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Vectors

Reminders from Higher

Position Vector p=(X,Y,z) starts at the origin and is denoted OP.

A unit vector has a magnitude (length) of 1. |p|=/x* +y* +7°.

Scalar Product ab=ab +ab, +a,b,

~alicoso

1 0 0

Unit Vectors i=|0 j=|1 k=0
0 0 1

The Vector Product

The scalar product is where two vectors multiply to produce a number (scalar).
The vector product is where two vectors multiply to produce a vector.

The vector product (or cross product) is denoted axb

axb=n|a||b|sind

Where 6 is the angle between the positive directions of a and b.
If we use our right hand a = 1% finger
b = 2" finger
n = thumb — perpendicular (normal) to the plane.

If a=0 or b=0, n is not defined - axb=0

Properties
axb is a vector and is perpendicular to the plane contained by a &b.

axb=-bxa (non commutative).
laxb] = [alsine

3 by bk
In component formif a=|a, | & b=|b, | then axb=|a, a, a,
a3 b3 bl b2 b3

= (azba - aebz)i - (a1b3 - aSbl)J + (a1b2 - aZbl)K
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Examples

4 -1
i g—[5] and Q—(ZJ find axbh.
—6 3

axb=(ab, —ab,)i—(ab,—ap)j+(ab, —a,b)k
= (-5x3—(-6)x(-2))i — (4x3—(-6)x (1)) j + (4x (-2) - (-5) x (-1))k
= -27i-6j-13k

@ Find axbfor the following:

a=-2i—-j+3k (a) (b) a=-5i—j+4k (c) a=-i+2j+4k
b=i+2] b=2i+j-3k b=2i-4j-8k

|

(@) axb =((-1)(0)-(3)(2))i-((-2)(0) - ()(3)) j + ((-2)(2) - (-D()k
= —6i+3] -3k

6
~| 3
-3
(b) axb = ((=3)(-1) - @W)@)i-((-5)(-3)- (A j + (-5)D) - (A(-D)k
——i-7j-3

(c) axb  =((2)(-8) — (-4 4)i - ((-D(-8) - (4)(2)) j + (-D(-4 - (2)(2)k
=0
-.a&Db are parallel
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Questions
(a) Find a vector perpendicularto U=2i— j+3k & v=i+2].

(b) Find the length of axb, given that a has length 4, b has length 5,& the angle between a
& bis 45,

(c)Giventhat a=3i—j+2k, b=2i+j-k & c=1-2j+2k findi) (axb)xc;ii) ax(bxc).

Comment on your results.

(d) Determine two unit vectors perpendicular to the plane of a=2i-6j-3k &

b=4i+3j—k.

3 1
(e) a=|-1|& b=| 4 |.Findi) axb ii) bxa i) (a+b)x(a—h).
-1 -2

Areas of Triangles and Parallelograms
The length of the vector product axb has the same formula as the area of the

parallelogram in which the vectors a & b are the sides of the parallelogram as

demonstrated below.

Area of Parallelogram =|§||g|

= bisin

a =|a||b|sin@ Area
=[axb]

1
Triangles are similar, but obviously their area is given by §|gxlg|

Examples
(DFind the area of the parallelogram which has adjacent edges U = Ji+j+2k & v=2i—].

i j k
uxv=f3 1 2 x| =2+ 47+ (5
. 2 -10 =6-7sq.units

=(0-(-2)i-(0-4)j+(-3-2)k
=2i+4j-5k
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@ Calculate the area of the triangle whose vertices are A(-2,1,3), B(5,-12) & C(2,3,4).

7 P T
AB ) - | k Area:%‘ABxAC‘
= ‘ABxAC‘z? 2 - ;
-1 4 2 1 =§‘_11J+ZZK‘
4
ol =(-2—(-2))i— (7 (-4)) j + 14— (-8)k :%,/712“484
1 =_11i+22K sg. unitd 2.3
Questions

(a) Find the area of the parallelogram whose adjacent sides have the vectors
u=-i+3j+4k & v=3i+j-k.

