Further Integration

Integration Resulting In Inverse Trig Results

Remember from differentiation

d, . _ 1
d—(sm lx):
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This gives us the following standard integrals.
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This can be extended as follows.
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From these we also have
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These are results which we can prove by integration by substitution.

We need to manipulate integrands into this form so that we can use these results.
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Some harder questions....
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dx . .
If we have an integral of the form I— where the quadratic in the denominator
ax” +bx+c
does not factorise we have to complete the square in the denominator and then use

substitution as in example @
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J' 3x—5 dx Here we need to use a combination of integration techniques.
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Some Questions Involving Partial Fractions

Example
9x+8 Partial fractions
Je— g
(x=2)(x* +9) 9x+8 A Bx+C
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_ ( 22 52_2dex (x=2)(x*+9) x-2 x*+9
X=2 x'+9 9x+8= A(X*+9)+(Bx+C)(x—2)
N e X=2 X=0 x=1
X—2 x*+9 x*+9
1 , 26=13A 8=18-2C 17=20-B-5
:2|n|x-2|+5jx2+9dx—|n\x +9)+C A2 Co5 B=_2
:2In|x—2|+§tan’11—ln‘x2+9‘+C
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Questions
3x-1 3x?—4x+10 dx
———dx dx
@ j(x—2)(x2+1) ®J.(x+1)(x2+16) ®Ix3—x2+4x—4

Integration by Parts

Integration by parts is useful when we have to integrate the product of two functions. (It is
like a product rule for integration.)

It comes from the product rule..... i(uv) =u'v+uv'

dx
If we integrate both sides..... uv = Iu 'v dx +Iuv'dx
Rearranging this gives Iuv'dx=uv—ju'v dx

This is the rule for integration by parts.

We denote the two functions as uand V'. We should pick the u which makes u' the
simplest.

u is usually a polynomial and V' is usually a trig or exp function.



Examples

@) stin X dx

=—xcosx—J'—cosx dx

=—XCOSX+SinXx+C

@
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® _[sin xIn|cos x| dx

sin X
=—cosxIn |cos x| SINX cosx dx
oS X

=—cos xIn|cos x|—Ism X dx

=—cos xIn|cos x|+ cos x+C

= COS x(l— In|cos x|)+C
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Questions
@ fxcosx dx @ _[xex dx ® Ixcos(2x+l) dx

@Ix(2x+3)3 dx ®'|.x»\/1+3x dx @I(x+2)lnxdx

Definite Integrals — Integration by Parts

When we use integration by parts to find definite integrals we have

I:uv'dx = [uv]:1 —I:u 'v dx

Examples

@ J?stinx dx Let u=3x v'=sinx

. u'=3 V =—CO0S X
= [—3x cos x]of + _[02 3cos x dx

= _3—”cos£—0]+[3sin x|z
2 2 0
= 3sin£—3sin0
2
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@ J‘ZI”_XdX let u=Inx  Vv'=

:_—1In2—(l—lj
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joz(x+4)sin2xdx Uu=x+4 V' =sin2x
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More Than One Application Of Integration By Parts

Sometimes the second integral we get also needs to be integrated using integration by
parts.

Examples
®© 'fxzexdx u=x? v'=¢*
:xzex—j2xexdx u'=2x v=g"

To find j2xexdx, use integration by parts again.

u=2x v'=ge"
:xzex—(2xex—2jexdx) u'=2 v=g*
= x%* —2xe* +2e*+ C
:ex(x2—2x+2)+C
@ J'xzcos3x dx u=x? V'=c0s3X
2
=X—sin3x—g_|'xsin3x dx u'=2x v:lsin 3x
3 3 3

To find Ixsin 3x dx, use integration by parts again.

u=x v'=sin3x
2 —_— —
:X—sin3x—g(—xc053x+1I0033x dx] u'=1 v:—1c033x
3 30 3 3 3
2
= X—sin3x + %cos3x—z(lsin3xj+c
3 9 9\ 3

2
:%sin3x + %cos3x—£sin3x+c



J.ngzsin3x dx u=x V' =sin3x
_X2 ® 2 z _1
=| ——C0s3X +—j6xc033x dx u'=2x V = —C0S 3X
3 , 37 3
To find Iog Xc0s3x dx, use integration by parts again.
u=x

. 5 z
= id cosz -0 +g Fsin3x}6—ljﬁsin3x dx u'=1
36x%x3 2 3113 o 370

_2 ZsinZ_0 +l[cos3x]%
3{\18 2 9 0
T 2 ( T ]

=—+— cosE—cosO

27 27
T 2

27 27
=2
27

Questions

Find @ J‘xze*‘xdx @ IOZ x2e*dx ©) jx3exdx

Using Integration By Parts As A ‘Trick’ For Integrating

Some functions which at first glance look as though they cannot be integrated can be

integrated by using integration by parts.
Examples

@Ilnxdx

We write this as le Inx dx so that we can use integration by parts.

lelnxdx u=Inx v'=1

:xlnx—jédx u':1
X X

:xlnx—jldx

=XInx—-x+C



@ J‘tan‘1 X dx

We write this as le tan™ x dx so that we can use integration by parts.

