
ADVANCED HIGHER MATHEMATICS 

 

Solutions to Exam Questions on Partial Fractions 

 

1. The denominator contains distinct linear factors. 
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 Let 6=x          )10()0(32)6(3 BA +=+          B1050 =        5=B  

 

 Let 4−=x        )0()10(32)4(3 BA +=+−        A1020 =        2=A  
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2. First factorise the denominator:   )4(42 −=− xxxx  

 The denominator contains distinct linear factors. 
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 Let 4=x        )4()0(4)4(5 BA +=−         B416 =           4=B  

 

 Let 0=x        )0()4(4)0(5 BA +−=−        A44 −=−        1=A  
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3. First factorise the denominator:   )5)(3(1522 −+=−− xxxx  

 The denominator contains distinct linear factors. 
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 Let 5=x          )8()0(7)5(3 BA +=−             B88 =               1=B  

 

 Let 3−=x        )0()8(7)3(3 BA +−=−−        A816 −=−        2=A  

 

 Hence   
5

1

3

2

152

73
2 −

+
+

=
−−

−

xxxx

x
. 

 

4. First factorise the denominator:   )1)(2(22 −+=−+ xxxx  

 The denominator contains distinct linear factors. 
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 Let 1=x           )3()0()1(211 BA +=−             B39 =           3=B  

 

 Let 2−=x        )0()3()2(211 BA +−=−−        A315 −=        5−=A  
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5. First factorise the denominator:   )2)(2(42 +−=− xxx  

 The denominator contains distinct linear factors. 
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 Let 2−=x        )4()0(4 −+= BA        B44 −=        1−=B  

 

 Let 2=x          )0()4(4 BA +=          A44 =          1=A  
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6. First factorise the denominator:   )1)(1(12 +−=− xxx  

 The denominator contains distinct linear factors. 
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7. First factorise the denominator:   )1)(1(1 2 yyy +−=−  

 The denominator contains distinct linear factors. 
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8. First factorise the denominator:   )3)(2(62 −+=−− xxxx  

 The denominator contains distinct linear factors. 
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9. The denominator contains distinct linear factors. 
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10. The denominator contains distinct linear factors. 
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11. The denominator contains distinct linear factors. 
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12. First check whether 62 −− xx  is irreducible:    

 

1=a , 1−=b , 6−=c        25)6)(1(4)1(4 22 =−−−=− acb  

 

042 − acb , so 62 −− xx  has two real and distinct roots and can be written as the product 

of two distinct linear factors, ie )3)(2(62 −+=−− xxxx .  

 

This means that the denominator can be written as )3)(2( −+ xxx  and contains distinct 

linear factors. 
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 Note 

 

A common error in this question is to assume that 62 −− xx  is irreducible leading to the 

incorrect partial fractions 
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A
. 

 

It is essential that you check whether a quadratic factor in the denominator is irreducible and 

factorise the denominator fully before finding the partial fractions. 

 

 

 



13. The denominator contains a repeated linear factor. 
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14. The denominator contains a repeated linear factor. 
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15. The denominator contains a repeated linear factor. 
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16. The denominator contains an irreducible quadratic factor 52 +x . 

(You can assume that any quadratic factor of the form ax +2 , where 0a , is irreducible, 

or you can show that 042 − acb .) 
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17. The denominator contains an irreducible quadratic factor 52 +x . 

(You can assume that any quadratic factor of the form ax +2 , where 0a , is irreducible, 

or you can show that 042 − acb .) 
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[Note that equating constants gives   A520 =       4=A ] 
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18. The denominator contains an irreducible quadratic factor 21 x+ . 

(You can assume that any quadratic factor of the form ax +2 , where 0a , is irreducible, 

or you can show that 042 − acb .) 
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[Note that equating constants gives A=3 ] 
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19. First factorise the denominator fully:   )1( 23 +=+ xxxx    and   12 +x  is irreducible 
 

 The denominator contains an irreducible quadratic factor. 
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20.(a) 2)( 23 −−−= xxxxc  

 

 To find a real root of )(xc , use synthetic division and try factors of 2− . 
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    2  2 2 2 
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 remainder = 0,   so 2=x  is a root of )(xc    and   )1)(2()( 2 ++−= xxxxc . 
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042 − acb , hence )(xq  has no real roots and is irreducible (cannot be written as the 

product of two linear factors with real coefficients). 