(b) Find the area of the triangle whose vertices are:
i) A(2,-1,4), B(-10,2) & C(4,4,0).
i) X(-3,1L1), Y(L,-10) & Z(2,0,3).

Scalar Triple Product

The scalar triple product, denoted a.(bxc) gives the volume of the parallelepiped in 3D

space, bounded by 3 pairs of parallel planes. It is a number (scalar) not a vector and is given

& &
a(bxc)=|b, b, b, In component form
Cl CZ C3
a.(bxc)=a,(b,c, —h,c,)—a,(bc, —b,c) +a;(bc, —b,c;)
Examples

@ Given a=2i+ j+3k, b=5i+3j—2k, c=—i+2]+4k;Find

2 1 3
i) a.(bxc) a(bxc)=|5 3 -2
1 2 4
=2(12—(-4))-1(20—2) + 3(10 — (-3))
=32-18+39
=53
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-1 2 4

ii) (axb).c c(axb)={2 1 3
5 3 2
=—1(-2-9)—2(-4-15) + 4(6-5)
=11+38+4
=53

@ Calculate the volume of the parallelepiped shown.

/H a=AE 3
EG.0.5)~— b=AD a=|-1|,b=4 & c=|-1
[ DE5] c=AB 2/

A(2,1,3) B(6,0,1)

1 -1 2
a(xc)=3 4 1
4 -1 -2
=1(-8—(~1)) +1(~6—4) + 2(-3—16)
~ ()55

Volume = 55 units3

Questions
2 -3 -1 5

(@)Givenr=|1|, s=| 4 |,t=| 3 |& u=|-2|find: i) r.(sxt)
3 -1 -2 1

i) s.(txu) i) u.(sxr)

(b) Calculate the volume of the parallelepiped.

AL1,2)

B(2,3,6)
C(4,4,3)
D(5,3,4)
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Lines in 3D Space

A line in 3D space can be defined in 2 ways...

y
1 point & a direction y
OR
X .
z 2 points X
z
There are three ways of expressing this line:
Vector Form p =a+AU  where A isascalar
X X, a
P=|Yy| a=|y | (point)& u= b | (direction vector)
z z, c
Parametric Form X=X +al
y=y,+bi
Z=17+cCA

X=% _ Y-V _2-% _,

Symmetric Form
a b C

Examples

@ Write down the symmetric and parametric form of the equation of a line which passes
through (1,—2,8) and is parallel to 3i+5] +11k. Determine whether or not the point

(—2,-7,-3) lies on the line.
x-1 y—-(-2) z-8 x-1 y+2 z-8

Symmetric - = = =] =
3 5 11 3 5 11

=4

Parametric- x=1+34
y=—2+541
z=8+111

If the point lies on the line, subbing (—2,—7,—3) into the equation will give same value for

-1 — =1 Point lies on line.

Consistent results.
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@Find the symmetric equation of the line passing through the points A(4,1,3) &
B(2,5,-2).

For direction vector find AB. AB=| 4

Then, in symmetric form

x-4 y-1 z-3
-2 4 -5

=1

Questions

Find the symmetric and parametric equations of the lines defined as follows.
(a) Passing through (4,2,1) with direction vector i+ j+3k.

(b) Passing through the points (2,1,4) & (5,5,5).

(c) Passing through (3,2,7) with direction vector 3i+4_j—K.

(d) Passing through the points (0,a,0) & (a,0,2a).

(e) Find the vector equation of the line with direction vector d = (1, 2,—8)T and point

P(2,—-1,6). Change this vector equation into symmetric form.

Intersection of, & Angle Between, Two Lines

y y
Be identical Intersect
X X
z Z

y
y
Be Parallel Be Skew
X
7 X
Z

Lines are parallel if their directions are proportional (one is a multiple of the other).

