Further Differential Equations

We already know how to solve first order separable differential equations.

We will now study more complex differential equations.

First Order Linear Differential Equations

A first order linear differential equation takes the form %+ P(x)y=f(x)
X

dy x x
e.g. &+2xy=e (P(x)=2x, f(x)=¢)
dy - 2 H 2
_ = P = y f =
™ +(sinx)y=x*  (P(x)=sinx, f(x)=x")
We may need to perform some manipulation to get the equation in this form.
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The method we use to solve this type of differential equation is called the integrating factor
method.

The integrating factor is | (X)= ejp(x)dx.

The strategy for solving these comes from the following.

| (X) _ eIP(x)dx
UGS G
(9

=P(X
=P (x

ejP(x)dx
1(x)
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We now take the equation o P(x)y=f(x).
X

(by the Chain Rule)

If we multiply both sides of our equation by I (X) we have

()1 (x)P(X)y =1 (x) F(x)



The LHS is %(I (X)y) by the product rule as %(I (x) y)=&(l (x))-y+1 (x)%

%(I (x)y)=1(x) f(x)

Now we can integrate both sides of this equation.

j(u (0 (x)P(x)y)dx:j(l (x)F (X))ix

I 5:0099))=J0001 (o
100y = [0 ()

This can now be solved for y .

This is why the integrating factor method works. It will be much clearer how it works by
example.

Examples

@ Find the general solution of j—y+ 2y = e
X

Here P(X)=2 so the integrating factor is ol _ g2t

Multiply both sides of the differential equation by the integrating factor.
d
e2x (_y_'_ zyj — e2xe3x
dx

%(eZXy) _ e5x

Now integrate both sides. J.%(ezxy)dx = jesxdx

ezxy:%ef’X +C

1 3x -2X
=—e" +Ce
y 5

1
The general solution is y = ge3x +Ce™

@ Find the general solution of the differential equation ﬂ+z =4x°.

dx x
1 . . . J.ldx Inx
P(X) == so the integrating factor is &’*  =e"™ =x.
X

Multiply both sides of the differential equation by the integrating factor.



x(ﬂ+lj =4%°

dx X

d 3
i -4
dX(xy) X

Integrate both sides. Jdi(xy)dx = J4X3dx
X

xy =x*+C
C
y=x"+—
X
The general solution is y = x +E .
X
@ Find the general solution of dy = xy_42-4 .
dx X
The equation must firstly be rearranged into the correct form.
X’ dy _ Xy + 4
dx
dy 1, 4
dx x° X
— _—ld -1 1
P(x)= —150 I.F.=eI K g _ g _
X X

Multiply both sides of the differential equation by the integrating factor.

Lo 1,) 4
xLdx x N
d(1
—| 2y |=4x7
dx(xyj

Integrate both sides. Ii(i y]dx = .|.4X‘3dx

dx\ x
Y_ ox?+cC
X
y:_—§+Cx
X

2
The general solutionis y =Cx——.
X

@ Find the general solution of the differential equation %+ 2Xy =5X.
X

J‘2xdx X2

P(X)=2X sothel.F.=¢e =e

Multiply both sides of the differential equation by the integrating factor.



X (d_y + 2ny =5xe*
dx

i(exzy) =5xe*

dx
. d X2 2 2 du
Integrate both sides Id—(e y)dx = ISxe dx Let U=X", o = 2X
X X
. 5 5
e*y=—|e'du —du =5xdx
y 2j 2
2 5 2
e*y=—¢e" +C
Y 2

2

The general solution is y =g+£X .

Questions

Find the general solution of the following differential equations.

@ﬂuy:l @d—y—2y=1—2x @xﬂ—zyzax“ @d—y—4xy:10x
dx dx dx dx

Particular Solutions of Differential Equations
If we are given initial conditions for Xand y we can find the particular solution of a

differential equation.

Examples
(D Find the unique solution of the differential equation x* % —x*+x?y =0 if when
X
x=1, y=1.
. dy
Rearrange into correct form...... ot 0
X
dy
—~Z ry=x
dx y

P(X)=l so |.F. =eIldx =g

Multiply both sides of the differential equation by the integrating factor.

