Integration

Some questions from Higher to begin:-
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Some new results.....

In the previous outcome on differentiation we learned that

di(tan X) =sec? x

X
d X X
&(e ):e
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It follows that Isec2 x dx=tanx+C
J.eX dx=e*+C

X, x>0
-X,X<0
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More usefully:

jsecz(ax+b) dx=§tan(ax+b)+c
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Questions
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In some cases a bit of rearranging may be required to aid the integration:-

Examples

= dt Rewrite the first line- we have not changed the function.

t-1 1
= (—+—j dt  Split into proper fractions which we can integrate.

=t+Injt-1+C
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Remember that integration “reverses” differentiation so differentiating your answer acts
as a check.

Integration By Substitution

Suppose we have the following:
3
Ix3(2x“ ~2) dx
How can we solve this? Expanding the function into separate terms would be a long task.

We can turn it into an easier integration by substituting a different variable into the
function.

Let u=2x*-2
d—u:8x3
dx

%du =x’dx  We now replace x’dx by %du and 2x* —2by U in the integrand giving
Ix3 (2X4 —2)3 dx = IéuQ’du This is now an easy integration.

_lre

= g_[u du

:%(%mj"_C Now substitute u = 2x>—2 back in and tidy up.
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More examples

@ Isinzxcosx dx Let u=sinx @ j4x(x2+7)6dx Let u=x2+7
=ju2du d—u:cosx =J.2u6 du d—u:2x
dx dx
7
:%u3+c du =cos x dx =2%+C du = 2x dx
2(x2+7)
~Laintx+c :uﬁ;
3 7
©) I8003xsin3xdx Let u=sinx @ j(2x+3)(x2+3x)5dx Letu = X2 +3X
=J-8u3 du d—u:cosx =_|‘u5 du d—u:2x+3
dx dx
8u’ u®
=T+C du = cos x dx =€+C du =(2x+3)dx
6
X% +3X
:ZSin4X+C :¥+C
® I5x (1+x*)dx  Let u=1+X’ ® .[cosx e dx Let u=sinx
1
:IE uz du d—u:2x :Ie“ du d—u:cosx
2 dx dx
52 32
:E-§u2+C du =2x dx =e'+C du =cos x dx
5 3 )
:5(1+x2)2 +C —e"™ 4 C
=§ (1+x2)3+C
@ J.secz x tan*x dx Let u=tanx Ixz e g Let u=x"+3
:'[u4 du d—u:seczx :J‘le” du d—u:3x2
dx 3 dx
u’ 1
:E+C du =sec? x dx :ge“+C du =3x? dx
“Liansxsc :%e(xs+3)+c



©) 13(3x2+4x)(x3+2x2)4 dx Let u=x*+2x° Im dx Letu=Inx
=_|.3u4 du d—u:3x2+4x =I4u du du_1
dx dx X
=§u5+C du=(3x2+4x)dx :4—l212+C
=§(x3+2x2)+c :2(In|x|)2+C
Questions
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4x -4
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Integration By Substitution- Definite Integrals

When we are working with a definite integral we do not have to change back to the original
variable provided we change the limits at the point of substitution.

Examples
(D Use the substitution X =1+c0s@ to evaluate J‘iﬂ dea.
(1+cos¢9)
5 sind
[2———do Let X =1+c0s @ When 6=0, x=1+cos0=2
° (1+cos8)
dx . Vid V4
=— —dx —=-sind When ==, x=1+cos—=1
2 x° do 2 2
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=[—2} dx=-sing d@
2X° |,
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Sometimes we also have to perform a bit of manipulation with the substitution.