Lines in 3D space can

If the lines intersect we should be able to calculate the point of intersection and the acute
angle between them. (Subtract from 180° if an obtuse angle is first obtained.)



Auchmuty High School Mathematics Department
Advanced Higher Notes — Teacher version

Examples

x+10 y+20 z-15 g X

~18 y+12 z-11

intersect and find

(DShow that the lines

the angle between them.

x+10 y+20 z-15

Let =A
1 3 -2
This gives
x=-10+41
y=-20+34
z=15-21

Equate these

X

10+ 4=18+5u
A=28+5u

Taking A =28+5u & 24 =4-3u.

21 =56 +10u Equating gives

Sub into X A =28+5x(-4)
A=28-20
A=8

Checkin y and z for consistency.

Point of Intersection

Using A (we could equally use p.)

-2

x-18 y+12 z-11

5 4

5 4 3 "
X=18+5u
y=-12-4u
z=11+3u
y z
—20+31=-12—-4u 15-224=11+3u
31=8-4u 24 =4-3u
56+10u=4—-3u
13 =-52
n=-4
31 8-4u 24 4-3u
=24 =24 =16 =16
Consistentin y Consistent in z
x=-10+8 y=-20+24 z=15-16

.. The Point of Intersection is (-2,4,-1).
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The Angle...
Find the direction vectors of both lines and calculate the acute angle between them.

1 5
a=| 3 |,b=| -4 | from denominators of symmetric form.
-2 3

|
[=x

cosf =

3]

(=3

5-12-6

NN

-13

=10¢7

0 =60.57"

cos@ =

We may also have to prove that two lines do not intersect. In this case there will be no
consistent solutions for 4 and .

(2) Determine whether the lines L, %4 = ll = 2;12 and L, X=41, Y=p, 2=3+pu
intersect.

Write both in the same form.

L, x=4+34 If they intersect then 4« =4+34
y=-4 u=-1
2=2-1 3+u=2-1
Equating the first two Sub into 2" Sub into 3™
-A=31+4 u=1 3+u=2-(-1 Inconsistent
44 =4 1=0 *. nosolns
1=-1 Lines do not
Intersect.

(3 Show that the lines L, and L, intersect & calculate the angle between them.

L1:>X+4— y-5 z-3
2 —4 1

Parametric form...

=A

X=—4+21
y=5-44
Z2=3+41
Equating...

X y-3 z-2
:>_:—:—:
i
X=—u
y=3-u
71=2+u
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4424=—u 5-42=3—u 34A=2+pu
u=4-22 U=41-2 u=1+1
Equating 1 two...  4-21=41-2 Sub into 2" Sub into 3™
61=6 ,u:4—2 ,u:1+1
A=1 =2 =2
c A=l u=2

So x=-2,y=1z=4 .. Point of Intersection (-2,1,4)

Direction Vectors

2 -1
a=|-4|,b=-1 cosezg—'b
NP all
—2+4+1
V2143
__3
63
0=671.8
Questions

(a) Find the intersection of & the angle between the lines L & L,.

x-1 y-3 z-2 Xx+1 y-2 z-7

= =A = =
T T T T Ty T
(b) Determine whether the two lines L, & L, intersect when
L1:>X+3=y_2=2_1=}t L =>X=-4-2u, y=1+u, 7=

1 1 3

(c) Find the intersection of and the angle between the line L, with parametric equations
x=-2+2A, y=1-34, z=-1+ 1, andtheline L, which passes through the point (-3,4,0)
and is parallel to —i+ j—k.

(d) Find the point of intersection of the line through the point (1,3,—2) and parallel to 4i+k

with the line through the point (5,3,8) and parallel to —i +2k. Then find the angle between
them.

10
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Equation of a Plane

We can identify a plane if we know:
e 3 points on the plane

e 2lineson the plane & a point (intersection or otherwise.)
e 1 point on the plane & a normal to the plane.

