
ADVANCED HIGHER MATHEMATICS 

 

Solutions to Exam Questions on Vectors 

 

1. u = –2i + 5k,   v = 3i + 2j – k,   w = –i + j + 4k 

 

 
11

23

41

13

41

12

411

123
−

+
−

−
−

−
=

−

−= kji

kji

wv  

                                            ( ) ( ) ( ))1(2)1(3)1)(1()4(3)1)(1()4(2 −−+−−−−−−= kji  

                                            )5()11()9( kji +−=  

                                            kji 5119 +−=  

 

 u .















−

=

5

0

2

)( wv . 7)5(5)11(0)9)(2(

5

11

9

=+−+−=
















−  

 

2. u = 5i + 13j,   v = 2i + j + 3k,   w = i + 4j – k 
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 u . 0)( =wv ,   so the vector u is perpendicular to the vector wv . 

 

 

 

 

 

 

 

 

 

 

 



3. First find parametric equations for the line. 
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       34 += tx ,   2+−= ty ,   12 −= tz  

 

To find the point of intersection of the line and the plane, substitute the parametric equations 

for the line into the equation of the plane. 

 

42 =−+ zyx        4)12()2()34(2 =−−+−++ ttt  

         412268 =+−+−+ ttt  

         495 =+t  

              55 −=t  

                1−=t  

 

Then   13)1(434 −=+−=+= tx  

            32)1(2 =+−−=+−= ty  

            31)1(212 −=−−=−= tz  

 

 Hence the point of intersection of the line and the plane is (−1, 3, −3). 

 

4. First find two vectors which lie in the plane, eg PQ  and PR . 
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 A normal vector for the plane is then given by    
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Equation of plane:   =−+ zyx 8146    for some constant   

 

To evaluate  , substitute the coordinates of a point in the plane, eg R(3, 0, 1). 

 

=−+ zyx 8146        =−+ )1(8)0(14)3(6        10=  

 

The equation of the plane is   108146 =−+ zyx    or   5473 =−+ zyx . 

 



5.(a) First find two vectors which lie in the plane, eg AB  and AC . 
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 A normal vector for the plane is then given by    
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Equation of plane:   =−+− zyx 25    for some constant   

 

To evaluate  , substitute the coordinates of a point in the plane, eg A(1, 1, 0). 

 

=−+− zyx 25        =−+− )0(2)1(51        4=  

 

The equation of the plane is   425 =−+− zyx . 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



   (b) plane 1 :   425 =−+− zyx  

plane 2 :       32 =++ zyx  

 

The angle,  ,  between the planes 1  and 2  is the angle between the two normal vectors 

for the planes. 
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cos ==        == − 5558...52170cos 1  (to 2 dp) 

 

The acute angle between the planes 1  and 2  is 5558 . 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



6.(a) First find two vectors which lie in the plane, eg AB  and AC . 
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 A normal vector for the plane is then given by    
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Equation of plane:   =−−− zyx 32    for some constant   

 

To evaluate  , substitute the coordinates of a point in the plane, eg A(1, 0, 3). 

 

=−−− zyx 32        =−−− 3)0(3)1(2        5−=  

 

The equation of the plane is   532 −=−−− zyx    or   532 =++ zyx . 

 

    

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



   (b) plane 1 :   532 =++ zyx  

plane 2 :       0=−+ zyx  

 

The angle,  ,  between the planes 1  and 2  is the angle between the two normal vectors 

for the planes. 
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cos ==        == − 951...61720cos 1  (to 1 dp) 

 

The acute angle between the planes 1  and 2  is 951 . 

 

(c) First find parametric equations for the line. 

 

 
2

12

5

15

4

11 −
=

−
=

− zyx
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To find the point of intersection of the line and plane 2 , substitute the parametric equations 

for the line into the equation of the plane. 

 

0=−+ zyx        0)122()155(114 =+−+++ ttt  

      0122155114 =−−+++ ttt  

      0147 =+t  

             147 −=t  

               2−=t  

 

Then   311)2(4114 =+−=+= tx  

            515)2(5155 =+−=+= ty  

            812)2(2122 =+−=+= tz  

 

 Hence the point of intersection of the line and plane 2  is (3, 5, 8). 

 

 



7.(a) First find two vectors which lie in the plane, eg AB  and AC . 
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 A normal vector for the plane is then given by    
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Equation of plane:   =+− zyx 22    for some constant   

 

To evaluate  , substitute the coordinates of a point in the plane, eg C(0, 0, 5). 

