ADVANCED HIGHER MATHEMATICS

Solutions to Exam Questions on Vectors

1. u=-2i+5k v=3i+2j—k w=—i+j+4k

i j ok
12 - 13 - 3 2
e e
1 4| -1 4] |-1 1
-1 1 4
=i(2(4) - (-)®)- J(3(4) - (-1)(-D)+ k(3(1) — 2(-1))
=i(9) - j(11) +k(5)
=9i-11j+5k
-2 9
u.(vxw)=| 0 |.|-11|=(-2)(9) +0(-11) +5(5) =7
5 5

2. u=5i+13j, v=2i+j+3k, w=i+4j-k
] kK
1 3| 2 3 2 1
vxw=2 1 3|=i -] +k
1 4
1 4

4 -1 N -

=i(L(-1)-3(4))- j(2(-1) - 31)) + k(2(4) - 1(2))
=i(-13) - j(-5) + k(8)

=-13i+5)+8k
5)(-13
u.(vxw)=[13|.| 5 |[=5(-13)+13(5)+0(8)=0
0 8

u.(vxw)=0, sothe vector uis perpendicular to the vector vxw.



First find parametric equations for the line.

X-3 y-2 z+1
4 -1 2

t = x=4+3, y=-t+2, z=2t-1

To find the point of intersection of the line and the plane, substitute the parametric equations
for the line into the equation of the plane.

2X+y—-2=4 = 2(4t+3)+(-t+2)-(2t-1)=4
= 8t+6-t+2-2t+1=4
= bt+9=14
= 5t=-5
= t=-1

Then x=4t+3=4(-)+3=-1
y=-t+2=—(-1)+2=3
z2=2t-1=2(-1)-1=-3

Hence the point of intersection of the line and the plane is (-1, 3, —-3).

First find two vectors which lie in the plane, eg @ and PR.

1 -2 3 3 -2 5
ﬁj:q_p: 2|1-1 1 |=|1| and ﬁi:r—p: 0l—=| 1 |=|=-1
3 -1 4 1 -1 2

A normal vector for the plane is then given by

i
n=PQxPR=[3 1
5 -1

1 4 3 4
-1 2 5 2

K 3 1JJ
5 _
=i(1(2) - 4(-1))- j(3(2) - 4(5)) + k(3(-1) - 1(5))

= i(6) - j(~14) + k(-8)
= 6i+14 )-8k

Kk
4=i‘
2

Equation of plane: 6x+14y—-8z =4 for some constant 4
To evaluate A, substitute the coordinates of a point in the plane, eg R(3, 0, 1).
6x+14y-8z=14 = 6(3)+14(0)-81)=4 = 1=10

The equation of the planeis 6x+14y—-8z=10 or 3x+7y—-4z=>5.



5.(a) First find two vectors which lie in the plane, eg AB and AC .

3) (1 2 2) (1 1
AB =b-a=|1|-|1]|=| 0| and AC =c-a=| 0 |-|1|=|-1
-1} lo) (-1 ~3) lo) (-3

A normal vector for the plane is then given by

i j Kk
n=ABxAC =2 0 -1=i
1 -1 -3

o -1 12 -1
N

2 0
-1 -3 1 -3 |1 —]J
=i(0(=3) - (-D(-1))- j(2(-3) - (-D(@)) + k(2(-1) - 0(L))
=i(-1) - j(-5) + k(-2)
=—i+5j-2k

Equation of plane: —x+5y—-2z=4 for some constant A
To evaluate A, substitute the coordinates of a point in the plane, eg A(1, 1, 0).
-X+5y-2z2=1 = -1+51)-20)=4 = A1=4

The equation of the planeis —x+5y—-2z=4.



(b)

plane 7,: —Xx+5y—-2z=4
plane z,: X+2y+z2=3

The angle, @, between the planes 7, and =, is the angle between the two normal vectors
for the planes.

-1 1
Hence cosd=""""2 \yhere n=|5|andn,=|2].
Inyn,|
-2 1
-1 1
nen,= 5 (e 2|=(-D)O)+52)+(-2))=7
-2 1

In|=y(-D)?+52+(-2) =1+ 25+4 =30 and |n,[=v12+22+1? =1+4+1=+/6

Hence cosH:L:O-SZN... — @=cos " 0-5217...=58-55° (to 2 dp)

V/304/6

The acute angle between the planes 7, and 7, is 58 -55°.



6.(a) First find two vectors which lie in the plane, eg AB and AC .

