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There are 5 main methods of proof to be considered; these are,

Direct proof

Proof by counterexample
Proof by contradiction
Proof by contrapositive
Proof by induction

Notation

X=Yy X implies thaty

X<y X is implied by y

< or iff if & only if

VX for all values of x

X there exists a value of x.

Direct Proof

While Proof, in many respects is a new topic for us at Advanced Higher, we have considered
some of the ideas previously, including the following questions which you have already
answered in homework.

Questions

@

® © O

Giventhat f n =n®-+n, where nis a positive integer, prove f n isalways even.

2 3
n .
Prove that for all natural numbers n, §+—2 +—6 is a natural number.

By considering (a—b)?, show that a® +b® > 2ab for real numbers a and b.

By considering (a—b)? +(b—c)? +(c—a)?, show that a’+b*+c®>ab+bc+ca for
real numbers a, b and c.

Direct proof usually just involved you using your mathematical skills to take the LHS of a
statement and prove you can write it in the form of the RHS (or vice versa). You should never
be working with both sides at once.

Direct proof does not involve substituting in some numbers and proving it works for those
numbers...this does not prove the general case. You should always be working algebraically.

Sometimes to aid our in working out our proof it is useful to remember that numbers are
either odd 2k 1 or even 2K. That may be useful in proving the following statements.
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Proof by Counterexample

Prove that the product of two even numbers is always even.

Prove that the product of an odd and an even number is always even.
Prove that if n is odd, n’ is odd.
Prove that the product of three consecutive numbers is always divisible by six.

Find a counterexample to disprove each of the following statements.

@ vxeW , 5x > 4x
Q) VxeR,2x 2"

B3 WxeR,ax=bx=a=b

@ VXEZ,\/X_Z:X

(53 WxeR,y1-sin®x =cosx
® vabeR,|a|+|b|<[a+D]

@ VxeW,e™ =x

Solutions
@Whenx=0 5x=0 S5x = 4x
4x=0
@ Whenx=1 2x=2 2x = 2%
2'=2
(3 Whenx=0 2x0=1x0 but 2#La=b
a=1
b=2
(@ Whenx=-1 (-1)? =1#x
(® ie. VCOS X =COSX  When Xx=r
Jeos? cosrw 1=-1
— f(_l)Z :—1
=1
(&) Whena=2 12| +|-3 2-3 5>1
=" —243 _ |1
=5 =1

@ Whenx=0 e/no

In0 is undefined

-. Statement is false.

-. Statement is false.

-. Statement is false.

-. Statement is false.

-. Statement is false.

-. Statement is false.

-. Statement is false.
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Questions

By finding a counterexample, prove each of the following conjectures is false.

@ u, =n3—6n%+ 13n — 7,n € Z*gives the sequence of odd numbers 1, 3, 5, .....

@ P|(a+b)and P|(b+c)=> P|(a+c) (albmeans ‘ais a factor of b’ or ‘a divides b’)

@J.x”dx:nilx"*%c, vneZ.
+

@ S(n) is defined as the sum of the divisors of n other than n itself.
Conjecture is S(N)<n, VneN.

(5 All odd numbers between 2 and 14 are prime.

Solutions
@ If true, whenn=4,u, =7 13#7, - Conjecture is False.
u, =4° _6x4°+13x4—7
=64-96+52-7
=13
@ LletP=5a=3,b=2andc=8
Now 5|(3+2) and5|(2+8), but a+c =11 which is not divisible by 5, ..Conjecture is False.

@ Whenn=-1
1 . .
I; dx=In|x|+c, ..Conjecture is False.

@ s(6)=1+2+3=6
6 = 6 ..Conjecture is False.

@ 2<9<14but 3|9, .. 9is not prime; Conjecture is False.
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Proof by Contradiction

When we prove a conjecture by contradiction we initially assume the conjecture is false.
We then must show this leads to the deduction of a false conclusion & so the original
conjecture must therefore have been true.

Examples

@ *J2 is not a rational number.’

Assume that \/E is rational

NZ-

, pP&QqeZ" (with no common factors — this is termed relatively prime)

— 2q2 — p2
= p?iseven, .. Pis even.

