

−+−+−
=

)3(1)3)(3()6(1)4)(3(

)3(2)3(0)6(2)4(0

6

1
 

                                        






 −
=

618

612

6

1
 

                                        






 −
=

13

12
 

 

 

 

 

 

 

 

 

 

 

 

 

 



 Method 2 

 

 Let   







=

dc

ba
B . 

 

 








−

−−
=

36

34
AB        









−

−−
=















 −

36

34

03

21

dc

ba
 

              








−

−−
=







 −−

36

34

33

22

ba

dbca
 

 

 Equating entries:    63 =a        2=a  

 

    33 −=b        1−=b  

 

    42 −=− ca        422 −=− c        62 −=− c        3=c  

 

    32 −=− db        321 −=−− d        22 −=− d        1=d  

 

 Hence   






 −
=

13

12
B . 

 

 Note 

 

 The inverse of the 22  matrix 







=

dc

ba
A  is 









−

−
=−

ac

bd

A
A

det

11  when 0det A . 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



12.(a) 
















−=

035

10

431

kA ,   
















−

−

−

=

120

093

2103

B        
















−−

−

=+

115

193

674

kBA  

 

     (b) Expanding along the top row of matrix A in a ‘+ − +’ pattern gives 

 

 
35

0
4

05

1
3

03

10
1det

kk
A +

−
−

−
=  

                     ( ) ( ) ( ))5(0)3(4)5)(1()0(3)3)(1()0(01 −+−−−−−= kk  

                     )3(4)5(3)3(1 k+−=  

                     k12153 +−=  

                     k1212 +−=  

                     1212 −= k  

 

     (c) 
















−

−

−

















−

−

−

=

122

211

623

120

093

2103

BC       

                  
















−+−−+−+−++−+

−+−+−−++−++−

−+−−+−+−++−+

=

)1(1)2)(2()6(0)2(1)1)(2()2(0)2(1)1)(2()3(0

)1(0)2(9)6)(3()2(0)1(9)2)(3()2(0)1(9)3)(3(

)1(2)2)(10()6(3)2(2)1)(10()2(3)2(2)1)(10()3(3

 

                  
















=

300

030

003

 

 

     (d) IBC 3

100

010

001

3

300

030

003

=
















=
















=  

 

 IBC 3=        ICB =








3

1
 

 

 Hence the matrix C
3

1
 is the inverse of the matrix B, ie CB

3

11 =− . 

 

[or   IBC 3=        ICB =








3

1
,   hence the matrix B

3

1
 is the inverse of the matrix C,  

          ie BC
3

11 =− ] 

 

 

  



13. 
















−−

=

110

13

02

p

p

A  

 

 The matrix A is singular when  0det =A . 

 

 Expanding along the top row of matrix A in a ‘+ − +’ pattern gives 

 

 
10

3
0

10

13
2

11

1
det

−
+

−
−

−−
=

pp
pA  

                     ( ) ( ) 0)0(1)1(32)1(1)1( +−−−−−−= pp  

                     )3(2)1( −−+−= pp  

                     62 ++−= pp  

 

 Hence the matrix A is singular when        062 =++− pp      [ )1(− ] 

          062 =−− pp  

                     0)3)(2( =−+ pp  

          2−=p , 3=p  

  

14. 
















−=

101

20

11

m

m

A  

 

 The matrix A is singular when  0det =A . 

 

 Expanding along the top row of matrix A in a ‘+ − +’ pattern gives 

 

 
01

0
1

11

20
1

10

2
det

mm
mA +

−
−

−
=  

                     ( ) ( ) ( ))1()0(01)1)(2()1(01)0)(2()1( mmm −+−−−−−=  

                     )(1)2(1)( mmm −+−=  

                     mm −−= 22
 

                     22 −−= mm  

 

 Hence the matrix A is singular when          022 =−− mm       

          0)2)(1( =−+ mm  

          1−=m , 2=m  

 

 

 

 



15. Let   
















−=

10

243

23

k

k

A . 

 

 The matrix A is singular when  0det =A . 

 

 Expanding along the top row of matrix A in a ‘+ − +’ pattern gives 

 

 
0

43
2

1

23

10

24
3det

kk
kA

−
+−

−
=  

                     ( ) ( ) ( )kkk )4()0(322)1(3)0(2)1)(4(3 −−+−−−−=  

                     )4(2)23()4(3 kkk +−−−=  

                     kkk 82312 2 ++−−=  

                     1252 2 −+= kk  

 

 Hence the matrix A is singular when          01252 2 =−+ kk       

          0)4)(32( =+− kk  

          
2

3
=k , 4−=k  

 

16. Let   
















−−=

k

kA

21

120

011

. 