<[ dy x
e | —+Yy|[=Xe
(dx yj

%(exy) = xe*



Integrate both sides J%(exy) dx = J- xe*dx .
u

ey = xe* —_[exdx

e'y=xe*-e"+C

y=x-1+Ce™
Apply the initial conditions 1=1-1+Ce™

C=e

y=x-1+ee™

So the unique solutionis y=X-1+¢"”

@ Find the particular solution of the differential equation xg—y— y =x? given that x=1
X
when y=0.
Rearrange into correct form ...... ﬂ_l =
dx X
— lld o 1
F’(X)z—l so I.F.:ej KX _ g _

X X
Multiply both sides of the differential equation by the integrating factor.

l(ﬂ_zjzl
x\dx x

d(1
| Zvl|=1
dx(xyj

Integrate both sides Ii(l dex = Ildx
dx \ x
ly:x+C
X
y = x> +Cx
Apply the initial conditions 0=1"+C
C=-1

So the particular solutionis Yy =X*—X.

Questions

Find the particular solutions of the following differential equations.

@ %—3y=x given x=0 when y=1
X



@ 3—y+ytanx:secx given y(0)=1
X
3
©) %:_—fy+eX given x=3 when y=>5¢
X X

@ %_yCOSX:erSinX given y=0 when X=7x
X

Second Order Linear Differential Equations

A second order differential equation takes the form
2

au+b%+cy: f (x) where a,b and ¢ are constants and a=0.

dx?
There are 2 different cases.

If f(x)=0, this is a homogenous equation.

If f (X) # 0, this is a non-homogenous equation.

Homogenous Equations

As these equations involve a second derivative the general solution will contain two

arbitrary constants.
The method we use to find the general solution is to consider a solution of the form

y = Ae™ for some values of m (to be calculated) and A (to be calculated if given initial

conditions).

y — Aemx

@ _ mAe™

dx

2
d_z/ =m’Ae™
dx
2
Substitute these into ad—g + by +cy=0
dx dx

am®Ae™ +bmAe™ +cAe™ =0 divide through by Ae™ to get
am’+bm+c=0
This is known as the auxiliary equation. It can be factorised to solve for m.
There are 3 possible cases when solving the auxiliary equation-

b?—4ac>0 two real distinct roots
b?—4ac=0 repeated real roots



b?—4ac<0 complex roots.
Example - two real distinct roots

2
dy_4ﬂ

Find the general solution of the differential equation PR +3y=0.
X X

The auxiliary equation is m*—=4m+3=0
(m-1)(m-3)=0
m=1lorm=3

The general solution is y = Ae* + Be™

Example - real repeated roots

If the roots are equal we must consider y = Ae™ as one solution and y = Bxe™ as the

other.
2

d d
Find the general solution of the differential equation d—¥—4d—y+4y =0.
X X

The auxiliary equation is m* —4m+4=0
(m-2)°=0
m=2 (twice)

The general solution is y = Ae** + Bxe® .

Example - complex roots
If the roots are complex we will need to use the quadratic formula and the roots will be in

the form p=qi. The general solution is given by y =e™ ( Acosgx+ Bsingx).

2

Find the general solution of the differential equation % + 2d—y+5y =0.
X X

The auxiliary equation is m*+2m+5=0.

M —2++/2% —4x1x5

2

o216
2

m :—1i%x/16i2

m=-1+2i
The general solution is y =e™( Acos 2x + Bsin 2x).



Questions

Find the general solutions of the following differential equations.

d2y dy d’y _dy d’y  dy
——~2 _6y=0 —24+6-2+9y=0 2 i47Y113y=0
@dxz o) ®d2 o Ty @d2 o 1Y
d?y _dy d’y _dy d® y dy
6—2+5y=0 — 2 2 17y=0 2 52 -3
@d2+d+y ®d2 o Ty ® 5 =3y

Particular Solutions to Second Order Differential Equations

In a similar way to before we can apply initial conditions to find the values of the constants
Aand B . We have to differentiate the general solution to be able to do this.

Examples
2
Q@ Find the particular solution of %—3%+ 2y =0 given that whenXx =0, y=0 and
X X
dy _
dx

Auxiliary equationis m*=3m+2=0.
(m-1)(m-2)=0
m=1orm=2

General solution is y = Ae* + Be**

Apply initial conditions : y= Ae* +Be”* —0=A+B

%=A6X+2862X —>2=A+2B = A=-2, B=2
X

Particular solution is y = 2e** — 2¢”

2
@ Find the particular solution of %—10 dy +25y =0 given that whenx=0, y=1 and
X X
dy _
dx



Auxiliary equation is m*—10m+25=0
(m- 5)2 =0
m=5 (twice)
General solution is y = Ae™ + Bxe™