1 3

(2) 2007 Q10 - Use the substitution u=1+X? to obtain I — dx.
°(1+x2)4
10X
I—4dx Let U =1+ X° When x=0, u=1
°(1+x2)
3
= 2x_4i du d—u:2x dx:idu When x=1, u=2
1y* 2x dx 2X
2
:1 2X_4 du We need an expression for x>. x> =u-1
29ty
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le2fu 1
)
I
_El( —u )du

T4

Questions

@ ‘["%JlﬁT dx letu=1-x°

e 1
——dx Lett=Inx
e xInx

@J‘Acotxdx Let u =sin x
%

Your answer to the last question should indicate an important result in integration which
makes many integrals quicker if you can identify it.

This is ....... _[ (%) dx=In|f (x)[+C




COS X
From the last question Icot X dx = j dx
sin X
f'(x
Here we have the situation jL dx.

f(x)

This allows us to perform the integration using the result I F(x) dx = In‘f (x)‘+C .

f(x)

cosX
smx
=Injsinx+C

jcotxdx I

This is definitely quicker than using the substitution method.

Examples
® J- 18x> —4x+10
X3 —2x% +10x +7
=In =|n\6x3—2x2+10x+7 +C

Occasionally we may have to remove a common factor and do some manipulation.

@j 12x+8 dx @J‘ @J’

3x* +4x-8 1+ e¥ 3x|n|x|

(6x+4) 1 8e®* _gj 1
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3
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Important Formulae Which Help Integration

Remember these! They are essential. Also remember double angle formulae.
a2 2 2 a2
sin“ Xx+cos” x=1 C0S2X =C0S” X—SIN” X
1+tan® x =sec’ x =1-2sin® x
=2c0s* x—1
sin 2X = 25sin XCos X
Examples
11 .
@ I dx Let X =sinu
0 1_ X2

j%ﬂ du %:cosu When x=0, u=0
J% cosu du
° Jeos?u
=J'%Coﬂdu

0 cosu

dx =cosu du When x =1, u:%

:Io%l du
i
2

7 25— x2 dx Let Xx=5sin@
@ [,

:IO%«IZS—ZSsin2 6 5cosé do 3—225C089 When x=0, =0

:J%«fZS(l—Sinz 9) 5cos@ d@ dx=5cos#dd  When x:i, o="
0 2 4
- 25[0%«/cos2 0 cosO do
:ZSIO%COSZ 6 do
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:25.[0 45 (cos20+1) d@
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25(2+7)
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@ ,[ 4 +9x?
=I% ! 5 (Zseczujdu
° 4+9(%tanu) 3
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@ IO%«/1—4XZ dx

Let X :lsint
2

@J'S 1 ax Let X = —tanu

0 9+3x? J3

Let x:gtanu
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Integration with Partial Fractions

Remember, we have 3 different types of partial fractions- distinct linear factors, repeated

linear factor and irreducible quadratic factor.

A B C

Examples
@J- dx Partial fractions
x> —3X+2 1 __A .\ B
- dx (x-2)(x-1) x-2 x-1
(x=2)(x-1) 1= A(x-1)+B(x-2)
_ ( 1 __E%PX x=2 A=1
x-2 x-1 x=1 B=-1
=In|x-2|-In|x-1]+C
“n X2l c
x-1
@ J‘ X dx Partial fractions
(x—l)(x2—6x+9) X _
X (x—l)(x—3)2 X
:J-—de
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1 1 3 x=1 x=3
=] - + 7 (dx 1=4A 3=2C
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_ dx — 4 2
A g® f f
1
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4 |x-3 2(x-3)
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@ J. X2 +2 An improper rational function must be simplified using algebraic long

X2 -1 division.
X +x X +2 Gy XF2
2 5 X = VYR
x_1)§5 I X? -1 (x-1)(x+1)
X3 +2
X =x Partial fractions
X + 2 X+2 A N B
X +2 (x=1)(x+1) (x-1) (x+1)
Iz dx
x* -1 X+2=A(x+1)+B(x-1)
3 X+2 x=1 x=-1
=J' XXt ——— X
(x-1)(x+1) 3=2A 1=-2B
3 -1
ot a 3. 1 A=2 B=—
_I(X +X+2(x—1) 2(x+1)J X 2 2
4 2
:X—+X—+§In|x—1|—lln|x+]4+c
4 2 2 2
Questions
@I 6—2x y @,[ 3 dx J- 5x? —x+18 dx
x(x+3) (x=1)(x-2)° (2x—1)(x—3)’
@ J- 9 dx ® IX4+2X3_3X2_4X+13dX
X} +3x% -4

(x=1)(x+2)(2x+1)
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Integration and Area

In Higher we learned how to calculate the area between a curve and the x- axis.

