4. y=sin(x——

T
6

)

Differential Equations

5 e esinx

-1

e’ +c¢
_(c+1)x+1
T (x+D)

y:

y=?>ey”‘z +2

Variables S
eparab
Gugsnoms p le
Find the general solutions of :-
dy d
1 A+x)—= Y _ v(1—-v)?
)dx <24 2. e x(1-y)
dy % 2 d
3. —=ey 4 xy-DE=2
dx y=l)==%
5. s’mxcosy:sinycosx—(i)i 6. y—xé)—’=1+x2é>-’
dx dx dx
D VSWERI
e).'+c Aex 2
1 = Sie— -1 =—
Trel x 2 y=1 x2+C -
y y
4 £ =cxPor y=—e—2— S. CBX =¢ 6.
y cx cosy
Ag& A )
e Find the particular solutions of :-
1 (1—c082x)é1=25in2x when x = & and y=1.
' dx 4
2. dy _ 2
2. (1+x)-d—x‘—1+)’ whenx=0 andy=1.
d
8, D = x(y-2) when x=0andy=>5.
dx
4. Q=wf(1—y2) whenx=£andy=0.
dx 6
dy
5. — =ycosx whenx=0andy= 1s
dx
dy T T
6. ~Z =tanxtany when x=—andy= —
dx 4 4
N2
_ . 4
1. y=ln(1——c052x)+1 2s tan~' y = tan lx+z

siny =
2c0sx



Differential Equations
Variables Separable

GEST U

Solve the following

dy = 2 D oy (3) Y _ a4x . wherea is a constant
iy sy ) 5 y

4 ¢ = dy 2
-y - B — cox
( ) Y =Qay, where a isa constant (5) =Yy 1 (6) =5€

Answers
() y=2sC ) : @) y=2+C
=—+ = s T
a Y= -2 2
= Ae™ = -1 (6)y=tanx+C
(4) y = Ae @ 3= 7 ©6) y
GL(A@SWKV»

(1) +y ~0;y=2whenx=0
(2) +y 3;y=0whenx=0

(3) ——=sinx; =0 whenx=0
& Yy

Answers
Dy=2e" (2)y=3-3e" (B)y=cosx-1



Differential Equations

Variables Separable
GUEST W) p
Find solution of
dy dy 2 2 Y _ x4y
D A+x) = =x (2 = =x(1-y) B)(1+y)° = =e""
a2 dr # r
dy 2
(4) cos’x = =x
) o
1
5 % = (1 —y) cos x , and the particular solution for which y = 2 whenx = 3 T
dy 2 ay dy Xy -
) y-—x==1+x" = (7) == = —===, where C is a constant
7 @ d JeeC
@P=y ©@Z-* 0% -wnxtny
de y
Answers
x 2 3 _ 2,5
Ae . @3) (1+y)’ =3¢ +C
(1)_y=x+l (2) y x2+A
1 1 - _esinx—l
(4) 1 _xtanx—In(cosx)+C (5) il B

\u’+C

Ax @) y=4e ® y= s
(6) y=—-+1 & x+C)

) y= Ae” (10) siny = e



Differential Equations

Variables Separable
GUes1eag
L Find a general solution for each of the following differential equations
dy dy dy 1 dy o, «
a) = =2x (b) —=x"-1 () —=—""9 d) — =x"+e
()dx?«()dxx ()dxx+8() x
2, Find the particular solution of
Y _ e 42 given that y =e® when x=0.
dx
3. Using the method of variables separable find the general solution for the

following differential equations
dy 1 dy dy dy
D) = () 3y—=4x% ¥ y=(x+D)= (@) —=x(y-1
@ Q) S S () 2y=(x )] ()1_ x(y-1)

(e) 3(y+2)=2(x+3)% (H xzj—i}:+y2=0

4. Find the particular solution for the differential equations (variables separable)
dy 3x’ +1
Q) —=———> 1) =1
(®) dx 4y+2 )

() x% _d+xy? v =1

5. Use integration by parts to help solve the differential equation (variables

separable)

xdy 2
e — =Xy , 0:1
=~ »(0)

6. Use partial fractions to help solve the differential equation (variables
seperable)

y—xd—y=1+x2d—y
dx dx



Differential Equations
Variables Separable

ASLAERS

3
(@ y=x"+C (b)y=%—x+C (c) y=lnlx+8/+C

3
X

(d) y=—3—+e“+C

e3.\'

y=3

2x—1+e2
3

4 2 2
(a) y =2Infx[+C  (b) y=i"§x +C  (c) y=C(x+1)

2 X
d) y=1+Ce"”?  (e) y=-2+C(2x+6)** (D Py

1
4, (a) y=—%+%x/5+2x3+2x b)) y=———

2—-x-Inx

1
r= e (x+1)

_1+Cx
I+x




Differential Equations

CUESTIM Variables Separable

1. The rate at which a radioactive material decays at any instant is proportional to the mass
remaining at that instant. Given that there are x grams present after ¢ days, the differential

equation in x is modelled by :- . —kx.