Apply initial conditions: y = Ae®* + Bxe™ —>1=A
% =5Ae” + Be”™ +5Bxe™ —2=5+B
X
B=-3
Particular solution is y = &> —3xe™
. . . : : _ d’y  dy :
@ Find the particular solution of the differential equation 4?+4d_+9y =0 given that
X X

whenXx=0, y=6 and ﬂ=1.
dx

Auxiliary equation is 4m* +4m+9=0

| —A+NA —4x4%9

8

=—+— ~128
_—J_rﬁi

General solutionis y=¢ 2 (ACOS\/_X+ BSIn\/_X)

Apply initial conditions: y:eT(Acos«/Ex+Bsinx/§x) —6=e"(Acos0+Bsin0)
A=6

—-X

_p2 X
%: ez (Acos«/ix+Bsin«/§x)+e2(—«/EAsin«/Ex+\/§Bcos\/§x)
X

—>1=_?l(6+ B(0))+(—v2A(0)++28B)
1=-3+/2B

B—\/_—Z«/_

Particular solutionis y=e 2 (6cos\/_x+2x/§sm\/_x)



Questions

Find the particular solution of the following differential equations.

2
@ 2d—¥+5d—y—3y:0 given that whenx=0, y=1and ﬂ=3
dx dx dx

2
@ d—2/+4d—y+13y=0 given that whenx=0, y=2 and d_y:o
o dx dx

2
@ 4%—203—3/+25y:0 given that whenx=0, y=2 and whenx=2, y =3¢’
X X
2
@ 16(;—2/—9y:0 given that whenx=0, y=1 and %:3
X X

2
@ d—2/—ﬂ+y:0 given that whenx=0, y=1 and ﬂ=4
dx® dx dx

Non-Homogenous Equations
When we are dealing with a non-homogenous equation we initially deal with it as if it were

homogenous.
We set the RHS=0 to obtain the auxiliary equation which we then solve form. We then use
these values of m to obtain the complementary function.
To deal with the RHS we need something called a particular integral which should take the
form (or similar form) to the RHS.
Finally-
general solution = complementary function + particular integral
Some examples will make this clearer.

Examples

2

@ Find the general solution of the differential equation %+%—2y =4e*.
X X

2
The corresponding homogenous equation is d—¥+—y—2y =0.
X

dx
The auxiliary equation is m*+m—-2=0

10



(m-1)(m+2)=0
m=1or m=-2
The complementary function is y = Ae* + Be ",

The particular integral is of the form y = ke**.

W _ e
dx
2
d—Z = 4ke**
. . . . . dzy dy 2x
Substitute these into the differential equation d—2+d— -2y =4e
X X
4ke™ + 2ke** — 2ke* = 4e*
4ke? = 4e*
k=1

So the particular integral is y = e,

The general solution is Y = Ae* + Be ™™ +e*.

2
() Find the general solution of the differential equation %—3ﬂ+ 2y = 2X.
X

2
The corresponding homogenous equation is F—B
X

dx
The auxiliary equationis m*=3m+2=0
(m-1)(m-2)=0
m=1orm=2
The complementary functionis y = Ae** + Be*
The particular integral is of the form y=ax+b
dy
" =
d?y

a

dx®

. . . . _d?y

Substitute these into the differential equation F -
X

dy

dx

+2y=0.

dy
— 42y =2X
dx y

0—3a+2(ax+b): 2X
2ax+2b—-3a=2x

Equating coeffiecients: 2a=2, 2b-3a=0
a=1 2b-3=0

11



, . : 3
So the particular integral is y = x+§.

3
The general solution is y = Ae** + Be* + X+

2

(3 Find the general solution of the differential equation %—5%+4y =8x*+3.
X X

d2
The corresponding homogenous equation is d—¥—5d—y+4y =0
X X

The auxiliary equation is m* —=5m+4=0
(m-1)(m-4)=0
m=1orm=4

The complementary function is y = Ae** + Be*.

The particular integral is of the form y = ax® +bx+c

a_ 2ax+b
dx
2
dx
. . . . . d’y _dy 2
Substitute these into the differential equation ?_Sd_+4y =8x"+3
X X

2a—5(2ax+b)+4(ax’ +bx+c)=8x"+3
4ax® +(4b—10a)x +(2a—5b+4c)=8x"+3

Equating coefficients: 4a=8 4b-10a=0 2a—5b+4c=3
a=2 4b =20 4-25+4c=3
b=5 c=6

So the particular integral is Yy = 2X* +5X+6.