When 3 points are known...

@Find the equation of the plane which passes through the points A(-2,1,2), B(0,2,5) and
C(2,0,3).

2 4 i j ok
AB=|1|AC=|-1| > ABxAC=2 1 3
3 1 4 -1 1

=(1-(=3)1-(2-12) j+(-2-4)k

=4i+10j -6k
4
n=|10
—6
Equation of Plane pn=p.n
X)( 4 -2)( 4

yl.l10|= 1 |.|10

z)\-6 2 )\-6
4x+10y -6z =-8+10-12
4x+10y—-6z=-10
2X+5y—-3z=-5

@Find the equation of the plane which passes through the points M (1,0,1), N(3,1,1) and
Q(2,1,—1). Determine whether or not the point (1,5,1) lies on the plane.

0 1
MN=|1|MQ=|1|=
0 -2

11
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ij ok -2
MNxMQ=[0 1 0 ~n=| 0
1 1 2 -1
=-2i—k
Equation of Plane pn=p.n Considering the point (1,5,1) = 2x+z2
yllol={ol| 0 =3
z)\ -1 1)(-1
—2X—2=-3 Point satisfies Equation of the Plane
2Xx+2=3 .. Point lies on the Plane.

Questions
(a) Find the equation of the plane through the points:

i) 0(0,0,0), BL21), C(-2,1,2). ii) G(-110), H(3,3,3), 1(2-12).

(b) Find the equation of the plane through A(-1,3,1), B(1,-3,-3), C(3,-1,5). Verify that
the point (0,2,2) also lies on the plane.

(c) Prove that the 4 points below are coplanar.
S(5,7,-1), T(2,-3,6), U@L,—4,7), V(6,12).

When 2 lines and a point are known...

(DA plane is parallel to the vectors 3i+21—K and 4i —2k. The plane contains the point
(1,1,0). Find the equation of the plane.

i j k —4
axb=13 2 -1 sn=| 2 Equation of Plane _pn [_)OQ
4 0 -2 -8 1
. . 1].
=—4i—(-6-(-4)j+(-8)k 0
=—4+2)-8k —4x+2y —87=—4+2
2x—-y+4z=1

12
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Questions
(a) Find the equation of the plane parallel toi —k and 6i+5k passing through the point

(-2,3,7).

(b)There exists two lines

L1:>X_1:y_4:2+7:/1 and I_2:>x+4:y—3:z—3
3 -1 2 4 -1 1

= H

Find the point of intersection, and hence the equation for the plane containing them.

When a normal and a point are known...

@ Find the equation for the plane through (4,—1,3) with normal vector n=(1,5,2)".

ph=p.n

X\ (1 4)\(1

ylI.|5|=[-1[5

z)\2 3)12

X+5y+22=4-5+6
X+5y+2z2=5

() Find the equation for the plane through (-1,2,1) with normal vector i-3j+2k.

pn=p n
1

X
X—-3y+2z=-1-6+2
X—3y+2z=-5

Questions

Find the equation of the plane perpendicular to the vector and containing the point given.

(a) 2i+3j+k & (0,2,6) (b) 5i+4j-3k & (2,1,-1)

(c) 2i-3j+k & (5,3,-2) (d) —4i+6j+7k & (-4,6,7)

13
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Equations of a Plane in Parametric/Symmetric Form/Vector Equation of a
Plane

Unlike for the equation of a line, the equation of a plane does not have distinct parametric
and symmetric forms; the two words are interchangeable for the same format of an

equation.

This form is r=a+Ab+ uc

Where a is a position vector of a point on the plane.
b &c aretwo non-parallel vectors, each parallel to the plane.
A & u are real numbers.

Example

@ Find the parametric equation of the plane through (2,3,1) and parallel to the vectors
—2i+3j+k and 6i—2j+k.