 

=+− zyx 22        =+− 5)0(2)0(2        5=  

 

The equation of the plane is   522 =+− zyx . 

 

   (b) Plane 2  has normal vector kj +− . 

 

 Equation of plane 2 :   =+− zy    for some constant   

 

 To evaluate  , substitute the coordinates of A(0, −1, 3). 

 

 =+− zy        =+−− 3)1(        4=  

 

 The equation of the plane 2  is   4=+− zy . 

 

 

 

 

 

 

 

 

 

 



   (c) plane 1 :   522 =+− zyx  

plane 2 :         4=+− zy  

 

The angle,  ,  between planes 1  and 2  is the angle between the two normal vectors for 

the planes. 

 

Hence   
21

21cos
nn

nn •
=    where 

















−=

1

2

2

1n  and 
















−=

1

1

0

2n . 

 

3)1(1)1)(2()0(2

1

1

0

1

2

2

21 =+−−+=
















−•
















−=• nn  

 

391441)2(2 222

1 ==++=+−+=n     

 

21101)1(0 222

2 =++=+−+=n  

 

Hence   
2

1

23

3
cos ==        =








= − 45

2

1
cos 1   

 

The acute angle between planes 1  and 2  is 45 . 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



8.(a) To find the point of intersection of the lines 1L  and 2L , first find parametric equations for 

each line. 

 

 1L :   34 +=x ,   += 42y ,   7−=z  
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 Equating x       3234 +−=+ t        123 −=+ t  ...(1) 

 

 Equating y       842 +=+ t        64 =− t   ...(2) 

 

 Equating z       137 −=− t        137 −=−− t   

           137 =+ t .  ...(3) 

 

 Solving equations (1) and (2) gives 1=  and 2−=t . 

 

To verify that the lines 1L  and 2L  intersect, we must check that the values of   and t also 

satisfy equation (3).  

 

Check in (3):   1)2(3)1(737 =−+=+ t     

 

The values of   and t also satisfy equation (3), hence the lines 1L  and 2L  intersect. 
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7)1(77 −=−=−= z   or 71)2(313 −=−−=−= tz  

 

The point of intersection is (7, 6, −7). 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



(b) The angle,  ,  between the lines 1L  and 2L  is the angle between the two direction vectors 

for the lines. 

 

Hence   
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The obtuse angle between the lines 1L  and 2L  is 6135 . 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



9.(a) (i) To find the point of intersection of the lines 1L  and 2L , first find parametric  

equations for each line. 

 

  1L :   tx 28 −= ,   ty 24 +−= ,   tz += 3  
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  Equating x       228 −=− t        822 −=+− t  ...(1) 

 

  Equating y       224 −−=+− t        22 =+ t  ...(2) 

 

  Equating z       923 +=+ t        62 =− t   ...(3) 

     

  Solving equations (1) and (2) gives 2=t  and 2−= . 

 

To verify that the lines 1L  and 2L  intersect, we must check that the values of t and   

also satisfy equation (3).  

 

Check in (3):   6)2(222 =−−=− t     

 

The values of t and   also satisfy equation (3), hence the lines 1L  and 2L  intersect. 
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The point of intersection is (4, 0, 5). 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 (ii) The angle,  ,  between the lines 1L  and 2L  is the angle between the two direction  

vectors for the lines. 

 

Hence   
21

21cos
dd

dd •
= . 

 

1L :   tx 28 −= ,   ty 24 +−= ,   tz += 3        














−

=

1

2

2

1d  

 

2L :   
2

9

1

2

2

−
=

−

+
=

−

zyx
       

















−

−

=

2

1

2

2d  

 

4)2(1)1(2)2)(2(

2

1

2

1

2

2

21 =+−+−−=
















−

−

•














−

=• dd  

 

3914412)2( 222

1 ==++=++−=d     

 

394142)1()2( 222

2 ==++=+−+−=d  

 

Hence   
9

4

)3(3

4
cos ==        








= −

9

4
cos 1   

 

The acute angle between the lines 1L  and 2L  is 
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   (b) (i) The plane   is perpendicular to the line 2L , so a direction vector for the line 2L  will  

also be a normal vector for the plane  . 
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Equation of plane  :   =+−− zyx 22    for some constant   

 

To evaluate  , substitute the coordinates of the point (1, −4, 2) which is in the  

plane  . 

 

=+−− zyx 22        =+−−− )2(2)4()1(2        6=  

 

The equation of the plane   is   622 =+−− zyx . 

 

 (ii) 1L :   tx 28 −= ,   ty 24 +−= ,   tz += 3  

 

To find the point of intersection of the line 1L  and the plane  , substitute the 

parametric equations for 1L  into the equation of the plane  . 