The half-life if a radioactive material is roughly 25 days.
(This means that a given mass will decay to half its mass in 25 days)

Find the time taken for 100 g of the material to decay to 20 g.

2 A pan of milk is heated in a kitchen where the temperature is 15°.
When the milk reaches boiling point it is left to cool and after r minutes

the temperature of the milk is ¢ degrees.

The rate of cooling is propertional to ¢ — 15.

The differential equation modelling this situation is %= —k(¢ — 15).

(a) Find the general solution of the differential equation.
(b) After 10 minutes the temperature of the milk was 50°.
(1) Calculate the temperature of the milk 5 minutes after it boiled.
(i) The milk is required when the temperature is 45°.
Calculate how long this takes after the milk boiled.

8. The population of a small town was 468 in 1980 and 534 in 1990.
Assuming that the rate of increase of the population p, is proportional to p,

(@) write down a differential equation representing the above information and find
the solution to the equation.

(b)  calculate the population in 2000.

4. The surface area of a pool is 10000 m? and is partially covered with weeds. At any instant,
the weeds are increasing in area-at a rate proportional to its area at that instant.

(a) If the area of the weed is x m? formed in ¢ days, form a differential equation.
(b) Initially, the area is 100 m? and after 7 days, the area is 1000 m2. Show that :-

1n(i) =1/ nao)
100) 7

(c) Find the area of the pool not covered by weeds after 10-5 days.

(d) Find the time 7, when the weeds cover half the surface of the pool.

Ji A man is given a drug which causes an initial level of 2 mg of the drug per litre of his

blood. After ¢ hours there are x mg of the drug per litre and it is known that the rate of
decrease of x is proportional to x. (i.e. % =kx). After 1 hour, x = 1-6.
(a) Calculate the value of x after 3 hours.

(b) Calculate the time after which x = 0-5.



Differential Equations
Variables Separable

A container is shaped so that when the depth of water is x cm, the volume of water in the

container is (x2 + 3x) cm>. Water is poured into the container so that, when the depth of
water is x cm, the rate of increase is (x2 +4) cm’/sec.
(a) Show that the differential equation for this situation can be modelled by:-
dx _ x2+4
dtr 2x+4+3

, where ¢ is the time in seconds.

(b) Solve the differential equation to obtain # in terms of x, given that initially the container
is empty.

The motion of a particle is such that its speed at time 7 is given by:-

When t =0, v =0-2.

Express v in terms of z.

Heat is supplied to an electric kettle at a constant rate of 2000 watts, but heat is lost to the

surroundings at a rate of 20 watts for every °C difference between the kettle and that of

the surroundings. One watt causes the temperature of the kettle to rise at a rate of 0-02°C
per minute.
If the temperature of the surroundings is 15°C and ¢°C is the temperature of the the kettle
after 1 minutes, the differential equation modelling this is :-

do 2

—=40-=(6-15
dt 5( )

How long will it take for the temperature to rise from 15°C to 100°C?

Answegs

58 days 2. (@) 0=Ae™¥+15, (b) (i) 69-5° (i) 11-7 minutes

dx

= 0-0132
(a) P—468e ! (b) 609 4, (a) Z:kx (b) Proof (C) 6837 m2 (d) 12 days

2
(@) 1:024mg (b) 622 hours 6. Proof and t=ln(x :4J+%tan"(§j

Ve —
1+4e7 %

1
8. 474 mins



QUESTYM,

Differential Equations
Variables Separable

Population models come in various guises. One theory states that
& _r
de 2
where P (> 0) denotes the population after time ¢. If P=F; at time ¢ =0,

express P in terms of 7.

A learner driver has to learn 400 facts for her test. The rate at which the
number of facts she can recall grows is given by

9F _ k(400-F)
dr

where F (< 400) is the number of facts memorised, ¢ is the time measured in
days since she started the task and £ is a positive constant. Initially she knew
no facts. After five days she could memorise 250 facts.

(a) Express F explicitly in terms of 7.

(b) When she can remember 80% of the facts she can claim to have mastery of the

topic. For how many days will she have to study to claim mastery?

The motion of a body falling due to gravity and under the influence of air
resistance can be modelled by % =—g—0.2v where g is the gravitational

constant. At £=0 a body is released from rest. Find an expression for the

velocity v in terms of #. (N.B. Throughout the motion g +0.2v > 0)

In 1845 Otto Verhulst introduced the logistic equation for population models.

In one particular country the population is modelled by %17) = —615)5(200 - P)

where P (0 < P < 200) is the population measured in millions and 7 is the time
measured in units of 10 years. At time =0, P=4. Find, with the aid of

partial fractions, the solution to the differential equation.



Differential Equations
Variables Separable

S In a chemical reaction, two substances X and Y combine to form a third

substance Z. Let Q(7) (<15) denote the number of grams of Z formed ¢
minutes after the reaction begins. The rate at which Q(?) varies is governed

by the differential equation

d9 _(30-9)15-90)
ds 900 '

(a) Show that 601n( fg = Q] =1+ C, where C is the constant of integration.