Then p=2k for keZ.

Thus  2g° =(2k)?
20° = 4k?

g° =2k* =g’ is even, .. (is even.
- If assumption is true p and g are both even.

HOWEVER p&(QeZ", with no common factors .. by contradiction assumption was false.

= Original conjecture is true, \/Eis not a rational number.
@ ‘If m? is even then mis even.’

Assume that is m? is even then m is odd.

=m=2k-1, keZ = (2k —1)%is even.
= (2k)* -4k +1
=4k —4k +1
=2(2k* —2k) +1 Let 2k* =2k =T
=2r+1
=o0dd

This is a contradiction . assumption is false.
=> Original conjecture is true, ‘If m? is even then m is even.’
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a+b

@ Prove, by contradiction, that >.ab VabeN.

a+b

Assume <+Jab for some va,be N

—a+b<2ab
= (a+b)* <4ab
—=a’+2ab+b? <4ab

= a’-2ab+b*<0
(a—b)2 <0, =abeN

This is a contradiction . assumption is false.

a+b

= Original conjecture is true, >.ab VabeN.

(@) Prove that the number of primes in infinite.

Assume the number of prime numbers is finite: P,is the greatest.

The prime numbers are p;, P,, Pg, ..oy P,
Thereisa qeNs.t. q=p, x P, x Py x...x p, +1

Clearlyq>1, now g+ p, = p,Ps.....p, remainder 1. = qis not divisible by any p, .

Now all numbers € N can be divided by 1 & a prime number.

Thus 3 a prime number not between p, & p, which divides g.

.. P is not the greatest.. assumption is false.

= Original conjecture is true, the number of primes is infinite.

Further Questions

Prove each of these conjectures by contradiction.

@ (7 is irrational’

@ ‘“If n*is odd, nis odd.’

3 ‘If m* =10 then m is not a rational number.’

@ ‘If the sum of 2 real numbers is irrational, at least one of the numbers is irrational.’
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Solutions

@ Assume that \ﬁ is rational

«/_: B, p&qeZ" and are relatively prime
q

2

:>7:p—

qZ
=79% = p?
= p’is divisible by 7.
Then p=7k for keZ.

Thus 7q° = (7k)°
7q° = 49k*
q° =7k* = qg? is divisible by 7

. 7| p? &7|9* = p* &q* are not relatively prime
- by contradiction assumption was false.

= Original conjecture is true, ﬁis irrational.

(@ Assume that is n® is odd then n is even.

=n=2k, keZ = (2k)*is even.
=8k*®
_ 3
=2(4k") Let 4k*=r
=2r
=even

This is a contradiction . assumption is false.

= Original conjecture is true, If n? is odd then n is odd.’
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(3®) Assumethat meQ

..m :B, p &(Q € Z and are relatively prime
q

2

—mt=P

q
p2
q
=109* = p°

=10=

= p’is even .. pis even.

Then p=2k forkeZ.

2

Thus 10= %
q

109° = 4k?

50° = 2k?

2 . .
2k* is even so 507 is even

= q%is even .. Qs even.
- If assumption is true p and g are both even.
HOWEVER p&QqeZ", with no common factors - by contradiction assumption was false.

= Original conjecture is true, ‘If m* =10 then m is not a rational number.’

@ Assume a+Db isirrational, a,beQ

Let a=£, bzg where p,q,r,seZ" & p,q:r,s are relatively prime.
q
atb=241 R
S S+r
q p Rqe } ps+rd _ )
aipo PSHrY qs e s
qs

Assumption is False = Original conjecture is true.
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Proof by Contrapositive

Pythagoras’ Theorem states “If triangle ABC is right-angled at C thenc® =a” +b*”.

This is known as an implication as it is an “If.....then” statement.

The contrapositive of this statement is “If ¢* % a® +b? then the triangle ABC is not right-
angled at C.”

An implication and its contrapositive are logically equivalent i.e. if the implication is true
then the contrapositive is true and vice versa.

This means that if you can prove the contrapositive of a statement is true then the original

statement must also be true.