 

622 =+−− zyx        6)3(2)24()28(2 =+++−−−− ttt  

                 62624416 =++−++− ttt  

                    664 =−t  

                        124 =t  

                           3=t  

 

Then   2)3(2828 =−=−= tx  

                        2)3(2424 =+−=+−= ty  

                        6333 =+=+= tz  

 

  Hence the point of intersection of the line 1L  and the plane   is (2, 2, 6). 

 

 

 

 

 

 

 

 

 

 

 



10.(a) To find the point of intersection of the lines 1L  and 2L , first find parametric equations for 

each line. 

 

 1L :   t
zyx

=
−

=
−

−
=

+

2

2

1

1

3

6
       63 −= tx ,   1+−= ty ,   22 += tz  

 

 2L :   ==
+

=
+

41

4

4

5 zyx
       54 −= x ,   4−= y ,   4=z  

 

 Equating x       5463 −=− t        143 =− t   ...(1) 

 

 Equating y       41 −=+− t        5−=−− t        5=+ t      ...(2) 

 

 Equating z       422 =+t        242 −=− t  ...(3) 

     

 Solving equations (1) and (2) gives 3=t  and 2= . 

 

To verify that the lines 1L  and 2L  intersect, we must check that the values of t and   also 

satisfy equation (3).  

 

Check in (3):   2)2(4)3(242 −=−=− t     

 

The values of t and   also satisfy equation (3), hence the lines 1L  and 2L  intersect. 

 

36)3(363 =−=−= tx  or 35)2(454 =−=−= x  

2131 −=+−=+−= ty  or 2424 −=−=−= y  

82)3(222 =+=+= tz  or 8)2(44 === z  

 

The point of intersection is (3, −2, 8). 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



     (b) First find a direction vector for each line. 

 

 1L :   t
zyx

=
−

=
−

−
=

+

2

2

1

1

3

6
       

















−=

2

1

3

1d  

 

 2L :   ==
+

=
+

41

4

4

5 zyx
       

















=

4

1

4

2d  

 

The direction vectors 1d  and 2d  are parallel to the plane containing the lines 1L  and 2L . 

 

 Hence a normal vector for the plane   is given by    

 

=n 21 dd 
14

13

44

23

41

21

414

213
−

+−
−

=−= kji

kji

 

                                        ( ) ( ) ( ))4)(1()1(3)4(2)4(3)1(2)4)(1( −−+−−−−= kji  

                                        )7()4()6( kji +−−=  

                                        kji 746 +−−=  

 

Equation of plane:   =+−− zyx 746    for some constant   

 

To evaluate  , substitute the coordinates of a point in the plane. 

The point of intersection of the lines 1L  and 2L  is in the plane containing the lines 1L  and 

2L , so we can use the point (3, −2, 8) to find  . 

 

=+−− zyx 746        =+−−− )8(7)2(4)3(6        46=  

 

The equation of the plane is   46746 =+−− zyx . 

 

 

 

 

 

 

 

 

 

 

 

 

 



     (c) The angle,  , between a line and a plane can be calculated using the formula  
nd

nd •
=sin , 

 where d is a direction vector for the line and n is a normal vector for the plane. 

 

 line 3L :   
1

3

4

7

2

1

−

−
=

+
=

− zyx
       

















−

=

1

4

2

d  

 

 plane  :   
















−

−

=+−−=

7

4

6

746 kjin     

 

 35)7)(1()4(4)6(2

7

4

6

1

4

2

−=−+−+−=
















−

−

•
















−

=• nd  

 

 211164)1(42 222 =++=−++=d  

 

 1014916367)4()6( 222 =++=+−+−=n  

 

 Hence   ...75990
10121

35
sin −=

−
=        −=−= − 4649..)75990(sin 1  (to 2 dp) 

 

 The acute angle between line 3L  and the plane   is  4649 . 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



11.(a) Line 1L  passes through the point P(2, 4, 1) and is parallel to the vector kjid −+= 21 . 

 

 Equation of line 1L  in symmetric form:   t
zyx

=
−

−
=

−
=

−

1

1

2

4

1

2
 

 

 Parametric equations for line 1L :   2+= tx ,   42 += ty ,   1+−= tz  

 

 Line, 2L  passes through the point Q(−5, 2, 5) and is parallel to the vector kjid ++−= 442 . 