Examples

@ Calculate the area between the curve y =4x—2x?, the x-axis, x=0and x=3.

A sketch always helps. Remember that the areas above and below the x-axis must be
calculated separately.

y ! Area above Area below
~ | 2 3
N _ _9y2 _ 92
[ = [ (4x—=2x%) dx = [ (4x—2x) dx
| Lo S 2 3
o 2 3 X :|:2X2—EX3} :|:2X2—EX3}
\“. | 3 b 3 L
\. | = ZEunits2 :(—)2Z units2
“,i 3 3
'\I‘: 1 L
\E Total area =5§ units
|

We can now work with more complex integrals.

4x
@ Calculate the area between the curve f (X)=——=—, the x-axis, Xx=0and x=4.
(%) X2 +2
f(x) i
! 44X 2
: Area:I dx Let u=Xx"+2
e O Jx*+2
// : 18 2 du
/ | =| —= du —=2X When x=0,u=2
/ ! 2 Ju dx
/;/ ' }/ 18
/.e | :2[2u 2} du=2x dx When x=4, u=18
[ : 2
| =2(2V18-242)
/ 1
| i
0 2 X = 82 units?

Calculating the area between a curve and the y-axis

To calculate the area between a curve and the y-axis
e change the subject of the equation of the curve to x
e ensure the limits are in terms of y

b
e integrate x with respecttoy ......... A :I X dy
a

12



Example
Calculate the area enclosed by the curve y = (X—4)3, the y-axis, y=1and y=8.

3 4 ¥
|2y g
Lywl

:(§%4+32)—(g+4j

= 391 units?
4

Questions

@ Calculate the area between the curve y = x* +1, the y-axis, y=2 and y =5.

(DcCalculate the area between the curve y =(x+ 2)3, the y-axis, y=3 and y=8.

Volumes of Revolution

When any given area is rotated 360° about the x-axis or y-axis, the solid formed is known as
a solid of revolution.

Consider the function y = f (x) Y 1y =1(x)

We will consider the graph
between X=a and x=b
and rotate it 360° about the x-axis.

XXV

7y =fix)




To understand how we can calculate this volume, think of the solid shape being made up of
discs.

Just like we built up the area of rectangles when studying the area under a curve in Higher,
we shall build up the volume of the solid with discs.

Consider a disc with radius y and let us say a thickness of ox. The disc is approximately

cylindrical so the volume is given by 8V = zy?6x (V = zrh for a cylinder).

As we make the disc thinner and thinner, 6x — 0 and the volume of the solid between
X=a and X=Dbis given by

Xx=h
V = 1lim ) zy?dx
Jxaoé y

\Y; =J.:7ry2 dx where y=f(x)

If we rotate about the y-axis we have a similar result for the volume of the solid of
revolution.

\Y; =J.:7TX2 dy where x=f(y)

Examples

@ Find the volume of revolution obtained between x=1 and X =2 when the curve
y =X +2 is rotated through 360°
(a) about the x-axis
(b) about the y-axis.

@V =] zy* dx

:r (x +2)2 dx y

.

A
I x +4x° +1 dx 1
2 L
[ X +— x +x} p '2 x>
=7 2+£+2 1,20 N
5 3 5 3
\
248 \
=—7
15
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(b) When x=1, y=1"+2=3

When x=2, y=2°+2=6.These are our limits of integration.