Examples

@ Prove that for xeZ, if 5x+9 is even, then X is odd.
First we need to write down the contrapositive of the statement:
For xeZ, if x is not odd then 5Xx+9 is not even.
This can also be written as for X e Z, if x is even then 5X+9 is odd.

We now prove the contrapositive directly.

Proof : xis even so X =2k for some integer k.

So 5x+9=>5(2k)+9 =10k +9 =2(5k +4)+1which is odd as 5k +4is an integer.

~-. If x is even then 5X+9 is odd, forxeZ.
As the contrapositive has been proven true this means the original statement is also
true i.e.for xeZ, if 5x+9 is even then X is odd.

@ Prove that for neZ, if n?is odd, then n is odd.

Contrapositive of the statement: For ne Z, if n is not odd then n? is not odd.
This can also be written as for neZ, if n is even then n? is even.

Proof: nis even so N =2k for some integer k.
So n? =(2k)2 =4k? = 2(2k2) which is even as 2k is an integer.
~. If n iseventhen n” isevenfor neZ.

As the contrapositive has been proven true this means the original statement is also
truei.e. for neZ, if n?is odd, then n is odd.
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Questions

Prove the following by using the method of proof by contrapositive.
@ For neZ, if n%is even, then n is even.

@ For aeZ,if a? is not divisible by 4, then a is odd

@ For neZ,if 3tn?, then 3{n.

@ Forx,yeR,ify*+yx® <x*+xy?, then y<X.

@ For xeR, if x> +7x®+5x>x*+x*+8,then x>0.

Solutions

@ Contrapositive of the statement: For ne Z, if n is odd, then n? is odd.
Proof: nis oddso n=2k +1 for some integer k.

So n* =(2k +1)" =4k’ + 4k +1=2(2k” + 2k ) +1which is odd.
. If n is odd then n? is odd for neZ.

As the contrapositive has been proven true this means the original statement is also
truei.e. for neZ, if n?is even, then n is even.

@ Contrapositive of the statement: For a€Z, if a is even, then a? is divisible by 4.
Proof: a is even so a =2k for some integer k.

So a® =(2k)’ = 4k?which is divisible by 4.
. For aeZ,if a is even, then a? is divisible by 4.

As the contrapositive has been proven true this means the original statement is also
truei.e. for aeZ,if a is not divisible by 4, then a is odd.

(3) Contrapositive of the statement: For neZ, if 3/nthen 3/n”.
Proof: 3/n so n=3k for some integer k .
So n? =(3k)2 =9k? =3(3k2) which is divisible by 3 .
- For neZ,if 3/nthen 3/n?.

As the contrapositive has been proven true this means the original statement is also
truei.e.for neZ, if 3tn?, then 3tn.
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(@) Contrapositive of the statement: If y > X then y* + yx® > X° + xy?.
Proof: y>Xso y—x>0.

Multiply both sides by x* + y?.
(y—x)(x2 +y2)>(y—x)0
yx2+y3—x3—xy2 >0
y3 + yX2 > X3 + Xy2
As the contrapositive has been proven true this means the original statement is also
truei.e. for x,y e R, if y°* + yx* <x*+xy®, then y<x.

(5) Contrapositive of the statement: If x <0then X*+7x%+5x < x* +x*+8.

Proof : x<0so X is negative. This means that x*, 7x*and 5x are all negative.
=X +7x*+5x<0

As xis negative, X*, x* and 8 are all positive.
=x'+x*+8>0

So X°+7x3+5x< x* +x*+8.

As the contrapositive has been proven true this means the original statement is also
truei.e. for xeR, if X° +7x3 +5x> x* +x* +8, then x>0.

10
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Proof by Induction

Proof by induction involves a set process and is a mechanism to prove a conjecture.
STEP 1: Show conjecture is true for n =1 (or the first value n can take.)

STEP 2: Assume statement is true for n=K

STEP 3: Show conjecture is true for n=Kk +1

STEP 4: Closing Statement (this is crucial in gaining all the marks).

Examples

@ Prove that 2" >n, VneN.
When n=1 2!=2 2>1 ..truefor n=1.