 

 The matrix A does not have an inverse when   0det =A . 

 

 Expanding along the top row of matrix A in a ‘+ − +’ pattern gives 

 

 
21

20
0

1

10
1

2

12
1det

−
+

−
−

−−
=

k

kk

k
A  

                     ( ) ( ) 0)1)(1(012)1()2(1 +−−−−−−= kkk  

                     )1(1)22(1 2 −+−= kk  

                     1222 −+−= kk  

          122 +−= kk  

 

 Hence the matrix A is singular when          0122 =+− kk       

          0)1)(1( =−− kk  

          1=k  

 

 

   



17.(a) 
















−

−

−

=

101

011

212

C        
















−

−

−

=

102

011

112

C  

 

 
















+−
















−

−

−

=−

111

203

211

102

011

112

22 kDC  

                                
















+−
















−

−

−

=

111

203

211

204

022

224

k  

                                
















−−

−−−−

−

=

313

221

015

k   [since kkk −−=−−=+− 132)3(2 ] 

 

     (b) (i) 

















+=

111

203

211

kD  

 

  Expanding along the top row of matrix D in a ‘+ − +’ pattern gives 

 

  
11

03
2

11

23
1

11

20
1det

+
+

+
−=

kk
D  

                                  ( ) ( ) ( ))1(0)3(12)1(2)3(11)1(2)1(01 −++−+−−= kk  

                                  )3(2)1(1)2(1 +++−−= kk  

                                  6212 ++−−−= kk  

                                  k+= 3  

 

 (ii) 
1−D  does not exist when   0det =D        03 =+ k        3−=k  

 

 

 

 

 

 

 

 

 

 

 

 

 



18.(a) Let   
















−

−

=

61

203

121



P . 

 

 The matrix P is singular when  0det =P . 

 

 Expanding along the top row of matrix P in a ‘+ − +’ pattern gives 

 

 
 1

03
)1(

61

23
2

6

20
1det

−
−+

−
−=P  

                     ( ) ( ) ( ))1(031)1(2)6(322)6(01 −−−−−−−=   

                     )3(1)20(2)2(1  −−−=  

                      3402 −−−=  

                     405 −−=   

 

 Hence the matrix P is singular when   0405 =−−         405 =−         8−=  

 

     (b) 
















−

+

−−

=

231

3423

122





A        
















−

−

−−

=
















−

−

−+

=

231

341

152

231

342

1232





A  

 

 Equating entries       523 −=+     ...(1)     and     12 −=−     ...(2) 

 

 Solving equations (1) and (2) gives 1−=  and 1−= . 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



19. 
















−

−−
















−−

=

123

224

101

111

321

111

AB   

                  
















−+−−+−+−−+−−+−+

+−++−+−++

+−++−+−++

=

)1)(1()2)(1()1(1)2)(1()2)(1()0(1)3)(1()4)(1()1(1

)1(3)2(2)1(1)2(3)2(2)0(1)3(3)4(2)1(1

)1(1)2(1)1(1)2(1)2(1)0(1)3(1)4(1)1(1

 

                  I2

100

010

101

2

200

020

002

=
















=
















=  

 

 Hence   kIAB =    where 2=k . 

 

(i) To find the inverse matrix 1−A  from the equation IAB 2= , rearrange the equation into the  

form IA =(...) . 

 

IAB 2=        IBA =








2

1
       



















−

−−=
















−

−−==−

2
11

2
3

112
2

10
2

1

123

224

101

2

1

2

11 BA  

                 

(ii) )()(2 ABABAABA ==  

                 )2( IA=  [since IAB 2= ] 

                 AI2=    

                 A2=    [since AAI = ] 

                 
















−−

=

111

321

111

2  

                 
















−−

=

222

642

222

 

 

 

 

 

 

 

 

 

 

 

 



20. IAA 342 −=  

 

 )34)(34(224 IAIAAAA −−==  

                               )34(3)34(4 IAIIAA −−−=  

                               22 9121216 IIAAIA +−−=  

                               IAAA 9121216 2 +−−=   [since AAI = , AIA =  and IIII ==2 ] 

         IAA 92416 2 +−=  

                               IAIA 924)34(16 +−−=  [since IAA 342 −= ] 

                               IAIA 9244864 +−−=  

                               IA 3940 −=  

 

 Hence   qIpAA +=4    where 40=p  and 39−=q . 

 

21. 
