We must rearrange the equation of the curve to make X the subject.

y=x"+2
X¥=y-2
X=4y—2

v :Ibﬁxz dy

~[a(v=2) o

y—2)dy

-
e }
5[ 18 12 —— GD

The next example will give us a volume we already know.... the volume of a sphere.

@ Calculate the volume of the solid formed when the semi-circle with equation

x*+y?=r?, y>0 is given a full turn about the x-axis.

V :J‘_rrﬁy2 dx

— (rz—xz)dx

-r

15




Questions

@ Find the volume of the solid of revolution formed by rotating y =sin x through 360°

about the x-axis between Xx=0 and X=r.

@ Find the volume of the solid of revolution formed by rotating y = 2x*—1 through 360°
about the y-axis between y=1and y=3.

4
@ Calculate the volume of the solid formed by rotating y = Xx—— through a complete turn
X

about the x-axis from x=2 to x=4.

@Calculate the volume of the solid formed by rotating y = x* through a complete turn
about the y-axis from y=0 to y=8.

Rates of Change

In the last outcome, when studying rectilinear motion, we learned that

displacement velocity acceleration

differentiate with respect to time

It follows that

displacement velocity acceleration

integrate with respect to time

When we integrate we can use any initial conditions given to calculate the constant of
integration, C.

Examples

@ A particle starts from the origin at rest and at a time t seconds, its velocity is given by
V(t)=6t>+2t-1.
Determine the distance, velocity and acceleration after 3 seconds.
Velocity:  V (3)=6x3%+2x3-1

=59 units/second.

16



Distance:  s(t) =J‘(6t2 +2t —1) dt
=2t +t° —t+C
When t=0, s=0 ..C=0so0 s(t)=2t>+t* -t
s(3)=2x3+3"-3
=60 units

Acceleration:  a(t)= a(v(t))

=12t +2
a(3)=12x3+2

=38 units/sec?

@ A particle is moving in a straight line so that at a time t, its distance from a fixed
point is S. Its acceleration, a, is given by a =k cos’t .

When t =0, s=0units and v=10units/sec.

Find formulae for v(t) and s(t).

a(t)=kcos’t

=E(coszt+1)

2
v(t)=Ja(t) dt
:gj(coszul) dt
:Esin 2t+ﬁ+C
4 2
When t=0, v=10

.'.10=§sin0+0+c

=C=10

Sov(t)= Esin 2t +E+10
4 2

17

s(t)=[v(t) dt
=j(;sin 2t+%+1oj dt

2

:_—kc052t+kl+10t+c
8 4
When t=0, s=0
.'.Oz%kcosO+O+O+C

:>C:E

2
S(t)=10t—5C082t+kL+E
8 4 8



Questions

(D A car starts from rest and travels in a straight line. Its acceleration, t seconds after its

1
start is g(BO—t) m/s?. Calculate its velocity after 4 seconds.

@ A particle, starting from rest, proceeds in a straight line. Its acceleration after t seconds

is given by a=4sec’t units/s2 where 0<t <1. Calculate the velocity after 0-5 seconds

. s
and the distance travelled after Z seconds.

Past Paper Questions

2001

(a) Obtain partial fractions for

—, Xx>1.

x° -1
(b) Use the result of (a) to find
3

szx 1dx, x>1.

2002

Use the substitution x+2=2tan @ to obtain J.Z; dx.
X +4Xx+8

2003
. 7, C0S@
Use the substitution X =1+sin@ to evaluate Iéfa de.
° (1+sing)
2004
1 , . ,
@ Express ———— in partial fractions.
X"—X—6
11
Evaluate J —— dx.
0X°—X—-6

(2, 4 marks)

(5 marks)

(5 marks)

(2, 4 marks)

@ A solid is formed by rotating the curve y =e* between x=0 and x =1 through 360°

about the x-axis. Calculate the volume of the solid that is formed.