2 -2 6
r=[3|+A4| 3 |+u|l-2
1 1 1

Calculating the Angle Between Two Planes

When 2 planes intersect on a line, we can calculate both the line of intersection and the
acute angle between the two planes.

The angle is calculated in the same way as we calculated the angle between two lines. We
take the acute angle between the two direction vectors(normal) of the planes.

Example
@ Find the angle between the two planes with equations 2x+y—2z=5 and

3X—-6y—-2z="7.

’ > 6-6+4
—6+
Leta=| 1 |,b=| -6 cosf=———
- - J9/49
-2 -2
_4
21

0 =79 (remember to check angle is acute.)

14
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Questions

(a) Find the acute angle between the planes 2x—y =0 and x+y+z=0.

(b) Find the angle between the planes x+y—4z=-1 and 2x—-3y+4z =-5.

(c) The plane 7, contains the vectors 2i+ j and 3i+ 2k.
The plane 7, contains the vectors i+3j—K and i+j—K.

Find the angle between the planes 7, and 7,.

(d) Find the acute angle between the planes;
7,, passing through O(0,0,0), P(1,0,1) and Q(0,1,1)
and 7, passing through A(1,-11), B(3,1,-2) and C(0,2,-1).

Intersection of 2 Planes - the Line of Intersection

If two planes intersect, we can use Gaussian elimination to find and equation of the line of
intersection.

Example
(D Find the equation of the line of intersection of the planes 7,;4X+Yy -2z =3 and

T X+y—z=1

41 —213\R
11 -1:1)R,
4 1 —253
4R,-R (0 3 211
Let z=A1 3y—-24=1 4x+y—-21=3
y:1+2/1 4x:§+ﬂ/1
3 3 3 3
x=z+lﬂ
3 3
.. Equation of line of Intersection
in Parametric Form is: X :g+1/1
3 3
1 2
=—+—-1
y 3 3
z=A1

15
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Questions

Find the equations of the line of intersection of each of these pairs of planes.
(@) x—y—-3z=—7 & 2x+3y-z=-4 (b)2x—y—-2z-1=0 & x-2y—2z=-8.

Intersection of 3 Planes

We do exactly the same thing for the intersection of 3 planes...we’ve been doing this for a
long time!

Examples
Determine how these planes intersect.

x+2y+3z2=3 O @ x+2y+3z=3
2X—-y+4z=5 2X—Yy+4z=5
X—-3y+2z=2 X-3y+z=2
1 2 353 R, 1 2 33\R
2 -1 455 R, (2 -1 45)R2
1 -3 2:12JR, 1 -3 1I2/R,
2R-R,|0 5 21| R, 2R -R, {0 5 21) R,
R-R,\0 5 111) R R-R; \o 5 2l1/ R
1 2 33> 1 2 3:3
0 5 2|1 '
0 5 211
R,-R; \o 0 1lo !
R, —R, 0 0 0:0
z=0 b5y=1 x+§+O:3 Let z=1 S5y+24=1
y:l X:E :l_gﬂ
5 5 5 5
2
x+2(———/1j 31=3
5
Planes intersect at a Point. X =§—1€1}t
. .. (131 . . .
Point of Intersection is E,E,O . Planes intersect along a line given by
=E—l—1/1, =l—gﬂ,z=i
5 5 5

16
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The intersection of three planes

When examining the intersection of thres planes we 4 H
must consider six cases. The intersection could be: '-:-‘::-j::-j-j::-'-:-'

4 single point i
aline
two lines |
three lines 3 R —
a Pl.n. Q \I\l"\l‘l"‘l‘ R
undefined, D G
Various examples can be found by considering the structure of a room, including
the diagonal planes,
Since each plane bas an equation of the form ax + by + cz + d = 0, the intersoction is
the solution of a 3 x 3 system of equations. We can use the planar squations to form
an augmented matrix and solve for x, y and 2z using Gaussian alimination.
The six cases are hest describad through example.