The general solution is y = Ae* + Be* +2x* +5x+6

2

@ Find the general solution of the differential equation % + 2%+ 2y =5sin 2x
X X

2
The corresponding homogenous equation is % + 2% +2y=0.
X X

The auxiliary equation is m*+2m+2=0

12



—2++/22 —4x1x?2

m=

2
m:—li%\/4i2
m=-1+i

The complementary function is y =e™( Acos X+ Bsin x)

The particular integral is of the form y = psin2x+qcos2x

Q:choszx—quinZX
dx

2
d—zl =—4psin2x—4qcos 2x
dx
. . . . . d’y _dy :
Substitute these into the differential equation v + 2d—+ 2y =5sin 2x
X X

—4psin 2x—4qcos 2x +2(2pcos 2x —2qsin 2x )+ 2( psin 2x +qcos 2x ) = 5sin 2x
(—4q—2p)sin2x+(4p—2q)cos 2x =5sin 2x

Equating coefficients: 4p—-29=0 -49-2p=5
2q=4p —2(4p)-2p=5
-10p=5
=—, qg=-1
p > q

-1 .
So the particular integral is y = ?Sln 2X—C0S 2X

. -1 .
The general solution is y =™ (Acos x + Bsin x)?sm 2X —C0S 2X

2
@ Find the general solution of the differential equation %— ﬂ+ 2y =e” +cosX.
X

dx

2

The corresponding homogenous equation is %— %+ 2y =0.
X X

The auxiliary equation is m*-3m+2=0.
(m-1)(m-2)=0
m=1orm=2
The complementary functionis y = Ae®* + Be*.

The particular integral is of the form y =ae™ + pcos x +qsin x

13



d—:4ae4x— psin X+ Qcos X
d?y

—2 =16ae™ — pcosx—qsin X
X

dy
X

2

dy _dy
—-3-=>
dx dx

16ae™ — pcosx —gsin x—3(4ae" — psin x+qcos x)+2(ae® + pcos x+gsinx) =e* +cosx

Substitute these into the differential equation +2y=e"+cosx

6ae™ +(p—3q)cosx+(3p+q)sinx =e* +cosx

Equating coefficients: 6a=1 3p+g=0 p-3q=1
azé q=-3p p+9p=1

ol 43

10° 10

. . . 1., 1 3 .
So the particular integral is y =—e"" +—C0S X ——sIn x.
6 10 10

The general solution is y = Ae** + Be* +1e4X +icosx—isin X
6 10 10

Questions

Find the general solution of each of the following

2
@ %+j—i—6y=sinx

d’y _dy )
2 o 13y = 22e®
@ o Tax YTt

2
® %+23—y+3y=9x2 —3x
X X

d’y dy
2y 1oy =
@ dx2+dx y=X

When the ‘Normal’ Particular Integral is in the Complementary Function
The particular integral cannot have the same form as either term of the complementary

function. If it is, we should multiply the particular integral by X.
If this is also part of the complementary function (e.g. in the case of a repeated root) we

should multiply the particular integral by x°.

14



Examples

2

dy _dy
—-5-=

+6y =8e
dx y

@ Find the general solution of the equation

d*y dy

dx? der6y=0

The corresponding homogenous equation is

The auxiliary equation is m*—=5m+6=0
(m-2)(m-3)=0
m=2 orm=3
The complementary function is y = Ae” + Be**
For the particular integral we cannot use y = ke** as this is already part of the

complementary function so we use y = kxe®*

Y _ e 4 2kxe?

dx
d” 2/ 2ke™ +2(ke® + 2kxe™ )
dx
= 4ke”* + 4kxe*
d’y .dy 2
Substitute these into the differential equation PN +6y=28e
X X

ake™ + 4kxe” —5(ke®™ + 2kxe®™ ) + 6kxe™ =B8e™
_keZX — 8€2X

k=-8
So the particular integral is y = —8xe**

The general solution is y = Ae** + Be® —8xe™

NB If you pick the wrong particular integral a contradiction will occur at some stage in the
calculation and this should flag it up.

@ Find the general solution of the differential equation 3 y -8 (;y +16y =6e**.
X X
2

The corresponding homogenous equation is %— gy +16y=0.
X X

The auxiliary equation is m* —8m+16=0.
(m—4)2 =0

15



m=4 (twice)
The complementary function is y = Ae** + Bxe**.

For the particular integral we cannot use y = ke* or y= kxe as these are both already

in the complementary function so use y = kx’e**.

Y oiexe + akxe®
dx
d 2
2

X
= 2ke** +16kxe* +16kx*e*

2
Substitute these into the differential equation % —8d—y+16y =6e™ .
X

= 2ke™ + 8kxe® +8kxe** +16kx*e*"

dx
2ke" +16kxe™ +16kx’e" —8(2kxe™ +4kx’e") +16kx’e™ = 6e™
2ke™ = 6e™
2k =6
k=3

So the particular integral is y = 3x%e**.