0) (1) (-1 1) (1 0
AB =b—-a=|2|-|0]|=| 2| and AC =c—a=|1|-|0]|=]| 1
~1) 3] (-4 0) (3) |-3

A normal vector for the plane is then given by

i J kK
—_— 2 -4 -1 -4 |-1 2
N=ABxAC =|-1 2 —-4/=i -] +k
1 -3 0 -3 0 1
0 1 -3

=i(2(-3 - (-4©)- J(-D(3) - (-9(0) + k(DD - 2(0))
=i(-2)- j(3) +k(-1)
=-2i-3j-k

Equation of plane: —2x-3y—z=A4 for some constant A

To evaluate A, substitute the coordinates of a point in the plane, eg A(Z, 0, 3).

-2x-3y-z=4 = -21)-30)-3=4 = A1=-5

The equation of the planeis —2x—-3y-z=-5 or 2x+3y+z=5.



(b)

(©)

plane z,: 2x+3y+z=5
plane z,: X+y—-2=0

The angle, @, between the planes 7, and =, is the angle between the two normal vectors
for the planes.

Hence cosf =122 where n,=|/3|and n, = :
s _
1 1
2 1
nen,=|3e| 1 |=2(0)+3@1)+1(-1) =4
1) (-1

In|=v22+32+1* =J4+9+1=+14 and |n,[=y1?+1*+(-1)? =V1+1+1=+3

Hence cosH:L:O-GNZ... = #=c0s"'0-6172...=51-9° (to 1 dp)

V1443
The acute angle between the planes 7, and 7, is 51-9°.

First find parametric equations for the line.

x-11 y-15 z-12

= x=4t+11, y=5t+15, z=2t+12
4 5 2

To find the point of intersection of the line and plane =, , substitute the parametric equations
for the line into the equation of the plane.

X+y—-z=0 = 4t+11+(5t+15)—-(2t+12)=0
4t+11+5t+15-2t-12=0
7t+14=0

t=-14

t=-2

b J Uy

Then x=4t+11=4(-2)+11=3
y=5t+15=5(-2)+15=5
z=2t+12=2(-2)+12=8

Hence the point of intersection of the line and plane =, is (3, 5, 8).



7.(a) First find two vectors which lie in the plane, eg AB and AC .

1) (0 1 0y (0) (0
AB =b-a=|0|-|-1|=|1| and AC =c—-a=|0|-|-1|=|1
3/ 13) o 5/ |3 2

A normal vector for the plane is then given by

Ao 1 0
=1 -] +k
12 10 22 [0

e
N O OX

i
n=ABxAC =|1
0
=i(l(2)-0() - i(1(2) - 0(0)) + k(D) ~1(0))
=1(2) - j(2) + k(D)
=2i-2j+Kk
Equation of plane: 2x-2y+z=A4 for some constant 1
To evaluate A, substitute the coordinates of a point in the plane, eg C(0, 0, 5).
2X-2y+z=4 = 20)-2(0)+5=14 = A=5
The equation of the planeis 2x—-2y+z=5.
(b) Plane 7, has normal vector — j+k.
Equation of plane z,: —y+z=pu forsome constant u
To evaluate y, substitute the coordinates of A(0, -1, 3).
-y+z=pu = —-(-D+3=p = u=4

The equation of the plane 7, is —y+z=4.



(©)

plane z,: 2x-2y+z=5
plane z,: —y+z=4

The angle, @, between planes 7, and 7, is the angle between the two normal vectors for
the planes.

2 0
Hence cosd=""""2 \yhere n=|-2|and n,=|-1].
Inyn,|
1 1
2 0
nen,=|-2e-1|=2(0)+(-2)(-1) +1(1) =3
1 1

n| =422 +(-2)? +12 =Ja+4+1=9=3

n,|=+/0% +(-1)2 +12 =0 +1+1=+2

Hence cosé = = = cosl(ij = 45°

st
32 V2 J2

The acute angle between planes 7, and 7, is 45°.



8.(a)

To find the point of intersection of the lines L, and L,, first find parametric equations for
each line.

L: x=4434, y=2+4r, z=-71

Xx-3 y-8 z+1

L,: t > x=-2t+3, y=t+8, z=3t-1
-2 1 3

Equatingx = 4+31=-2t+3 = 31+2t=-1 ..(1)

Equatingy = 2+41=t+8 = 41-t=6 ..(2)

Equatingz = -71=3t-1 = -71-3t=-1
=  7A+3t=1. ..(3)

Solving equations (1) and (2) gives A =1 and t =-2.