 

 Equation of line 2L  in symmetric form:   =
−

=
−

=
−

+

1

5

4

2

4

5 zyx
 

 

 Parametric equations for line 2L :   54 −−= x ,   24 += y ,   5+= z  

 

     (b) 1L :   2+= tx ,   42 += ty ,   1+−= tz  

 

 2L :   54 −−= x ,   24 += y ,   5+= z  

 

Equating x       542 −−=+ t        74 −=+ t   ...(1) 

 

 Equating y       2442 +=+ t        242 −=− t  ...(2) 

 

 Equating z       51 +=+− t        4=−− t   ...(3) 

     

 Solving equations (1) and (2) gives 3−=t  and 1−= . 

 

To verify that the lines 1L  and 2L  intersect, we must check that the values of t and   also 

satisfy equation (3).  

 

Check in (3):   413)1()3( =+=−−−−=−− t     

 

The values of t and   also satisfy equation (3), hence the lines 1L  and 2L  intersect. 

 

1232 −=+−=+= tx  or 15)1(454 −=−−−=−−= x  

24)3(242 −=+−=+= ty  or 22)1(424 −=+−=+= y  

41)3(1 =+−−=+−= tz  or 4515 =+−=+= z  

 

The point of intersection is (−1, −2, 4). 

 

 

 

 

 



     (c) kjid −+= 21 ,   kjid ++−= 442  

 

The direction vectors 1d  and 2d  are parallel to the plane containing the lines 1L  and 2L . 

 

 Hence a normal vector for the plane is given by    

 

=n 21 dd 
44

21

14

11

14

12

144

121
−

+
−

−
−

−
=

−

−= kji

kji

 

                                           ( ) ( ) ( ))4(2)4(1)4)(1()1(1)4)(1()1(2 −−+−−−−−−= kji  

                                           )12()3()6( kji +−−=  

                                           kji 1236 ++=  

 

Equation of plane:   =++ zyx 1236    for some constant   

 

To evaluate  , substitute the coordinates of a point in the plane. 

The point of intersection of the lines 1L  and 2L  is in the plane containing the lines 1L  and 

2L , so we can use the point (−1, −2, 4) to find  . 

 

=++ zyx 1236        =+−+− )4(12)2(3)1(6        36=  

 

The equation of the plane is   361236 =++ zyx    or   1242 =++ zyx  

 

 Note 

 

Parametric equations for the lines 1L  and 2L  can also be written down directly using the 

coordinates of the points and components of the direction vectors.  

 

Line 1L  passes through the point P(2, 4, 1) and is parallel to the vector kjid −+= 21 , so 

parametric equations for line 1L  are   tx += 2 ,   ty 24 += ,   tz −= 1 . 

 

Line 2L  passes through Q(−5, 2, 5) and is parallel to the vector kjid ++−= 442 , so 

parametric equations for line 2L  are   45 −−=x ,   42 +=y ,   += 5z . 

 

 

 

 

 

 

 

 

 

 



12.(a) To find when the lines 1L  and 2L  intersect, first find parametric equations for each line. 

 

 1L :   t
zy

k

x
=

+
=

−
=

−

1

3

1

1
       1+= ktx ,   ty −= ,   3−= tz  

 

 2L :   =
+

=
+

=
−

2

3

1

3

1

4 zyx
       4+= x ,   3−= y ,   32 −= z  

 

 Equating x       41 +=+ kt        3=− kt  ...(1) 

 

 Equating y       3−=− t        3−=−− t        3=+ t  ...(2) 

 

 Equating z       323 −=− t        02 =− t  ...(3) 

     

 Solving equations (2) and (3) gives 2=t  and 1= . 

 

When the lines 1L  and 2L  intersect, the values of t and   will also satisfy equation (1).  

 

Substitute 2=t  and 1=  into equation (1):   3=− kt        31)2( =−k  

                                        42 =k  

                               2=k  

 

Hence the lines 1L  and 2L  intersect when 2=k . 

 

51)2(2121 =+=+=+= tktx  or 5414 =+=+= x  

2−=−= ty     or 2313 −=−=−= y  

1323 −=−=−= tz    or 13)1(222 −=−=−= z  

 

The point of intersection is (5, −2, −1). 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



     (b) The angle,  ,  between the lines 1L  and 2L  is the angle between the two direction  

vectors for the lines. 

 

Hence   
21

21cos
dd

dd •
= . 