jlxtan‘lxdx u=tanx v'=1
:xtan’lx—j dex u'= 12 V=X
1+x 1+x
:xtan’lx—lf 2x2
2°1+X

= xtan’lx—lln‘lJr x2‘+C
2

3 _[sin‘lx dx
= lesin‘l X dx u=sin"x vi=1 Use substitution
:xsin‘lx—J' X dx u'= ! V=X Letu=1—x>
1-x° 1-x°

:xsin’1x+1jidu d—u=—2x
29 Ju dx

:xsin‘1x+1_|'u7du X dx:_—ldu
2 2

1
= xsin‘lx+%[2u2j+ C

—xsin'x+vV1-x2+C

Integration By Parts — Cyclical Calculations

Sometimes when we integrate by parts, we end up going round in circles.

Examples
@J'excosx dx u=e* V'=Cos X
u'=e* V =Ssin X
Iexcosx dx=exsinx—jexsinxdx u=e* v'=sinx
=exsinx—(—excosx+J'eXcosx dx) u'=e* V =—CO0S X

=e*sin x+e* cosx—jexcosx dx

The integral on the RHS is the same as the integral we began with.

If we transfer it to the LHS we can begin to approach a solution.
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Add Iex cos x dxto both sides.

Zjexcosx dx = e*sin x+e* cos x

J'eX Cos X dx:%(exsin X + " cosx)+C

—(sinx+cosx)+C
@ fexsin(l—ZX) dx u=e* v'=sin(1-2x)

u'=e* V=%COS(1—2X)

X

Iex sin(1-2x) dx =%cos(l—2x)—%feX cos(1-2x)dx u=e* v'=cos(1-2x)

e* 1( —e* D -1
=?cos(1—2x)—§( > sin(1-2x)+ J'e sin(1-2x) de u'=e v_?sm(l—Zx)

X X

= e3005(1—2x)+%sin (1—2x)—%'|‘eX sin(1-2x) dx

X

%jex sin(1-2x) dx = %(Zcos(l— 2X)+sin (1—2x))+ C

X

Iex sin(1-2x) dx = %(Zcos (1-2x)+sin(1-2x))+ C

Questions

Find

@ je“sin(l—x) dx @ J'Sinxxdx © je‘zx cos(3x—4)dx

e

cos 1 3x) i

® jesx cos(—2x—-4)dx  ® J'

Integration Using Reduction Formulae

This technique can be used to integrate functions involving powers which can’t be
integrated directly. They can be integrated by setting up a reduction formula to obtain an
integral of the same or similar expression with a lower power and progressively simplifying
the integral until it can be integrated. The reduction formula can be found by using any of
the techniques already covered — by substitution, by partial fractions, by parts etc.
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Examples

@ (a) Evaluate fﬂxsin X dX.
0
(b) Let I, = fﬂ x"sin xdx, where nis a positive integer.
0
Show thatfor n>3, |, =7"—n n—11_,. Thisis a reduction formula.

(c) Use these results to evaluate f x®sin x dx.
0

(a) " xsin x dx letu=x, V'=sinXx
0

V4 7 1
=[—xcosx]o—f0 —cos X dx u'=1l v=-cosx

(-wcos—0)+[sin x]g
=7 +(sinz—sin0)

(b) IH:J.O X" sin x dx Let u=x", v'=sinXx
= [—x” cos x]Z — IO —nx"*cos x dx u'=nx"t V =—CO0S X
- [—x" oS x]Z +I0 nx"* cos X dx Let u=nx"?,  v'=cosx
— (—n” c037r—0)+[nx"*lsin x]” —I n(n—1)x"2sin x dx u'=n(n-1)x"?, v=sinx
0 0

:ﬁ“+(7z“’1sinﬂ—O)—n(n—l)J';x"’zsinxdx
=z"-n(n-1)1,, since In_zzjoﬂx"‘zsinxdx

Sol,=z"-n(n-1)I,, forn>3

T -
(c) We can now use this reduction formula to evaluate IO x¥sin x dx

J'Oﬂxssinx dx=1,
I, =7°-3(3-1)1,
=7°—6l,

=1 —6r

So jo x3sinx dx =7°—6x

12



1
= na=X > .
@1, foxe dx, n>1
Find 1, and show that I, =nl_, —e* for n>2,

Hence evaluate |,.

1
Il:_[oxe‘X dx Let u=x, v'i=e

:[—xe‘sz +_[:e‘x dx u'=1l, v=—e>*

(-0)s[="],

=—e'+(—e"+1)
=1-2¢*
1
1, = [ x"e™ dx letu=x", v'=¢”
1 1 _ _
- [—x”e‘X]0 + J'O nx"e > dx u'=nx"* v=—g*

1
=14+ nJ.O x"e™ dx
1
=—e"+nl_,

=nl ,—-e, nz2

l,=3I,-¢™
=3(21,—e*)—e"
=61, —4e™
=6(1-2e")—4de
—=6-16e" =0-1139

Questions

(@ Establish a Reduction Formula that could be used to find Ixnex dx and use it when

n=3.
Let n be a positive integer. Use Integration by Parts to derive the formula
Xneax
J' x"e®dx = —%I x"e®™dx, (a=z0).
a

(2 Show that J’ sin” xdx =—1sin"* xcosx+"T—1.|' sin"% xdx.