To verify that the lines L, and L, intersect, we must check that the values of 4 and t also
satisfy equation (3).

Check in (3): 7A+3t=7(1)+3(-2)=1
The values of A4 and t also satisfy equation (3), hence the lines L, and L, intersect.

X=4+31=4+31) =7 or X=-2t+3=-2(-2)+3=7
y=2+41=2+4() =6 or y=t+8=-2+8=6
1=-TA=-10)=-7 or z=3t-1=3(-2)-1=-7

The point of intersection is (7, 6, 7).



(b) The angle, 8, between the lines L, and L, is the angle between the two direction vectors

for the lines.
Hence cosezm.
dd,
3
L: x=4+31, y=2+4L, z=-T4 = d,=| 4
-7
-2
L,: x—23:y18:z;rl d,=| 1
- 3
3 -2
d,ed,=| 4 |e| 1 [=3(-2)+4Q1)+(-7)(3)=-23
-7 3

d,| = 3 +4% +(=7)° =/9+16+49 =74

d,|=(-2)2 +12 +3% =\4+1+9 =14

Hence cosé = =—0-7145.. = 6@ =cos(-0-7145...)=135-6° (to 1 dp)

- 23
V7414

The obtuse angle between the lines L, and L, is 135-6°.



9.(a)

(i)

To find the point of intersection of the lines L, and L,, first find parametric
equations for each line.

L: x=8-2t, y=-4+2t, z=3+t

L,: _izz%:z—ggzz = Xx=-21, y=-A-2, 1=2A+9
Equatingx = 8-2t=-214 = -2t+241=-8 (1)
Equatingy = -4+2t=-1-2 = 2t+1=2 ..(2)
Equatingz = 3+t=21+9 = t-21=6 ..(3)

Solving equations (1) and (2) gives t=2 and 4 =-2.

To verify that the lines L, and L, intersect, we must check that the values of tand 4
also satisfy equation (3).

Checkin (3): t-21=2-2(-2)=6 +

The values of t and A also satisfy equation (3), hence the lines L, and L, intersect.
Xx=8-2t=8-2(2)=4 or X=-21=-2(-2)=4
y=—4+2t=-4+2(2)=0 or y=-A-2=—(-2)-2=0

z=3+t=3+2=5 or 2=21+9=2(-2)=9=5

The point of intersection is (4, 0, 5).



(i)

The angle, €, between the lines L, and L, is the angle between the two direction
vectors for the lines.

Hence cosezm.
dd,
-2
L: x=8-2t, y=-4+2t, z=3+t = d;=| 2
1
2 9 2
L2 L:y—i— :Z; = d2= -1
-2 -1 2
2
-2 -2
d,ed,=| 2 || -1 |=(-2)(-2)+2(-)+1(2)=4
1 2

| =(-2)2 +22 +12 = J4+4+1=9 =3

d,|=y/(-2)% +(-D)? +22 =J4+1+4 =9 =3

= 0= cosl(ﬁ)
9

The acute angle between the lines L, and L, is cos‘l[gj.

Hence cos@ = i =
3(3)

(NN



) @ The plane IT is perpendicular to the line L,, so a direction vector for the line L, will
also be a normal vector for the plane IT.

) )
L Y2279 g 1| o ne| —1|=—2i—j+2k
2 1 2 , ,

Equation of plane IT: —-2x—y+2z=A1 for some constant 1

To evaluate A, substitute the coordinates of the point (1, —4, 2) which is in the
plane IT.

-2X-y+2z=14 = -20)-(4)+22)=4 = A1=6
The equation of the plane IT is —2x—-y+2z=6.
(i) L: x=8-2t, y=—4+2t, z=3+t

To find the point of intersection of the line L, and the plane IT, substitute the
parametric equations for L, into the equation of the plane IT.

—-2X-y+2z=6 = -2(08-2t)-(-4+2t)+2(3+t)=6
= -16+4t+4-2t+6+2t=6
= 4t-6=06
= 4t =12
= t=3

Then x=8-2t=8-2(3)=2
y=—4+2t=-4+23)=2
z=3+t=3+3=6

Hence the point of intersection of the line L, and the plane IT is (2, 2, 6).



10.(a) To find the point of intersection of the lines L, and L,, first find parametric equations for
each line.