 

1L :   
1

3

12

1 +
=

−
=

− zyx
       

















−=

1

1

2

1d  

 

2L :   
2

3

1

3

1

4 +
=

+
=

− zyx
       

















=

2

1

1

2d  

 

3)2(1)1)(1()1(2

2

1

1

1

1

2

21 =+−+=
















•
















−=• dd  

 

61141)1(2 222

1 =++=+−+=d     

 

6411211 222

2 =++=++=d  

 

Hence   
2

1

6

3

66

3
cos ===        =








= − 60

2

1
cos 1   

 

The acute angle between the lines 1L  and 2L  is 60 . 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



13. Let   tz = . 

 

 plane 1 :   124 =+− zyx        124 =+− tyx        tyx 214 −=−  ...(1) 

 

 plane 2 :   5−=−− zyx         5−=−− tyx           tyx +−=− 5  ...(2) 

 

To find parametric equations for the line of intersection of the two planes, solve equations 

(1) and (2) simultaneously to find expressions for x and y in terms of t. 

 

(1) − (2) eliminates x       )5()21()()4( ttyxyx +−−−=−−−  

     ttyxyx −+−=+−− 5214  

     ty 363 −=−  

          ty +−= 2    or   2−= ty  

 

 To find x, substitute   2−= ty    into equation (2):    

 

tyx +−=− 5        ttx +−=−− 5)2(  

        ttx +−=+− 52  

        25 −++−= ttx  

        72 −= tx  

 

Hence parametric equations for the line of intersection of the two planes are 

72 −= tx ,   2−= ty ,   tz = . 

 

To show that the line of intersection lies in the plane with equation 1142 −=−+ zyx ,  

verify that the parametric equations for x, y and z satisfy the equation of the plane. 

 

tttzyx 4)2(27242 −−+−=−+  

                   ttt 44272 −−+−=  

                   11−=  

 

Hence the line of intersection lies in the plane with equation 1142 −=−+ zyx . 

 

 

 

 

 

 

 

 

 

 

 

 



14.(a) To find parametric equations for the line of intersection of the two planes, let =x . 

 

 plane 1 :   6=−+ zyx               6=−+ zy                      −=− 6zy  ...(1) 

 

 plane 2 :   2232 =+− zyx         2232 =+− zy         2223 −=+− zy  ...(2) 

 

Now solve equations (1) and (2) simultaneously to find expressions for x and y in terms  

of  . 

 

3 × (1) + (2) eliminates y       )22()6(3)23()(3  −+−=+−+− zyzy  

               223182333 −+−=+−− zyzy  

              520 −=− z  

                 520 +−=z  

                 205 −= z     

 

To find z, substitute   205 −= z    into equation (1): 

 

−=− 6zy         −=−− 6)205(y  

        −=+− 6205y  

       2056 −+−= y  

       414 +−=y  

       144 −= y  

 

Hence parametric equations for the line of intersection of the two planes are 

=x ,   144 −= y ,   205 −= z . 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



     (b) The angle,  , between a line and a plane can be calculated using the formula  
nd

nd •
=sin , 

 where d is a direction vector for the line and n is a normal vector for the plane. 

 

 line L:   =x ,   144 −= y ,   205 −= z        
















=

5

4

1

d  

 

 plane:   1425 =−+− zyx        
















−

−

=

4

2

5

n  

 

 17)4(5)2(4)5(1

4

2

5

5

4

1

−=−++−=
















−

−

•
















=• nd  

 

 4225161541 222 =++=++=d  

 

 4516425)4(2)5( 222 =++=−++−=n  

 

 Hence   ...39100
4542

17
sin −=

−
=        −=−= − 0223...)39100(sin 1  (to 2 dp) 

 

 The acute angle between line L and the plane is 0223 . 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



15.(a) The plane is perpendicular to the line L, so a direction vector for the line L will also be a  

normal vector for the plane. 

 

line L:   
11

2

2

1

−
=

−
=

+ zyx
       

















−

=

1

1

2

d        kjin −+=
















−

= 2

1

1

2

 

 

Equation of plane:   =−+ zyx2    for some constant   

 

To evaluate  , substitute the coordinates of the point P(1, 1, 0) which is in the plane. 

 

=−+ zyx2        =−+ 01)1(2        3=  

 

The equation of the plane is   32 =−+ zyx . 

 

     (b) First find parametric equations for the line. 

 

 t
zyx
=

−
=

−
=

+

11

2

2

1
       12 −= tx ,   2+= ty ,   tz −=  

 

To find the point of intersection of the line L and the plane, substitute the parametric 

equations for the line L into the equation of the plane. 