 This means that )(xc  cannot be written as the product of three linear factors with real  

coefficients. 
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21.(a) Method 1 
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 Hence   
652

1183

)2)(3)(1(

1183
23

2323

−−+

−+
=

−++

−+

xxx

xx

xxx

xx
. 

 

                          
 

 Hence   
652

7152
3

)2)(3)(1(

1183
23

223

−−+

++
+=

−++

−+

xxx

xx

xxx

xx
. 

 

       Method 2 

 

 Show that   
)2)(3)(1(

1183

652

7152
3

23

23

2

−++

−+
=

−−+

++
+

xxx

xx

xxx

xx
. 

 

 
652

7152

1

3

652

7152
3

23

2

23

2

−−+

++
+=

−−+

++
+

xxx

xx

xxx

xx
 

                                              
652

7152

652

)652(3
23

2

23

23

−−+

++
+

−−+

−−+
=

xxx

xx

xxx

xxx
 [making a common denominator] 

 

                                              
652

7152)652(3
23

223

−−+

+++−−+
=

xxx

xxxxx
 

                                              
652

1183

652

7152181563
23

23

23

223

−−+

−+
=

−−+

+++−−+
=

xxx

xx

xxx

xxxxx
 

                                              

 



 Now check equivalence of the denominators: 

 

)6)(1()2)(3)(1( 2 −++=−++ xxxxxx  

        )6(1)6( 22 −++−+= xxxxx  

        66 223 −++−+= xxxxx  

        652 23 −−+= xxx  

 

 Hence   
)2)(3)(1(

1183

652

7152
3

23

23

2

−++

−+
=

−−+

++
+

xxx

xx

xxx

xx
. 

 

     (b) 
)2)(3)(1(

7152
3

652

7152
3

)2)(3)(1(

1183 2

23

223

−++

++
+=

−−+

++
+=

−++

−+

xxx

xx

xxx

xx

xxx

xx
 

 

Note that   
)2)(3)(1(

7152 2

−++

++

xxx

xx
   is a proper algebraic fraction and can be expressed in 

partial fractions. 

 

The denominator contains distinct linear factors. 

 

 
231)2)(3)(1(

7152 2

−
+

+
+

+
=

−++

++

x

C

x

B

x

A

xxx

xx
 

                                             
)2)(3)(1(

)3)(1()2)(1()2)(3(

−++

+++−++−+
=

xxx

xxCxxBxxA
 

 

 )3)(1()2)(1()2)(3(7152 2 +++−++−+=++ xxCxxBxxAxx  

 

 Let 3−=x        )0)(2()5)(2()5)(0(7)3(15)3(2 2 −+−−+−=+−+− CBA  

               B1020 =−  

                   2−=B  

 

 Let 2=x          )5)(3()0)(3()0)(5(7)2(15)2(2 2 CBA ++=++  

               C1545 =  

                3=C  

 

 Let 1−=x        )2)(0()3)(0()3)(2(7)1(15)1(2 2 CBA +−+−=+−+−  

               A66 −=−  

                 1=A  

 

 

 

 



 Hence   
2

3

3

2

1

1
3

)2)(3)(1(

1183 23

−
+

+

−
+

+
+=

−++

−+

xxxxxx

xx
 

 

                  or   
2

3

3

2

1

1
3

)2)(3)(1(

1183 23

−
+

+
−

+
+=

−++

−+

xxxxxx

xx
. 

 

 Note 

 

You should only attempt to express a proper algebraic fraction (where the degree of the 

numerator is less than the degree of the denominator) as the sum of partial fractions. 

 

For an improper algebraic fraction, algebraic long division should be used first before 

finding partial fractions for the proper fraction remaining. 

 

 

 

 

 

 

  

 

  

     

       