A point of intersection :

. x-2+ 2=8 (1 -2 1 8 which reducse by 100 2 ’
3x+ y- za1 (3 11 1) L RO to 010 -1
2x-2y+32=18 \2 -2 3 18 D01 4

This unique solution indicates that the three planes all intersect at (2, -1, 4).

Aﬂmqfivmrmﬂon '

X*2y~2z=~7 (1 2 -2 -7 1 2-2 -7
x-2y+ z=6 |1 -2 1 6)whichwducesto|0 -4 3 13
Ax+2y-2z~--4 12 2 -3 -3 o 0 0 0o

The bottom line yields no information and arises because the third equation s
redundant, S0 we have two equations in three unknowns, which will yield an ’
infinite number of salutions.

From the second equation,
“4y+3z=13 = y=

common at this stage to let z arbitrarily equal ¢, but it is more convenient to let
Zwiar~-1

3z-13

Mat-1)-13

3 3t-4

==
Mow
x=-T-2y+2z5x=2-1
The intersection is the line with equations x=2¢{ -1, y=3 -4, z=41- 1.
X+1 _yed _z+1

ar, in symmetric form: 3 3 %

Two lines of intersection
xX=- y+ 2z=10 /1 -1 1 10
2Xx- y+32=3§
4X-2y+62=7 4-26 7

0 = -3 =5 no solutions, the system being inconsistent.
The first two planes intersect where y + 2 =15,

planes meet in the line with equation

x:zs & gtlls e

x_ﬁ'%:_i_‘[+l'6.5‘l

17

2-123 S)whlchuduoeno(

1-11

0 11 -15

0 0o

Tha first and third planes can be shown similarly to intersect on the line

-3

lotzetsoym=15=f,and x= 104 ¥« 2w 10 < 15 = £ « ¢ w <5 = 21, Therefore the

;



X+2y=-2z=~7 1 2 -2 -7 1 2 -2 +7
Ix+2y~32=-18 |3 2 -3 -15 | which reducesto |0 —
ix+2y-43=-9 0

0 = 14 = the system i3 inconsistent and so has no solutions. However, oxamining
oach pair of planes in turn gives
Plane 1 with plane 2 with —4y + 32 = 6 and, arbitrarily, letting z = 4t + 2,
wagetx=2-3, y=3L zm4t+ 2,50

x+3 ¥y 3-2 ‘
4
Plane 1 with plane 3: with —4y + 3z = 13 and, arbitrarily, letting z = 4t - 1,
wogatx=2t—1, y=3t-4, zw4t~1, 50

x+1 _y+4;z¢1

2 3
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524 9

2 a

Plane 2 with plane 3: subtract to eliminate y; this gives 2x « x = 8. Arbitrarily, let |

T = 4L

Weget x =3 +2¢, y= 3t~ 12, 2=41, 80
x=3 _ 2012-3_
3 4

2
Nodcothuthothmﬂmoflnﬂnocﬂonmpanlkl.wlthdbxﬂmm(s)

4

Questions

Determine how each of these sets of planes intersect

(a)

X+ y+z=3
2X+3y+2=5
X—y—-2z=-5

A plane of intersection
2x- y+ 3z=4 2-<1 3 4 2-134
Gx-3y+ 09z=12 (6 -3 9 12 which reducesto (0 0 0 0
Bx-4y+12z=16 |8 -4 12 16 0 000

memmummpmmmmmwmum
plans dx y 1 30~4.

No intersection

4x-By+12z-12 (4 -8 12 12 1-23 3
2x—-4y+ Gz=2 2 -4 6 2|whichreducesto(0 0 0 4
Ix=-Gy+ 92=6 36 9 6 0 00-3

A completaly inconsistent set of equations. Thus there are no solutions. Even a
cursory glance st these equations reveals a set of three parallel planes.