 

32 =−+ zyx        3)()2()12(2 =−−++− ttt  

        3224 =+++− ttt  

        36 =t  

          
2

1
=t  

Then   01
2

1
212 =−








=−= tx  

            
2

5
2

2

1
2 =+=+= ty  

            
2

1
−=−= tz  

 

 Hence the point of intersection of the line and the plane is Q 







−

2

1
,

2

5
,0 . 

 

 

 

 

 

 

 



(c) The shortest distance from the point P to the line L is the distance PQ, since PQ is 

perpendicular to the line L (see diagram below). 

 

                     
 

The distance PQ will be the magnitude of the vector PQ . 

 

P(1, 1, 0)   and   Q 







−

2

1
,

2

5
,0        PQ



















−

−

=
















−



















−

=−=

2
1
2

3

1

0

1

1

2
1
2

5

0

pq  

 

2

14

4

14

4

1

4

9
1

2

1

2

3
)1(

22

2 ==++=







−+








+−=PQ  

 

Hence the shortest distance from P to L is 
2

14
=PQ  and this is the shortest distance since 

PQ is perpendicular to L. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



16.(a) First find two vectors which lie in the plane, eg AB  and AC . 

 

 AB

















−=
















−
















−=−=

0

2

1

1

1

1

1

1

2

ab    and   AC















−

=
















−
















=−=

2

2

1

1

1

1

3

3

0

ac  

 

 A normal vector for the plane is then given by    

 

=n ACAB 
21

21

21

01

22

02

221

021
−

−
+

−
−

−
=

−

−= kji

kji

 

                                               ( ) ( ) ( ))1)(2()2(1)1(0)2(1)2(0)2)(2( −−−+−−−−−= kji  

                                               )0()2()4( kji +−−=  

                                               ji 24 −−=  

 

Equation of plane:   =−− yx 24    for some constant   

 

To evaluate  , substitute the coordinates of a point in the plane, eg A(1, 1, 1). 

 

=−− yx 24        =−− )1(2)1(4        6−=  

 

The equation of the plane is   624 −=−− yx    or   624 =+ yx    or   32 =+ yx . 

 

     (b) Let   tx = . 

 

 plane 1 :   32 =+ yx        32 =+ yt        ty 23−=   

 

 Hence the parametric equation for y is   ty 23−= . 

 

 plane 2 :   23 =−+ zyx         2)23(3 =−−+ ztt      

              269 =−−+ ztt   

              295 =−+− zt  

              952 −+=− tz   

              tz 57 +−=−  

                 tz 57 −=   

 

Hence parametric equations for the line of intersection of the two planes are 

tx = ,   ty 23−= ,   tz 57 −= . 

 

 

 

 



     (c) plane 1 :         32 =+ yx  

plane 2 :   23 =−+ zyx  

 

The angle,  ,  between planes 1  and 2  is the angle between the two normal vectors for 

the planes. 

 

Hence   
21

21cos
nn

nn •
=    where 

















=

0

1

2

1n  and 
















−

=

1

3

1

2n . 

 

5)1(0)3(1)1(2

1

3

1

0

1

2

21 =−++=
















−

•
















=• nn  

 

5014012 222

1 =++=++=n     

 

11191)1(31 222

2 =++=−++=n  

 

Hence   ...67410
115

5
cos ==        == − 647...67410cos 1  (to 1 dp) 

 

The acute angle between planes 1  and 2  is 647 . 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



17.(a) The vector BT  is a direction vector for the line BT. 

 

 BT

















−

−

=
















−
















−

−

=−=

5

30

10

1

8

7

6

22

3

bt  

 

 Note that   
















−

−

=

1

6

2

5BT ,  so we can use the vector   
















−

−

=

1

6

2

d  as a direction vector. 

 

 Using the point B(7, 8, 1), the equation of the line in symmetric form is 

 

 t
zyx

=
−

=
−

−
=

−

−

1

1

6

8

2

7
       72 +−= tx ,   86 +−= ty ,   1+= tz  

 

 Hence parametric equations for the line BT are   72 +−= tx ,   86 +−= ty ,   1+= tz . 

 

     (b) First find two vectors which lie in the plane, eg PQ  and PR . 

 

 PQ
















−

−

=
















−
















=−=

2

1

1

9

1

2

7

2

1

pq    and   PR

















−

−

=
















−














−

=−=

8

6

5

9

1

2

1

7

3

pr  

 

 A normal vector for the plane is then given by    

 

=n PRPQ 
65

11

85

21

86

21

865

211
−

−
+

−−

−−
−

−

−
=

−−

−−= kji

kji

 

                                             ( ) ( ) ( ))5(1)6)(1()5)(2()8)(1()6)(2()8(1 −−−+−−−−−−−−−= kji                                     

                                             )1()2()4( −+−−= kji  

                                             kji −+= 24  

 

Equation of plane:   =−+ zyx 24    for some constant   

 

To evaluate  , substitute the coordinates of a point in the plane, eg P(2, 1, 9). 