X+6 y-1 z-2

L :
Y3 -1 2

=t = x=3t-6, y=-t+1, z=2t+2

L, XES_YHE 2 w_aio5, y=i-4, 71-42

Equatingx = 3t-6=41-5 = 3t-41=1 ..(1)

Equatingy = -t+l=1-4 = -t-4A=-5 = t+1=5 ..(2
Equatingz = 2t+2=414 = 2t-41=-2 ..(3)

Solving equations (1) and (2) gives t=3 and 4 =2.

To verify that the lines L, and L, intersect, we must check that the values of tand 4 also
satisfy equation (3).

Checkin (3): 2t—-41=2@3)-4(2)=-2

The values of t and A also satisfy equation (3), hence the lines L, and L, intersect.
x=3t-6=33)-6=3 or X=41-5=4(2)-5=3
y=—t+1=-3+1=-2 or y=A-4=2-4=-2

7=2t+2=2(3)+2=8 or z=41=4(2)=8

The point of intersection is (3, -2, 8).



(b) First find a direction vector for each line.

3
L: x+6:y—1:z—2:t — d,=|-1
3 -1 2
2
4
L,: x_+5=y+4=£=/1 = d,=|1
4 1 4 4

The direction vectors d, and d, are parallel to the plane containing the lines L, and L, .

Hence a normal vector for the plane 7z is given by

i j Kk
12 32 3 -
n=d,xd,=[3 -1 2/=i —i> J+k
1 4 14 4 4 1
4 1 4

=i((-D)(4) - 21) - j(3(4) - 2(4))+ k(3@ - (-1)(4))
=i(-6) - j(4) +k(7)
=—6i—-4j+7k

Equation of plane: —6x—4y+7z=u for some constant u

To evaluate y, substitute the coordinates of a point in the plane.
The point of intersection of the lines L, and L, is in the plane containing the lines L, and
L, , so we can use the point (3, -2, 8) to find « .

—6x-4y+Tz=p = -6(3)-4(-2)+7@)=u = u=46

The equation of the planeis —6x—-4y+7z=146.



. : . n
(c) Theangle, &, between a line and a plane can be calculated using the formula sin @ = (|jd|ﬁ

n
where d is a direction vector for the line and n is a normal vector for the plane.

2
line L,: X2l _y+7_2=3 . 4|4
4 -1
-1
-6
plane 7: n=-6i-4j+7k=|—-4
7
2) (-6
den=| 4 |e| -4 |=2(-6)+4(-4)+(-1)(7) =-35

-1 7

d| = J22+42 +(-1)? =J4+16+1=+21

In| = /(=6)? + (~4)? + 7% = /36 +16 + 49 = /101

Hence sind= =3 =—0-7599... = @ =sin""(-0-7599..)=-49-46° (to 2 dp)

V214101

The acute angle between line L, and the plane = is 49 -46°.



11.(a) Line L, passes through the point P(2, 4, 1) and is parallel to the vector d, =1 +2j K.

-2 y-4 z-1
2 -1

Equation of line L, in symmetric form: =t

Parametric equations for line L,: x=t+2, y=2t+4, z=-t+1
Line, L, passes through the point Q(-5, 2, 5) and is parallel to the vector d, =—4i+4j+k .

X+5 y-2 z-5
—4 4 1

Equation of line L, in symmetric form: =1

Parametric equations for line L,: x=-41-5, y=41+2, z=1+5
(b) L;: x=t+2, y=2t+4, z=-t+1

L,: X=—-44A-5, y=44+2, z=1+5

Equatingx = t+2=-41-5 = t+4i=-7 ..(1)
Equatingy = 2t+4=41+2 = 2t-41=-2 ..(2)
Equatingz = -t+1=4+45 = -t-1=4 -.(3)

Solving equations (1) and (2) gives t =-3 and 1 = -1.

To verify that the lines L, and L, intersect, we must check that the values of tand A also
satisfy equation (3).

Checkin(3): —t-A=—(-3)-(-1)=3+1=4 +

The values of tand A also satisfy equation (3), hence the lines L, and L, intersect.
X=t+2=-3+2=-1 or X=-41-5=—-4(-1)-5=-1
y=2t+4=2(-3)+4=-2 or y=4A+2=4(-)+2=-2

z=-t+1=—-(-3)+1=4 or Z=A+5=-1+5=4

The point of intersection is (-1, -2, 4).



() d,=i+2j-k, d,=-4i+4j+k
The direction vectors d, and d, are parallel to the plane containing the lines L, and L, .