)

(b) x— y+2z=3 () 2x+ y— z=1
X+2y— z=-3 3X-2y+3z=-2
2y—-2z=1 4x+2y-22=-5

18
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Intersection Between a Line and a Plane

To find the coordinates of the point where the line intersects the plane

e Substitute in the parametric equations of the line into the equation of the plane.
e Solvefor 4

e Substitute in this value of 1 to find the coordinates of the point of intersection.

Example

(DFind the coordinate of the intersection of L, and 7, when 7, = 2X+Yy+3z =41 and
L=>x=1+4

y=2+31
72=5+21
20+2)+(2+31)+3(B+24) =41 When A =2
19+111 =41 Xx=1+2 y=2+6 z=5+4
A=2 =3 =8 =9

.. Point of Intersection is (3,8,9).
Questions

x-12 y+7 z-5
5 4

(a) Find the point of intersection between L, and 7; 5x+3y—-z=0.

X+7 y-6 z-17

(b) The plane 8x+5y—2z+2=0and line

intersect.
-1 -5
Find their point of intersection.
The Angle Between a Line and a Plane
n When we calculate the angle between a line and a plane we
d need to find 8. We do not find 8 directly, we find ¢ and
V 0=90"—¢ (as usual ¢ needs to be acute.)
Q.. _._._._. -
f d = direction vector of the line
N = normal to the plane
cosg - 30 :
Projection of line on plane. ¢ - |d | |n| 0=90 —¢
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Example

() Find the size of the acute angle between L, and 7, when 7, = 2X+Yy+3z =41 and
L=>x=1+4

y=2+31
72=5+21
1 2 d
d=3|,n=|1], (;os¢:——D ¢=38.2
d[[n]
2 3
_2+3+6 6290—382
J1_4J1_4 =51.8"
_u
14
Questions

Find the coordinates of intersection and the angle between the following lines and planes.

2X+7 y+5 3z+9

T, = 2X+Y+3z=41 and
(a) = y and L = 1 > >

(b) 7, =>8x+5y—-2z=-14 and L, = x=-9+24
y=-13+54
z2=3-1
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Past Paper Questions

2001 - QB6
Let L, and L, be the lines
L : x=8-2t, y=—4+2t, z=3+t
X _y+2_2-9
2 a1 2]
(a)(i) Show that L and L, intersect and find their point of intersection.

4
(ii) Verify the acute angle between them is cos™ (5)

(b) (i) Obtain an equation of the plane TT that is perpendicular to L, and passes through
the point (1,—-4,2).
(i) Find the coordinates of the point of intersection of the plane IT and the line L.

(4, 2, 3, 2 marks)
2002 -Q11
(a) Find an equation for the plane 7; which contains the points A(1,1,0), B(3,1,-1) and
C(2,0,-3).
(b) Given that 7, is the plane whose equation is X+ 2y +z =3, calculate the size of the acute
angle between the plane 7, and 7,.

(4, 3 marks)

2003 -Q12
Find the point of intersection of the line x-3 = y—12 = Z;l
and the plane with equation 2x+y—z =4. (4 marks)

2004 -Q14
(a) Find an equation of the plane 7, containing the points A(L0,3), B(0,2,-1) and C(1,1,0).
Calculate the size of the acute angle between 7, and the plane 7, with equation
X+y—-z=0.
x-11 y-15 z-12
T 5 2
(4, 3, 3 marks)

(b) Find the point of intersection of the plane 7, and the line

2005 -Q8
The equations of two planes are x—4y+2z=1 and x—y—z=-5. By letting z=t or

otherwise, obtain parametric equations for the line of intersection of the planes.
Show that this line lies in the plane with equation x+2y—-4z =-11.

(4, 1 marks)
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2006 - Q15
Obtain an equation for the plane passing through the point P(1,1,0) which is perpendicular
to the line L given by x+1 =Y;2 =i.

2 1 -1
Find the coordinates of the point Q where the plane and L intersect.
Hence, or otherwise, obtain the shortest distance from P to L and explain why this is the
shortest distance.