18

(5 marks)



2005

dx. (5 marks)

@ Use the substitution u=1+X to evaluate _[

s

1 . . .
@ Express — in partial fractions.
X"+ X

L a
dx, expressing it in the form In—,

Obtain a formula for 1(k), where I (k)= Lk 1 x
+

where a and b dependon k.

Write down an expression for e'™ and obtain the value of lim ', (4, 4, 2 marks)

3 (a) Given f (x)=+/sinx, where 0<x <7, obtain f'(X).

(b) If, in general, f (X):afg(x), where g(x)>0, show that f '(x):M,

stating the value of k.

Hence, or otherwise, find I

(1, 2, 3 marks)

X dx
\J1-x?

2006
12x% —6x
Find | ——— dx. 3 marks
I X' —x*+1 ( )
2007
X —9Xx—6 . .
@ Express in partial fractions.
(x —x—G)
Given that I ﬂ dx = Inm,
X(X* —x-6) n
determine values for the integers m and n. (3, 3 marks)

19



3
10X
@ Use the substitution u=1+ x> to obtain I — dx.

0(1+ x2)

O

A solid is formed by rotating the curve y =———— between x=0 and x=

(1+x)

360° about the x-axis. Write down the volume of this solid.

2008

2

@ Express 12X +20
X

2
Hence evaluate IZM dx.

1 x(x2 +5)

in partial fractions.

@ Write down the derivative of tan x.

Show that 1+tan® x =sec® x.

1 through

(5, 1 marks)

(3, 3 marks)

Hence obtain Itan2 X dX. (1, 1, 2 marks)
2009
n2 X +e 9
@ Show that —— dx=In—-. (4 marks)
n% e* —e 5

XZ

4—x°

. : V2
@ Use the substitution X =2sin @ to obtain the exact value of J.O

(Note that cos2A=1—2sin’ A.)

2010

J»z 3Xx+5

L(x+1)(x+2)(x+3) ox

@ Evaluate

. . a .
expressing your answer in the form InE, where a and b are integers.

20
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(6 marks)

(6 marks)



@ A new board game has been invented and the symmetrical design on the board is made

III

from 4 identical “petal” shapes. One of these petals is the region enclosed between the
curves y = x* and y* =8x as shown shaded in diagram 1 below.

Calculate the area of the complete design, as shown in diagram 2.

VA

Diagram 2

X
Diagram 1

The counter used in the game is formed by rotating the shaded area shown in
diagram 1 above, through 360° about the y-axis.

Find the volume of plastic required to make one counter. (5, 5 marks)

2011
13—x 13-x
@ Express ————— in partial fractions and hence obtain IZ— dx. (5 marks)
X* +4x—-5 X" +4X-5
(2) Obtain the exact value of IOA(SeCX— x)(secx+x) dx. (3 marks)
2012
2

Use the substitution X =4sin@ to evaluate _[0 V16— x* dx. (6 marks)

21



2013

@ The velocity, v, of a particle P at time t is given by
v=e"+2¢'

(a) Find the acceleration of P attime t.

(b) Find the distance covered by P between t=0 and t=1In3.

2

sec” 3x .
@ Integrate ——— with respect to Xx.
1+ tan 3x

2014

(D A semi-circle with centre (1,0)and radius 2, lies on the x-axis as shown.

Find the volume of the solid of revolution formed when the shaded region is

rotated completely about the x-axis.

@ Use the substitution X =tan & to determine the exact value of

1 dx
'[0 (1+ xz)% .

2015
2x3 —x—-1

(x—3)(x2 +l)

Find J' dx, x> 3.

22

(2, 3 marks)

(4 marks)

(6 marks)

(9 marks)



2016

3X+32 . . . 4 3x+32
Express ————— in partial fractions and hence evaluate I _
(x+4)(6—x) 3 (x+4)(6-X)
Give your answer in the form In (Bj (9 marks)
q
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