Assume true for n=k = 2* >k

Consider when n=k +1 2k =2 ok o2k s ok
>k +1 -Statementis true for k+1.

As statement is true for n =1 & true for k = true for K+1, - by induction is true
vn>1LneN.

@ Prove that n® +2n is divisible by3 Vvn>1nelN.
When n=1 1*+2x1=3 divisible by 3 -true for n=1.

Assume true for n=k = k*® + 2k is divisible by 3.

Consider when n=k +1
=k®+3k?>+3k+1+2k+2

=(k®+2k) +3k*+3k +3
=(k®+2k)+3(k* +k +1)

(k®+2k)and 3(k?* +k +1) are both divisible by 3 - Statement is true for k +1.

As statement is true for n =1 & true for kK = true for K +1, - by induction is true
vn>1LneN.

11
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@ Show that the triangular numbers are generated by the recurrence relation

1
u.,, =u, +n+1 where u, =§n(n +1),n e N. (The triangular numbers are 1, 3, 6, 10....)
1
When n=1 u, :EX1X(1+1) =1.truefor n=1.

Assume true for n=k = u, :%k(k +1)

Consider when n=k +1 U, =U, +k+1
=%k(k+1)+k+1
1
ZE(k(k+1)+2k+2)
1.5
=—(k“+3k+2)
2
1
=~ (k4 D)(k+2)

= %(k +D((k +1)+1)

- Statement is true for k +1.

As statement is true for n =1 & true for k = true for k +1, - by induction is true
vn>1LneN.

12
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@ Examine the number pattern generated below.
1=1?
1+3=2°
1+3+5=3
1+3+5+7=4

i) Make a conjecture about the sum of the first N odd numbers.
ii) Prove your conjecture by induction.

i) S, =1+3+5+7+..+(2n-1) =n =Y (2r-1)=n?
r=1

i) When n=1 (2n-1)=2x1-1
=1
=1°
= n2
~truefor n=1.

k
Assume true for N=k = Z(ZI‘ -1 =k’
r=1

k+1 Kk

Consider when n=k +1 Z(ZI’ -1 = Z(ZI’ -D+(2(k+1)-12)
r=1 r=1
=k*+(2k +1)
— (k+1)°

- Statement is true for k +1.

As statement is true for n =1 & true for k = true for kK +1, - by induction is true
vn>1LneN.

13
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(® Prove that the recurrence relation defined by U,,=U, +4n+4 hasan n" term
u, =2n(n+1).

When n=1 u, =2(1+1) =4 -true for n=1.
Assume true for n=k = u, =2k(k +1)

Consider when n=k +1 U, =U, +4k +4
=2k(k+1)+4k +4

=2k? +2k + 4k + 4
=2k? +6k +4
=2(k*+3k+2)
_2(k+1)(k+2)

— 2(K+1)((K+1)+1)

- Statement is true for k +1.

As statement is true for n =1 & true for k = true for kK +1, - by induction is true
vn=1LneN.

(&) Prove by induction that 5+7+9+...+(2n-1) =n*-4,vn>3 neN. i.e.

Y. (2r-1)=n*-4,
r=3

When n=3 RHS: 3*-4=5
LHS: 2x3-1=5 ~true for n=3.

K

Assume true for N=K = Z(Zr ~D)=k’-4
r=3

k+1 K

Consider when n=k +1 Z(Zr - = Z(ZI’ -D+2k+1)-1)
r=3 r=3

=k*—4+2k+1
=k?+2k—-4+1
—(k+1)2-4

- Statement is true for k +1.

As statement is true for N =3 & true for k = true for k +1, - by induction is true
vn=3,neN.

14
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(@) Prove by induction that 2" >n?, Vvn>4,neN.

When n=5 LHS: 2°=32 32> 25, -.true for n=5.
RHS: 52 =25

Assume true for n=k = 2 > k?
Consider when n=k +1 LHS: 2K =22¢ = 2.2> 2k?

(k+1D)?=k*+2k+1
=k? +2(k +lj
2

1
So if true for N =k +1 we must show 2k* >k? +2(k+EJ
1
k? > 2(k+§) Vk >3

~whenn=k, 2> (k+1)* -Statement is true for k +1.