(3, 4, 2, 1 marks)

2007 - Q15
Lines L, and L, are given by the parametric equations
L : x=2+s, y=-S, z=2-5 L, : x=-1-2t, y=t, z=2+3t.

(a) Show that L, and L, do not intersect.
(b) The line L, passes through the point P(1,1,3) and its direction is perpendicular to the
directions of both L, and L,. Obtain parametric equations for L,.
(c)Find the coordinates of the point Q where L, and L, intersect and verify that P lies on
L.
(d) PQ is the shortest distance between the lines L, and L,. Calculate PQ.

(3, 3, 3, 1 marks)

2008 -Q14
(a) Find an equation of the plane 7, through the point A(1,11), B(2,-1,1) and C(0,3,3).
(b) The plane 7, has equation x+3y—2z=2.
Given that the point (0,a,b) lies on both the planes 7, and 7,, find the values of a and
b. Hence find an equation of the line of intersection of the planes 7, and 7,.

(c) Find the size of the acute angle between the planes 7, and 7,.

(3, 4, 3 marks)
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2009 - Q16
(a) Use Gaussian elimination to solve the following system of equations
X+y—-2=6
2X—-3y+2z=2
—-5x+2y—-4z=1

(b) Show that the line of intersection, L, of the planes x+y—2z=6 and 2x—3y+2z=2

has parametric equations
X=4
y=41-14
z2=51-20.

(c) Find the acute angle between line L and the plane —5x+2y—4z =1.
(5, 2, 4 marks)

2010-Q6
Given u=-2i+5k, V=3i+2j-k and w=—i+ j+4k.
Calculate u.(vxw). (4 marks)
2011 -Q15
The lines L, and L, are given by the equations x-1_y _z+3 and X=4_y+3_1z+3
k -1 1 1 1 2

respectively.

Find

(a) The value of k for which L, and L,intersect and the point of intersection.
(b) The acute angle between L, and L,.

(6, 4 marks)
2012 -Q5
Obtain an equation for the plane passing through the points P(-2,1,-1), Q(L2,3) and
R(3,0,2).
(5 marks)
2013 -Q15

(a) Find an equation of the plane 7; through the points A(0,-1,3), B(1,0,3) C(0,0,5).
(b) 7, is the plane through A with normal in the direction —j+k.
Find an equation of the plane 7,.

(c) Determine the acute angle between the planes 7, and 7,.

(4, 2, 3 marks)
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2014-Q5

Three vectors EA\,@ and OC are given by u,v and w where
u=>5i+13j, v=2i+j+3k, w=i+4j-k

Calculate u.(vxw).

Interpret your result geometrically.
(3, 1 marks)
2015 -Q15

Aline L, passes through the point P(2,4,1)and is parallel to
U =i+2j-k
and a second line, L,, passes through Q(—5,2,5) and is parallel to
u,=-4i +4j+k.
(a) Write down the vector equations for L, and L,.
(b) Show that the lines L, and L, intersect and find their point of intersection.

(c) Determine the equation of the plane containing L, and L,.
(2, 4, 4 marks)
2016 -Q14

Two lines L, and L, are given by the equations:

L :x =443\ y=2+4A, z=-71
L x-3 __y-8 _ z+1
2527 1’7 3

(a) Show that the lines L, and L, intersect and find the point of intersection.

(b) Calculate the obtuse angle between the lines L, and L,.

(5, 4 marks)

2017 -Q15
(a) A beam of light passes through the points B(7, 8, 1) and T(-3, -22, 6).
Obtain parametric equations of the line representing the beam of light.

(b) A sheet of metal is represented by a plane containing the points P(2, 1, 9),
Q(1, 2, 7) and R(-3, 7, 1). Find the Cartesian equation of the plane.

(c) The beam of light passes through a hole in the metal at point H.
Find the coordinates of H.

(2, 4, 3 marks)
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