Hence a normal vector for the plane is given by

-4 4

=i(2Q) - (-1)(4) - jQQ) - (-1)(-4))+ k(1(4) - 2(-4))
=i(6) — j(-3) + k(12)

=6i+3)+12k

Equation of plane: 6x+3y+12z =4 for some constant u

To evaluate u , substitute the coordinates of a point in the plane.
The point of intersection of the lines L, and L, is in the plane containing the lines L, and
L, , so we can use the point (-1, -2, 4) to find x .

6Xx+3y+12z=pu = 6(-)+3(-2)+12(4)=p = wn=36
The equation of the plane is 6x+3y+12z2=36 or 2x+y+4z=12
Note

Parametric equations for the lines L, and L, can also be written down directly using the
coordinates of the points and components of the direction vectors.

Line L, passes through the point P(2, 4, 1) and is parallel to the vector d, =i+2j -k, so
parametric equations for line L, are x=2+t, y=4+2t, z=1-t.

Line L, passes through Q(-5, 2, 5) and is parallel to the vector d, =—4i+4j+k , so
parametric equations for line L, are x=-5-41, y=2+44, z=5+1.



12.(a) To find when the lines L, and L, intersect, first find parametric equations for each line.
L : XT_l:—:—:t = Xx=kt+1, y=-t, z=t-3

Xx—4 y+3 z+3

L,:
112

=4 = x=A+4, y=41-3, z=21-3

Equatingx = kt+l=1+4 = kt-1=3 ..(1)
Equatingy = -t=1-3 = -t-1=-3 = t+41=3 ..(2)
Equatingz = t-3=21-3 = t-24=0 ..(3)
Solving equations (2) and (3) gives t=2 and 4 =1.
When the lines L, and L, intersect, the values of tand 4 will also satisfy equation (1).
Substitute t =2 and 4 =1 into equation (1): kt-1=3 = k(2)-1=3
= 2k =4
= k=2

Hence the lines L, and L, intersect when k =2.

X=kt+1=2t+1=2(2)+1=5 or X=A4+4=1+4=5
y=-t=-2 or y=14-3=1-3=-2
z=t-3=2-3=-1 or 1=21-2=2()-3=-1

The point of intersection is (5, —2, —1).



(b) The angle, @, between the lines L, and L, is the angle between the two direction
vectors for the lines.

d, ed,

Hence cosf=——=.
dd,

d,ed, =| —1|e| 1 |=2(0)+(-1)(1) +1(2) =3
1) |2

dy| =27 +(-D)? +1> =J4+1+1=/6

d,|=v1* +17 +2* =V1+1+4 =6

Hence cosé = 8 _3_ % = O= cosl(éj =60°

V66 6

The acute angle between the lines L, and L, is 60°.



13.

Let z=t.
plane z,: Xx—-4y+2z=1 = x-4y+2t=1 = x-4y=1-2t ..(1)
plane 7,: x-y-z=-5 = x-y-t=-5 = x-y=-5+t ..(2)

To find parametric equations for the line of intersection of the two planes, solve equations
(1) and (2) simultaneously to find expressions for x and y in terms of t.

(1) - (2) eliminatesx = (x—4y)—-(x—-y)=(@1-2t)—(-5+1t)
= X—-4y—-Xx+y=1-2t+5-t
= -3y=6-3t
= y=-2+t or y=t-2
To find x, substitute y=t—2 into equation (2):
X—y=-5+t X—(t-2)=-5+t
X—t+2=-5+t

X=-5+t+t-2
X=2t-7

buu

Hence parametric equations for the line of intersection of the two planes are
Xx=2t-7, y=t-2, z=t.

To show that the line of intersection lies in the plane with equation x+2y—4z =-11,
verify that the parametric equations for x, y and z satisfy the equation of the plane.

X+2y—4z=2t-7+2(t—2) -4t
=2t-7+2t—-4-4t
=-11

Hence the line of intersection lies in the plane with equation x+2y -4z =-11,



14.(a) To find parametric equations for the line of intersection of the two planes, let x = 1.
plane 7z,: X+y-z=6 = A+y-2=6 = y—-z=6-14 ..(1)
plane z,: 2x-3y+2z=2 = 2A-3y+2z=2 = -3y+2z=2-21 ..(2)

Now solve equations (1) and (2) simultaneously to find expressions for x and y in terms
of 4.

3x(1)+ (2) eliminatesy = 3(y—2z)+(-3y+2z)=3(6-1)+(2—-2A4)
= 3y-3z-3y+2z=18-31+2-24
= -1=20-54
= z=-20+54
= z=54-20

To find z, substitute z=54-20 into equation (1):

y-2=6-14 = y-(51-20)=6-41
= y-51+20=6-41
= y=6-1+51-20
= y=-14+42
= y=41-14

Hence parametric equations for the line of intersection of the two planes are
X=A4, y=41-14, 72=51-20.