 

=−+ zyx 24        =−+ 9)1(2)2(4        1=  

 

The equation of the plane is   124 =−+ zyx . 

 

 



     (c) H is the point of intersection of the line in (a) and the plane in (b). 

 

To find the point of intersection of the line and the plane, substitute the parametric equations 

for the line into the equation of the plane. 

 

124 =−+ zyx        1)1()86(2)72(4 =+−+−++− ttt  

          111612288 =−−+−+− ttt  

          14321 =+− t  

          4221 −=− t  

                 2=t  

 

Then   37)2(272 =+−=+−= tx  

            48)2(686 −=+−=+−= ty  

            3121 =+=+= tz  

 

 Hence the point of intersection of the line and the plane is H(3, −4, 3). 

 

 Notes 

 

(1) Any multiple of the vector 
















−

−

=

5

30

10

BT  can be used as a direction vector for the line 

BT. 

 

(2) Parametric equations for the line BT can be written down directly using the 

coordinates of a point on the line and components of a direction vector.  

 

 The line BT passes through the point B(7, 8, 1) and is parallel to the vector 

kjid +−−= 62 , so parametric equations for line BT are    

tx 27 −= ,   ty 68 −= ,   tz += 1 . 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



18.(a) 1L :   sx += 2 ,   sy −= ,   sz −= 2     

 

2L :   tx 21−−= ,   ty = ,   tz 32 +=  

 

Equating x       ts 212 −−=+        32 −=+ ts  ...(1) 

 

 Equating y       ts =−        0=−− ts        0=+ ts  ...(2) 

 

 Equating z       ts 322 +=−        03 =−− ts        03 =+ ts    ...(3) 

     

 Solving equations (1) and (2) gives 3=s  and 3−=t . 

 

If the lines 1L  and 2L  intersect, the values of s and t will also satisfy equation (3).  

 

Check in (3):   6)3(333 −=−+=+ ts     

 

03 + ts ,   hence the values of s and t do not satisfy equation (3) and the lines 1L  and 2L  

do not intersect. 

 

 (b) The direction of line 3L  is perpendicular to the directions of both 1L  and 2L , hence a 

direction vector for line 3L  is given by   213 ddd = ,   where 1d , 2d  and 3d  are direction 

vectors for the lines 1L , 2L  and 3L  respectively. 

 

 1L :   sx += 2 ,   sy −= ,   sz −= 2        
















−

−=

1

1

1

1d  

 

2L :   tx 21−−= ,   ty = ,   tz 32 +=        














−

=

3

1

2

2d  

 

12

11

32

11

31

11

312

111213
−

−
+

−

−
−

−−
=

−

−−== kji

kji

ddd  

                                               ( ) ( ) ( ))2)(1()1(1)2)(1()3(1)1)(1()3)(1( −−−+−−−−−−−= kji  

                                               )1()1()2( −+−−= kji  

                                               kji −−−= 2  

 

 

 

 



 Line 3L  passes through the point P(1, 1, 3) and is parallel to the vector kjid −−−= 23 . 

 

 Equation of line 3L  in symmetric form:   =
−

−
=

−

−
=

−

−

1

3

1

1

2

1 zyx
 

 

 Parametric equations for line 3L :   12 +−= x ,   1+−= y ,   3+−= z  

 

    (c) 3L :   12 +−= x ,   1+−= y ,   3+−= z  

 

 2L :   tx 21−−= ,   ty = ,   tz 32 +=  

 

 Equating x       t2112 −−=+−         222 −=+− t  ...(1) 

 

 Equating y       t=+− 1        1−=−− t        1=+ t  ..(2) 

 

 Equating z       t323 +=+−         13 −=−− t        13 =+ t  ...(3) 

   

 Solving equations (1) and (2) gives 1=  and 0=t . 

 

To verify that the lines 3L  and 2L  intersect, we must check that the values of   and t also 

satisfy equation (3).  

 

Check in (3):   1)0(313 =+=+ t     

 

The values of   and t also satisfy equation (3), hence the lines 3L  and 2L  intersect. 

 

11)1(212 −=+−=+−= x   or 1)0(2121 −=−−=−−= tx  

0111 =+−=+−= y   or 0== ty  

2313 =+−=+−= z   or 2)0(3232 =+=+= tz  

 

The point of intersection is Q(−1, 0, 2). 