The general solution is y = Ae* + Bxe™ +3x%e*.

2
(3 Find the general solution of the differential equation 4(; Z +36y =sin3x.
X

2
The corresponding homogenous equation is 4d—¥+36y =0.
X

The auxiliary equation is 4m* +36=0.
m? =-9
m==3i
The complementary function is y =e° (Acos3x+ Bsin3x)

y = Acos3x+ Bsin3x

For the particular integral try y = x( pcos3x+qsin3x).
%: pcos3x+qsin3x+ x(—3psin3x+3q cos3x)
X

2
%:—6 psin 3x+6qcos3x —9xp cos 3x —9xq sin 3x
X
: : . d% .
Substitute these into the equation 4 v +36y =sin3X.
X

4(—6 psin 3x + 60 cos 3x —9xp cos 3x —9xqsin 3x) +36x ( p cos 3x + gsin 3x) =sin 3x
—24 psin 3x + 24 cos 3x = sin 3x

16



Equating terms: —24p =1 249=0
-1

P~

So the particular integral is y = ;—:COSSX.

The general solution is y = Acos3x+ Bsin 3x;—:cos3x .

Past Paper Questions

2001

@ Find the solution of the following differential equation:

d_y+X:X, x>0 (4 marks)
dx X

@ Find the general solution of the following differential equation:
2
9y W 3y 6x-1 (5 marks)
dx dx

2002

Find the general solution of the differential equation

2
OI—2/7L2ﬂ+5y=4cosx
dx dx
Hence determine the solution which satisfies y(0)=0and y'(0)=1. (6, 4 marks)

2003

Solve the differential equation

d’y ,dy
— —4—=+4y=¢"
o ax Y
given that y=2 and %=1, when x=0. (10 marks)
X

2004

dy

(a) A mathematical biologist believes that the differential equation xd——3y = x* models a
X

process. Find the general solution of the differential equation.

17



Given that Yy =2 when x =1, find the particular solution , expressing y in terms of X.
(5, 2 marks)
(b) The biologist subsequently decides that a better model is given by the equation
dy

2L _3x=x".
ydx

Given that Yy =2 when x=1, obtain y in terms of X. (4 marks)

2005

Obtain the general solution of the differential equation

2
d—¥—3ﬂ+2y =20sin x
dx dx
Hence find the particular solution for which y =0 and % =0 when x=0. (7,3
X
marks)
2006
Solve the differential equation
2
d_g/ + ZQ +2y=0
dx dx
: dy
given that when x=0, y=0 and d—:2. (6 marks)
X
2007
. . dfy  dy 2
Obtain the general solution of the equation F+6d_+9y =e (6 marks)
X X

2008

Obtain the general solution of the differential equation

2
d_g/ —3ﬁ +2y =2x°
dx dx
. 1 dy . . .
Given that y== and — =1, when X =0, find the particular solution. (7, 3 marks)

dx

2009

(a) Solve the differential equation

18



dy 4
X+1)—-3y=(x+1
() ay = (x41)
given that y =16 when X =1, expressing the answer in the form y = f (x).

(b) Hence find the area enclosed by the graphs of y = f (X), y= (l— X)4 and the X -axis.
(6, 4 marks)

2010

Obtain the general solution of the equation

2
d—2’+4ﬂ+5y:0.
dx dx

Hence obtain the solution for which y =3 when X=0 and y=¢" when x= %

(4, 3 marks)
2011

Find the general solution of the differential equation

2
9Y W oy
dx® dx
. . . i -3 dy 1
Find the particular solution for which y = > and i = 3 when X=0. (7, 3 marks)
X
2012
1 . . .
(a) Express —————— in partial fractions.
(x=1)(x+2)
(b) Obtain the general solution of the differential equation
d x—1
(D Y=
dx (x+2)
expressing your answer in the form y = f (x). (4, 7 marks)
2013

Solve the differential equation

19



2

d_g/_ ﬂ+9y =4e* , given that y =1 and d_y =-1 whenx=0. (11 marks)

dx dx dx
2014
Find the solution y = f (X) to the differential equation

2
4d—Z—4d—y+ y =0, giventhat y=4 and d_y =3 when x=0. (6 marks)

dx dx dx

2015

Solve the second order differential equation

2
9 2 W 10y - ge2

dx>  dx
given that when x=0, y=1 and j—y =0. (10 marks)
X

2015

Solve the differential equation

2
9y 5W L 6y_12x 1 2x-5
dx dx

given y=-6 and % =3, when x=0. (10 marks)

X
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