−−−















−−−

==

321

101

240

321

101

240
2 AAA  

             
















−−+−+−−−+−+−−−+−+−

−++−++−++

−++−++−++

=

)3)(3()1)(2()2)(1()2)(3()0)(2()4)(1()1)(3()1)(2()0)(1(

)3(1)1(0)2(1)2(1)0(0)4(1)1(1)1(0)0(1

)3(2)1(4)2(0)2(2)0(4)4(0)1(2)1(4)0(0

 

             
















−−

−−

=

521

121

242

 

 

 IAA 2

100

010

001

2

200

020

002

321

101

240

521

121

242
2 =

















=
















=
















−−−

+
















−−

−−

=+  

 

 Hence   kIAA =+2
   where 2=k . 

 

To find the inverse matrix 
1−A  from the equation IAA 22 =+ , rearrange the equation into  

the form IA =(...) . 

 

IAA 22 =+        IIAA 2)( =+        IIAA =







+ )(

2

1
       )(

2

11 IAA +=−  

             IAA
2

1

2

11 +=−  

 

Hence   qIpAA +=−1    where 
2

1
=p  and 

2

1
=q . 

 

 



22.(a) 
















−

−

+−+

















−

−

=

322

244

322

210

110

101 xxx

AB  

                  
















+++−++−+−++

−+++−−++−−+−++

−+++−−++−−+−++

=

)3(2)2(1)3(0)2(2)4(1)2(0)2(2)4(1)2(0

)3)(1()2(1)3(0)2)(1()4(1)2(0)2)(1()4(1)2(0

)3)(1()2(0)3(1)2)(1()4(0)2(1)2)(1()4(0)2(1

xxx

xxx

xxx

 

                  
















+−+−

−+−−

−++−−+

=

624444

322424

332222 xxx

 

                  
















−−=

800

166

xxx

 

 

     (b) 
















−

−

=

210

110

101

A        
10

10
)1(

20

10
0

21

11
1det −+

−
−

−
=A  

                                                            ( ) ( ))0(1)1(010)1)(1()2(11 −−−−−=  

                                                            )0(1)3(1 −=  

                                                            3=  

 

 
















−−=

800

166

xxx

AB        
00

66

80

16

80

16
)det(

−
+

−−
−

−
= xxxAB  

                                                                ( ) ( ) ( ))0(6)0)(6()0)(1()8)(6()0)(1()8(6 −−+−−−−−−= xxx  

                                                                )0()48()48( xxx +−−=  

                                                                xx 4848 +=  

                                                                x96=  

 

 There are two ways of finding Bdet . 

 

 Method 1 

 

 Using the fact that   BAAB detdet)det( =        Bx det396 =  

             x
x

B 32
3

96
det ==  

 

 

 

 

 

 



 Method 2 

 

 Find Bdet  directly from the matrix 
















−

−

+−+

=

322

244

322 xxx

B . 

 

 
22

44
)3(

32

24
)2(

32

24
)2(det

−

−
++

−
−−

−
+= xxxB  

                     ( ) ( ) ( ))2(4)2)(4()3()2(2)3)(4()2()2(2)3(4)2( −−−++−−−−−−+= xxx  

                     )0)(3()16)(2()16)(2( ++−−−+= xxx  

                     0)2(16)2(16 +−++= xx  

                     32163216 −++= xx  

                     x32=  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



23. Method 1 

 

IAA =+ −1        1−−= AIA  

 

 IAAAAIAIAAAA −=−=−== −− 112 )(   [since AAI =  and IAA =−1 ] 

 

 )(23 IAAAAA −==   [since IAA −=2 ] 

                             AIA −= 2  

                            AA −= 2   [since AAI = ] 

                            AIA −−= )(  [since IAA −=2 ] 

                            I−=  

 

 Hence   kIA =3    where 1−=k . 

 

 Method 2 

 

 Starting with the equation IAA =+ −1 , pre-multiply both sides of the equation by A. 

 

 IAA =+ −1        AIAAA =+ − )( 1  

                 AAAA =+ −12   [since AAI = ] 

                 AIA =+2
  [since IAA =−1

] 

 

 Now pre-multiply both sides of the above equation by A. 

 

 AIA =+2        AAIAA =+ )( 2  

                                      
23 AAIA =+  

                
23 AAA =+   [since AAI = ] 

                AAA −= 23  

                AIAA −−= )(3   [since AIA =+2  and so IAA −=2 ] 

              IA −=3
 

 

 Hence   kIA =3
   where 1−=k . 

 

 

 

 

 

 

 

 

 

 



24.(a) 






 −
=





cossin

sincos
1M    where 

2


 =  

                   






 −
=


















−

=
01

10

2
cos

2
sin

2
sin

2
cos





 

 

     (b) Under reflection in the x-axis:   ),(),( yxPyxP −→  

 

 This can be represented by the matrix equation   








−
=

















− y

x

y

x

10

01
. 