. : . n
(b) The angle, &, between a line and a plane can be calculated using the formula sin @ = (|jd|ﬁ

n
where d is a direction vector for the line and n is a normal vector for the plane.

1
lineL: x=4, y=41-14, z=51-20 = d=|4
5
-5
plane: -5x+2y—-4z=1 = n=| 2
-4
1) (-5
den=|4|el 2 |=1-5)+4(2)+5(-4)=-17
5) -4
d|= 1% + 42 +5% =1+16 + 25 = V42
In|=/(-5)2 +22 + (-4)? =25+ 4+16 = /45
Hence sine—_—ﬂ——0-3910 = 6 =sin""(-0-3910...) = -23-02° (to 2 dp)
J42./45

The acute angle between line L and the plane is 23-02°.



15.(a)

(b)

The plane is perpendicular to the line L, so a direction vector for the line L will also be a
normal vector for the plane.

2 2
line: 1o Y=2_ 2 o g_|1| = n=|1|=2i+j-k
2 1 1 . .

Equation of plane: 2x+y—-z=A4 for some constant 4

To evaluate A, substitute the coordinates of the point P(1, 1, 0) which is in the plane.
2X+y-z=14 = 20)+1-0=4 = A4=3

The equation of the planeis 2x+y—-z=3.

First find parametric equations for the line.

Xx+1 y-2

_=i=t = x=2t-1, y=t+2, z=-
1 -1

To find the point of intersection of the line L and the plane, substitute the parametric
equations for the line L into the equation of the plane.

2X+y-2=3 = 2(2t-)+(@{t+2)—(-t)=3
= 4H4-2+t+2+t=3

= 6t=3
= t:1
2

Then x=2t-1= 2(%)—1:0

5
=t+2=="+2=—
Y 2

Z=—t=-=

Hence the point of intersection of the line and the plane is Q(O,%,—%} .



(c) The shortest distance from the point P to the line L is the distance PQ, since PQ is
perpendicular to the line L (see diagram below).

line L
/,’,/fgg
plane
P ®
The distance PQ will be the magnitude of the vector FQ

0 1 [ -1
5 1 —
02 —a—p=| 5/ 1-11]-1 3
P(1,1,0) and Q(O,Z, 2) = PQ=q-p=| % |-|1|=| %

- o (3] (4] o3

J14

Hence the shortest distance from P to L is PQ = > and this is the shortest distance since

PQ is perpendicular to L.



16.(a) First find two vectors which lie in the plane, eg AB and AC .

2\ (1 1 0) (1) (-1
AB =b-a=|-1|-|1|=|-2| and AC =c-a=|3]|-|1]|=]| 2
1) |1 0 3/ (1) |2

A normal vector for the plane is then given by

[ j ok
— — : -2 0 |1 O 1 -2
Nn=ABxAC =|1 -2 0[=i -] +k
2 2 -1 2 -1 2
-1 2 2

=i((-2)(2) - 0(2)) - j(1(2) - 0(-1) + k(1(2) - (-2)(-1))
= i(~4) - j(2) + k(0)
= —4i-2j

Equation of plane: —4x-2y =4 for some constant 4

To evaluate A, substitute the coordinates of a point in the plane, eg A(1, 1, 1).

—4x-2y=1 = -4D)-2)=1 = A=-6

The equation of the planeis —4x—2y=-6 or 4x+2y=6 or 2x+y=3.
(b) Let x=t.

plane 7,: 2x+y=3 = 2t+y=3 = y=3-2t

Hence the parametric equation foryis y=3-2t.

t+3(3-2t)—z=2
t+9-6t—z=2
-5t+9-z=2
—z=2+5t-9
—Z=-7+5t
z=7-5t

plane 7,: x+3y—-z=2

R VR A

Hence parametric equations for the line of intersection of the two planes are
x=t, y=3-2t, z=7-5t.



(c) plane 7,: 2X+y=3
plane z,: X+3y—-z=2

The angle, @, between planes 7, and 7, is the angle between the two normal vectors for
the planes.

n en
L2 wheren,=[1]and n, =

Hence cos@ = .
|nl||n2| 0 -1

2 (1
nen,=[1le| 3 [=2()+13)+0(-1) =5
0) (-1

In,|=v22+1? +0% =V/4+1+0=+/5

n,| =1 +3% + (-1) =1+9+1=411

Hence cosH:L:O-6741... = @=cos"'0-6741...=47-6° (to 1 dp)

V5411

The acute angle between planes 7, and =, is 47 -6°.