Hence evaluate (i)j sin® xdx (ii)I sin® x dx.

13



(3) Obtain a result for I cos" xdx similar to that of Q2 above.

Use your result to evaluate (i)j cos® xdx (ii)J. cos® x dx.

1
mdx,nzl.

@ Let 1 :_[:

1 X2
(a) Use integration by parts to show that | = o + 2njl(— dx
1+

n+1 '
x2)

2
(b) Find the values of A and B for which A + B = X

(1+ x2)n (1+ x2)n+l (1+ xz)m1 .

Hence show that | ,, = L — _{Zn _1) I,
nx2 2n

1
(c) Hence obtain the exact value of .f 5 dx.
0 (1+ xz)
Past Paper Questions
2001
Q@ Find the value of J.(:AZXSin 4x dx . (5 marks)
() (a) Obtain partial fractions for 71’ Xx>1.
X —
X3
(b) Use the results of (a) to find I 71 dx, x>1. (2, 4 marks)
X i
2002
Use integration by parts to evaluate len (1+x) dx. (5 marks)

14



2003

1
Define |, :IO x"edx, n>1

1
(a) Use integration by parts to obtain the value of I, = IO xe * dx

(b) Similarly, show that I_=nl_, —e™ for n>2.

(c) Evaluate 1,. (3, 4, 3 marks)
2004
1 . . .
Express ————— dXin partial fractions.
X°—X—6

1 1
Evaluate I —— dXx (2, 4 marks)

0X*—X—6
2005
Express — in partial fractions.

X +X

Obtain a formula for 1(k), where | (k)=JAk -

a
dx, expressing it in the form In —,
1 X7+ X b

where a and b dependon K.

Write down an expression for e'® and obtain the value of lim e'® . (4, 4, 2 marks)

k—o0

2006

@ (a) Determine whether f (X) = x%sinx is odd, even or neither. Justify your answer.

(b) Use integration by parts to find Ixzsin X dXx.

(c) Hence find the area bounded by y = x?sin x, the lines X = Tﬂ, X =% and the X -axis.

(3, 4, 3 marks)

15



) (a) Show that J‘sinzxcos2 X dx = jcoszx dx—jcos“x dx.

(b) By writing cos® x =cos xcos® X and using integration by parts, show that

J’%cos4 X dx:1+3_[%sin2 XCos? X dx .
0 4 0

(c) Show that '[% cos®x dx = 7[—+2
0 8

7 37+8
(d) Hence, using the above results, show that _[0/ cos*x dx = il (1, 3, 3, 3 marks)
2007
2x* —9x—-6 . . .
Express ————— in partial fractions.
X(x* —x—6)
2 J— J—
Given that 6w dx=1In m, determine values for the integers m and n.
4 x(x —x—6) n
(3, 3 marks)
2008

2
Q@ Express ]'2)(2—+ZO
x(x +5)
2 12x*+20

Hence, evaluate L m dx .
X X" +

in partial fractions.

(2 Use integration by parts to obtain I8X2 sin4x dx.

2009

1
Use integration by parts to obtain the exact value of IO xtan™' x dx.

2010

3

(@ (a) Use the substitution t = x* to obtain j dx.

1+x8

(b) Integrate Xx°In X with respect to x.

16
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(3, 4 marks)



() Evaluate Lz(x+1)(?;<x++25)(x+3) dx expressing your answer in

a
the form InE where a and b are integers. (6 marks)
2011
13-x 13-x
@ Express ———— in partial fractions and hence obtain J.Z— dx. (5 marks)
X“+4x-5 X“+4Xx-5

() (a) Obtain the exact value of jo%(secx— x)(secx+x) dx.

(b) Find J.; dx. (3, 4 marks)
J1-49x*
(3 Let In:jl —dx,n>1.
"(1+ x2)

1 S
(a) Use integration by parts to show that | =—+ ZnI ——dx

2 “(1+x)

2
(b) Find the values of A and B for which A —+ B — = X — .
(1+ x2) (1+ x2) (1+ xz)
Hence show that |, = ! — +(2n _1j l,.
nx 2" 2n

(c) Hence obtain the exact value of Il dx. (3, 5, 3 marks)

0 (1+ X )3
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2012

(a) Write down the derivative of sin* x.

(b) Use integration by parts to obtain J.Sin‘1 X. - dx. (1, 4 marks)
1-x

2013

Use integration by parts to obtain .[XZ cos3x dx . (5 marks)

2014

(a) Use integration by parts to obtain an expression for .[e" cos X dx.

(b) Similarly, given 1, =J.eX cosnx dx where n=0, obtain an expression for |, .

(c) Hence evaluate IO% e* cos8x dx. (4, 4, 2 marks)
2015

2
Obtain the exact value of IO x*e**dx (5 marks)
2016
Obtain Ix7 (Inx)? dx. (6 marks)
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