 

 Hence   








−
=

10

01
2M . 

 

     (c) 








−

−
=







 −









−
=

01

10

01

10

10

01
12MM  

 

 








−

−
=

















−

−

x

y

y

x

01

10
 

 

 Under the transformation represented by 12 MM :   ),(),( xyPyxP −−→  

 

Hence the transformation represented by 12 MM  is equivalent to reflection in the line with 

equation xy −= . 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



25.(a) Under reflection in the y-axis:   ),(),( yxPyxP −→  

 

 This can be represented by the matrix equation   






−
=















−

y

x

y

x

10

01
. 

 

 Hence   






−
=

10

01
1M . 

 

     (b) 






 −
=





cossin

sincos
2M    where 

2


 =  

                   






 −
=


















−

=
01

10

2
cos

2
sin

2
sin

2
cos





 

 

     (c) The matrix associated with the transformation in (b) followed by the transformation in (a)  

is 21MM . 

 









=







 −







−
==

01

10

01

10

10

01
213 MMM  

 

     (d) 







=

















x

y

y

x

01

10
 

 

 Under the transformation associated with 3M :   ),(),( xyPyxP →  

 

Hence the single transformation associated with 3M  is reflection in the line with equation 

xy = . 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



26. Under reflection in the x-axis:   ),(),( yxPyxP −→  

 

 This can be represented by the matrix equation   








−
=

















− y

x

y

x

10

01
. 

 

 Hence   








−
=

10

01
A . 

 

 






 −
=





cossin

sincos
B    where = 30  

                















−

=










−
=

2
3

2
1

2
1

2
3

30cos30sin

30sin30cos
  

 

 The matrix associated with the transformation A followed by B is BA . 

 

 
















−

=








−














−

=

2
3

2
1

2
1

2
3

10

01

2
3

2
1

2
1

2
3

BA  

 

 



















−

+

=



















−

+
=

























−
2

3
2

3

2

3

2

1
2

1

2

3

2
3

2
1

2
1

2
3

yx

yx

yx

yx

y

x
 

 

 Under the transformation A followed by B:   












 −+
→

2

3
,

2

3
),(

yxyx
PyxP  

 

 Hence the image of a point ),( yx  under the transformation A followed by B is 








 −+

2
,

2

kyxykx
, where 3=k . 

 

 

 

 

 

 

 

 

 

 

 



27.(a) 






 −
=





cossin

sincos
A    where 

3


 =  

                















−

=


















−

=

2
1

2
3

2
3

2
1

3
cos

3
sin

3
sin

3
cos





 

 

     (b) Under reflection in the x-axis:   ),(),( yxPyxP −→  

 

 This can be represented by the matrix equation   








−
=

















− y

x

y

x

10

01
. 

 

 Hence   








−
=

10

01
B . 

 

     (c) The matrix associated with the transformation in (a) followed by the transformation in (b)  

is BA . 

 

















−−

−
=
















−










−
==

2
1

2
3

2
3

2
1

2
1

2
3

2
3

2
1

10

01
BAP  

 

(d) The matrix associated with an anticlockwise rotation through an angle of   about the origin 

is   






 −





cossin

sincos
. Note that in this matrix the top left and bottom right entries are equal. 

 

 In the matrix 
















−−

−
=

2
1

2
3

2
3

2
1

P , the top left and bottom right entries are not equal, hence the 

matrix P is not associated with rotation about the origin.  

 

 

 

 

 

 

 

 

 

 

 

 

 



28. Let A be the matrix associated with an enlargement, scale factor 2. 

 

 Under an enlargement, scale factor 2:   PyxP →),( (2x, 2y) 

 

 This can be represented by the matrix equation   







=

















y

x

y

x

2

2

20

02
. 

 

 Hence   







=

20

02
A . 

 

 Let B be the matrix associated with a clockwise rotation of 60  about the origin. 

 

Note that a clockwise rotation of 60  about the origin is equivalent to an anticlockwise 

rotation of 300  about the origin. 

 

Hence   






 −
=





cossin

sincos
B    where = 300  

                 
















−

=










−
=

2
1

2
3

2
3

2
1

300cos300sin

300sin300cos
 

 

The matrix associated with an enlargement, scale factor 2, followed by a clockwise rotation 

of 60  about the origin is BA . 

 















−
=

























−

==
13

31

20

02

2
1

2
3

2
3

2
1

BAM  

 

 

  

 

 

 

 