17.(a) The vector BT is a direction vector for the line BT.

-3 7 -10
BT =t—bh=|-22|-|8|=|-30
6 1 5
-2 -2
Note that ﬁzs —6 |, sowe can use the vector d =|—6| as a direction vector.
1 1

Using the point B(7, 8, 1), the equation of the line in symmetric form is

X7 _¥=8_ 2=l Ly ot47. y——6t+8, z=t+1
2 6 1

Hence parametric equations for the line BT are x=-2t+7, y=-6t+8, z=t+1.

(b) First find two vectors which lie in the plane, eg P_d and PR.

1) (2) (-1 ~3) (2) (-5
%:q_p: 2—-11]=| 1 and ﬁ:r_p: 7 |=111=] 6
7)\9) -2 1 9) (-8

A normal vector for the plane is then given by

]

. _‘1 —2‘ _‘—1 —2‘ ‘—1 1‘
N=PQxPR=|-1 1 -2=i -] +k
6 -8 -5 -8 -5 6
-5 6 -8
= i(1(-8) - (=2)(6))— j((~1)(-8) - (=2)(-5)) + k((-1)(6) - 1(-5))
=i(4) - j(=2) + k(-1
=4i+2j-k

Equation of plane: 4x+2y-z=A4 for some constant 1
To evaluate A, substitute the coordinates of a point in the plane, eg P(2, 1, 9).
A4x+2y-2=14 = 4(2)+21)-9=14 = A1=1

The equation of the plane is 4x+2y -z =1.



(c) His the point of intersection of the line in (a) and the plane in (b).

To find the point of intersection of the line and the plane, substitute the parametric equations
for the line into the equation of the plane.

4x+2y-z2=1 = 4(-2t+7)+2(-6t+8)—(t+1) =1
= -—-8t+28-12t+16-t-1=1
= -21t+43=1
= -2lt=-42
= t=2

Then x=-2t+7=-2(2)+7=3
y=-6t+8=-6(2)+8=-4
z=t+1=2+1=3

Hence the point of intersection of the line and the plane is H(3, —4, 3).

Notes
-10
(1)  Any multiple of the vector BT =| —30 | can be used as a direction vector for the line
5

BT.

(2) Parametric equations for the line BT can be written down directly using the
coordinates of a point on the line and components of a direction vector.

The line BT passes through the point B(7, 8, 1) and is parallel to the vector
d =-2i —6j +k, so parametric equations for line BT are

X=7-2t, y=8-6t, z=1+t.



18.(a) L,: x=2+s, y=-s, z=2-5
L, x=-1-2t, y=t, z=2+3t
Equatingx = 2+s=-1-2t = s+2t=-3 ..(1)
Equatingy = -s=t = -s-t=0 = s+t=0 ..(2)
Equatingz = 2-5=2+43t = -s5-3t=0 = s+3t=0 ..(3)
Solving equations (1) and (2) gives s=3 and t = -3.
If the lines L, and L, intersect, the values of s and t will also satisfy equation (3).
Check in (3): s+3t=3+3(-3)=-6

s+3t=0, hence the values of s and t do not satisfy equation (3) and the lines L, and L,
do not intersect.

(b) The direction of line L, is perpendicular to the directions of both L, and L,, hence a
direction vector for line L, isgivenby d, =d, xd,, where d,, d, and d, are direction

vectors for the lines L, L, and L, respectively.

L: x=2+s, y=-s, z=2-s = d;,=|-1

L,: x=-1-2t, y=t, z=2+3t = d,=| 1

i :
-1 -1 |1 -
d,=d,xd, =1 -1 - =I‘1 3“—]‘_2 31‘4-

12

-2 1

=i((-1)3) - (-1)®)- 1B - (-)(-2))+ k(1(D) - (-1)(-2))
=i1(=2) - j@) + k(=1

—2i—j-k



(©)

Line L, passes through the point P(1, 1, 3) and is parallel to the vector d, =-2i— j—k.

x-1 y-1 z-3
-2 -1 -1

Equation of line L, in symmetric form: =1

Parametric equations for line L,: x=-21+1, y=-A+1, z=-1+3

L, x=-24+1, y=-4+1, z=-1+3

L, x=-1-2t, y=t, z=2+3t

Equatingx = -21+1=-1-2t = -21+2t=-2 ..Q1)

Equatingy = -4A+1=t = -A-t=-1 = A+t=1 .(2)
Equatingz = -1+3=2+3t = -1-3t=-1 = 1+3t=1 .(3)
Solving equations (1) and (2) gives A =1 and t =0.