 

 

 

 

 

 

 

 

 

 

 



To verify that the point P lies on line 1L , we must verify that the coordinates of P satisfy the 

equation of line 1L . 

 

1L :   sx += 2 ,   sy −= ,   sz −= 2  

 

At the point P(1, 1, 3) where 1=x , 1=y  and 3=z : 

 

sx += 2        s+= 21        1−=s  

 

sy −=           s−=1           1−=s  

 

sz −= 2        s−= 23        s−=1        1−=s  

 

Hence 1−=s  gives 1=x , 1=y  and 3=z , thus giving the point P(1, 1, 3). 

So the point P lies on line 1L . 

 

     (d) The distance PQ will be the magnitude of the vector PQ . 

 

P(1, 1, 3)   and   Q(−1, 0, 2)       PQ

















−

−

−

=
















−














−

=−=

1

1

2

3

1

1

2

0

1

pq  

 

6114)1()1()2( 222 =++=−+−+−=PQ  

 

Hence   6=PQ  

 

 Notes 

 

(1) Note that   )2(23 kjikjid ++−=−−−= ,   so the vector kji ++2  could instead 

be used as a direction vector for line 3L . Any multiple of 3d  can be used as a 

direction vector for line 3L . 

 

(2) Parametric equations for the line 3L  can be written down directly using the 

coordinates of the point P and components of a direction vector.  

 

 The line 3L  passes through the point P(1, 1, 3) and is parallel to the vector 

kjid −−−= 23 , so parametric equations for line 3L  are    

21−=x ,   −= 1y ,   −= 3z . 

 

 



19.(a) The intersection of the planes 1 , 2  and 3  is a line when the system of equations 

contains a redundant equation. 

 

          x − 2y + z = −4 

      3x − 5y − 2z = 1 

−7x + 11y + az = −11 

  

 The matrix of coefficients is 
















−−

−−

−−

11117

1253

4121

a

  

 

     
















−+−

−

−−

39730

13510

4121

a

  

 

     
















−

−

−−

0800

13510

4121

a

  

 

 Redundancy will occur when all the entries in 3R  are zero. 

 

 Hence redundancy will occur when   08 =−a        8=a     

 

 The intersection of the planes 1 , 2  and 3  is a line when 8=a . 

 

     (b) Let   tz = . 

 

 2R        135 =− zy        135 =− ty        ty 513 +=  

 

 1R        42 −=+− zyx        4)513(2 −=++− ttx     

                41026 −=+−− ttx  

                4926 −=−− tx  

                tx 9264 ++−=  

                tx 922 +=  

 

 Hence parametric equations for the line of intersection of the planes are 

 tx 922 += ,   ty 513 += ,   tz = . 

 

 

 

 

 

           122 3RRR −→  

                  133 7RRR +→  

            1R  

            2R  

                          233 3RRR +→  

          1R  

          2R  

                                                                                                          3R  

     1R  



     (c) (i) plane 1 :            42 −=+− zyx  

plane 4 :   206159 =++− zyx  

 

The angle,  ,  between the planes 1  and 4  is the angle between the two normal 

vectors for the planes. 

 

Hence   
41

41cos
nn

nn •
=    where 

















−=

1

2

1

1n  and 














−

=

6

15

9

4n . 

 

33)6(1)15)(2()9(1

6

15

9

1

2

1

41 −=+−+−=














−

•
















−=• nn  

 

61411)2(1 222

4 =++=+−+=n     

 

3423622581615)9( 222

4 =++=++−=n  

 

Hence   ...72840
3426

33
cos −=

−
=        ...)72840(cos 1 −= −   

      = 8136  (to 1 dp) 

 

The acute angle between the planes 1  and 4  is   =− 2438136180 . 

 

 (ii) Let 2n  and 4n  be normal vectors for the planes 2  and 4  respectively. 

 

  plane 2 :   1253 =−− zyx        
















−

−=

2

5

3

2n  

 

  plane 4 :   206159 =++− zyx        














−

=

6

15

9

4n  

 

  24 3

2

5

3

3

6

15

9

nn −=
















−

−−=














−

=  

 

 24 3nn −= ,   hence the normal vectors 2n  and 4n  are parallel meaning that the 

planes 2  and 4  are parallel. 

 



 Note 

 

 If the system of equations has a unique solution for x, y and z, then the intersection of the 

planes 1 , 2  and 3  will be a point. 

 

 If the system of equations is inconsistent with no solution, then the planes 1 , 2  and 3  

will not intersect. 

 