As statement is true for N =5 & true for k = true for k +1, - by induction is true
vn>4,neN.

Past Paper Questions (Excluding Proof by Induction)

15
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2003 -Q8

Given that p(n) =n”+n, where n is a positive integer, consider the statements:
A p(n) is always even
B p(n) is always a multiple of 3.

For each statement, prove if it is true or, otherwise, disprove it.

(4 marks)
2006 - Q7
For all natural numbers N, prove whether the following results are true or false.
(a) n* —nis always divisible by 6.
(b) n®+n+5is always prime. (5 marks)

2008 -Q11

For each of the following statements, decide whether it is true or false and prove your
conclusion.

A For all natural numbers m, if m* is divisible by 4 then m is divisible by 4.

B The cube of any odd integer p plus the square of any even integer ( is always odd.
(5 marks)

2010-Q8

(a) Prove that the product of two odd integers is odd.
(b) Let p be an odd integer. Use the result of (a) to prove by induction that p" is odd

for all positive integers n.
(2, 4 marks)

2010-Q12
Prove by contradiction that if X is an irrational number, then 2+ X is irrational.
(4 marks)

2013 -Q12

Let n be a natural number.

For each of the following statements, decide whether it is true or false.
If true, give a proof; if false, give a counterexample.

A If n is a multiple of 9, then so is n?.

B If n* is a multiple of 9, then so is n.
(4 marks)

16
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2015-Q12

Prove that the difference between the squares of any two consecutive odd numbers is
divisible by 8.

(3 marks)
2016 -Q10
For each of the following statements, decide whether it is true or false.
If true, give a proof; if false, give a counterexample.
A If a positive integer p is prime, then sois 2p+1.
B If a positive integer N has remainder 1 when divided by 3, then n® also has
remainder 1 when divided by 3.
(4 marks)
2017 -Q13
Let n be an integer.
Using proof by contrapositive, show that if n? is even, then n is even.
(4 marks)

17
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Past Paper Questions (Proof by Induction only)
2001 - QA4
Prove by induction, that for all integers n>1,

2+5+8+..+(3n-1) =%n(3n +1).

2002 - Q7

Prove by induction that 4" —1 is divisible by 3 for all positive integers n.

2002 -Q12

2 1
A matrix A=( 1 O]' Prove by induction that

) [n+1 n ]
A" = :
-n 1-n

Where n is any positive integer.

2003 - Q16
(a) Prove by induction that for all natural numbers n>1

3 3(r2 —1) = (n-Dn(n +1).

40
(b) Hence evaluate Z“B(I’2 -r).
r=11

2004-Q12

n

Prove by induction that (xe™) =(x+n)e”* for all integers n>1.

dx"
2005 -Q10

Prove by induction that, for all positive integers N,

$ 111
~rr+D)(r+2) 4 2(n+D(n+2)

State the value of lim En _r
ate e value o .
e = (r+1)(r+2)

2006-Q13

(5 marks)

(5 marks)

(6 marks)

(4, 2 marks)

(5 marks)

(5, 1 marks)

The square matrices A and B are such that AB=BA. Prove by induction that

A"B = BA" for all integers n>1.

18

(5 marks)
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2007 - Q12
Prove by induction that for a >0,

(1+a)">1+na
For all positive integers n.

2009 -Q4
Prove by induction that, for all positive integers N,

$ Ly 1
=r(r+1) n+1

2011-Q12

Prove by induction that 8" +3" is divisible by 5 for all integers n> 2.

2012 -Q16
Prove by induction that

(cos@+isin@)" =cosnd+isinnd
for all integers n>1.

2013 -Q9
Prove by induction that, for all positive integers N,

D (4r°+3r2 +1)=n(n+1)°

r=1

2014-Q7

. ) (2 a
Given A is the matrix ,
0 1

Prove by induction that

A" = 2" a@'-1) , n>1
0 1

2016 - Q5
Prove by induction that

SrEr-1)=n’(n+l).  vnen

r=1

19

(5 marks)

(5 marks)

(5 marks)

(6 marks)

(6 marks)

(4 marks)

(4 marks)