To verify that the lines L, and L, intersect, we must check that the values of 4 and t also
satisfy equation (3).

Checkin (3): A+3t=1+3(0)=1

The values of A4 and t also satisfy equation (3), hence the lines L, and L, intersect.

X=-21A+1=-2()+1=-1 or X=-1-2t=-1-2(0)=-1
y=-4+1=-1+1=0 or y=t=0
z=-1+3=-1+3=2 or 2=2+3t=2+3(0)=2

The point of intersection is Q(-1, 0, 2).



To verify that the point P lies on line L, , we must verify that the coordinates of P satisfy the

equation of line L, .

L: x=2+4s, y=-s, z2=2-5

At the point P(1, 1, 3) where x =1, y=1and z=3:

X=2+8S = 1=2+s = s=-1

1=2-5 = 3=2-5 = 1l=-5s = s=-1

Hence s=-1gives x=1, y=1 and z =3, thus giving the point P(1, 1, 3).

So the point P lies on line L,.

(d) The distance PQ will be the magnitude of the vector @

-1) (1 -2

P(1,1,3) and Q(-1,0,2) = PQ=q-p=|0 |-|1|=]-1

2 3 -1

‘Wy‘ = J2)? + ()2 +(-1)? =Va+1+1=+6

Hence PQ = J6

Notes

1)

(2)

Note that d, =-2i— j—k =—(2i+ j+Kk), sothevector 2i + j+k could instead
be used as a direction vector for line L,. Any multiple of d, can be used as a

direction vector for line L,.

Parametric equations for the line L, can be written down directly using the
coordinates of the point P and components of a direction vector.

The line L, passes through the point P(1, 1, 3) and is parallel to the vector
d, =-2i — j -k, so parametric equations for line L, are
x=1-24, y=1-1, z=3-4.



19.(a) The intersection of the planes z,, 7, and =z, is a line when the system of equations
contains a redundant equation.

X—2y+z=-4
3X—-5y-2z=1
—I/Xx+1ly+ az=-11

1 -2 1 |-4)\R,
The matrix of coefficientsis | 3 -5 -2 |1 |R, »>R,-3R,
-7 11 a |-11)R, >R, +7R,

o
[EEN
|
o1
[EEN
w
2y
N

0 -3 a+7 |-39)R, >R, +3R,

0 1 -5 [13|R,
0 R,

o
o
o]
|
oo

Redundancy will occur when all the entries in R, are zero.

Hence redundancy will occur when a-8=0 = a=8

The intersection of the planes z,, 7, and 7, isa line when a=8.
(b) Let z=t.

R, = y-5z=13 = y-5t=13 = y=13+5t

R, = x-2y+z=-4 X—2(13+5t)+t=-4
X—26-10t+t=—-4
X—26—-9t=—4

X=-4+26+0t
X=22+9t

b J Uy

Hence parametric equations for the line of intersection of the planes are
X=22+9t, y=13+5t, z=t.



(c) ()  plane 7,: X—2y+2=—4
plane z,: —9x+15y+6z=20

The angle, @, between the planes 7, and =, is the angle between the two normal
vectors for the planes.

1 -9
Hence cosf="""" \yhere n=|-2|and n, =15
|
1 6
1 -9
nen, =|—2|e| 15 | =1(-9) + (-2)(15) +1(6) = —33
1 6

N =1 +(-2)? +1> =V1+4+1=6

In,| = /(-9)? +152 + 62 = /81 + 225 + 36 = /342

Hence cosez_—%:—0-7284... = @=cos " (-0-7284..)

V6+/342
=136-8° (to 1 dp)

The acute angle between the planes 7, and 7, is 180°—-136-8°=43.2°.

(i) Let n, and n, be normal vectors for the planes z, and =, respectively.

3
plane z,: 3x-5y-2z=1 = n,=|-5
-2
-9
plane z,: —9x+15y+6z=20 = n,=|15
6
-9 3
n,={15|=-3 -5|=-3n,
6 -2

n, =-3n,, hence the normal vectors n, and n, are parallel meaning that the
planes 7, and =, are parallel.



Note

If the system of equations has a unique solution for X, y and z, then the intersection of the
planes z,, 7, and =, will be a point.

If the system of equations is inconsistent with no solution, then the planes z,, 7, and 7z,
will not intersect.