(b) Given that Q(0) =0 find the value of C.
(¢) Find, correct to 2 decimal places,

(i) the time taken to form 5 grams of Z.

(i) the number of grams of Z formed 45 minutes after the reaction begins.

ANSLUERI
1. P=Pig

2, (@) F=400(1-e™), where k ~ 0.2 (from F(5)=200).
(b) when 7 ~ 8.04 i.e. after 9 days.

3. v=>5g(™"? -1

200
4. Peo =7
144972

S5 (@) Proof (b) C=60In2 (¢) (i) 13.39 minutes (ii) 10.36 grams






Differential Equations

First-Order Linear
QUESTEV)

(1) (x+1) % ')"=(X+])2

(2 ﬁb_’ -ylanx = sin x cog x
dx

dy
3) tanx =< +2 =%Co%ee
3) y "

dy 2y
4) — +
()dx T

:l_x
© () L 4y
dx

\y-_—e*

(6)Q+x+] -
dx x

(7) (1 =) -Z—': +xy=(] _x)ze—x

dy
8) = +y=5¢c0s2
()dx b4 X

Answers

(1)y=x2+x+cx+c

2) Y= ‘310082 X

CoS x
Gy y=—=,208x, C ) yz(l_z PP
SInx  sin“x sin?y I+x 2
G
(5) y= ]x++x2 (6) y=21xe—x i

™ y= —%(1 x4 1C_x

(8) y = cos 2x + 2sin 2x+C



Differential Equations
First-Order Linear

QUE ST
1 Find the general solutions of these linear differential equations:
) +1)Q = (x + 1)? (b) L = SR
(a (x dx —-y=(x e y = SInx
- g, P o, g
©) tanxdx-i- y = X COSecx (d) dx+ (=g = L=
DL _y=ider ® Z.4y=>50082
(e x(x+1_ --y=x 2y Ty =5c0os2x
dy { - b dy x+1 .
(g) (l—x)dx+x)’—( —x)e () Zx-" x}’—e
Y

dy 5
1 —_— - —X 1 —_— —
¢)) x(x+ 1) l +y=x(x+1)°e ) l + ycotx = cosx
2. Find the particular solutions of these linear differential equations:

dy 3
(a) x5 +2y=x"whenx=1andy=2.

dx
dy )
(b) (1+x)?d‘x'+2y=x when x =0 and y = 0.
(©) sinxﬂ—ycosx=l when x=—72£andy=3.

d
d) x(x+ 1)Ey +y=(x+ 1) whenx=1andy=0.
dy

(e) ¥ =7 + x2(sinx + cosx) when x = 5 and y = 0.
ANsIWERS
1. @ y=@+DE+o) (b) = —%coszx + csecx
(¢)  y=cosecx(x + cotx + ccosecx) (d) y= (l;x-)(lxz +x+ c)
1+x A2
(e) = ( u )(xe"—e‘+ )
< Sl Y - (f) y=(2sin2x + cos2x) + ce™
1
(8 y=cl-x)-ZeX1-x) (h) y =e“(§+£)
%
) c(x+1) (x+1) e
(1) Y= - = ( e ) e (]) Yy =ccosec. __1_0982x
sinx
1 3
2. (a) yz—(x5—9 _ X (Bx+4)
5%° ) ®) y=Ta+y
(¢) y =4sinx — cosecxcotx (d) (x i 1)(e‘ - e) :
x |

e) y= xz(sinx — €O08x) + x(sinx + cosx) — x(% +1)



Differential Equations
First-Order Linear

GUE § 1oy
1. Find the general solution for the following first order linear differential
equations
(a) %+2y =5 (b) %+2xy=x (c) %—Zy =1-2x (d) %—y=e’
© Li2y-E @ Lo oy=@ad”
2 Write the following first order linear differential equations in the correct form
and then find their general solutions
(a) x%—2y:—3x (b) 3x%+3y=2x (c) %+2x=1+2y
(d) ng—f +xy=0
3 Find the particular solution of the following first order linear differential
equations
@ L-sy-x yw=2
(b) x? % +2xy =1, y1) =2
(c) x—%+2y=xe"‘, y(1)=-1
4. For a coil of self-inductance L connected to an alternating electromotive force

E, the formula connecting the current / and time 7 is
: di .
E sin wt ~LZ =R
dr

where E, L, R and w are constants relating to the electrical circuit. Show that

~ ERsinwt — ELwcoswt C
f =2
R2 + LZW2 Et




AVSWERS

Differential Equations
First-Order Linear

(a) y=§+Ce_2X (b) y=e' +22C (©) y=x+Ce™

2 2e*
d) y=xe* +Ce*  (e) SOFEC o P s it g, O

r= V= Y =T (x+1)?
- _ Y430

@) y=3x+Cx’ (b) y== 96 1 gmmr@® @ p=> L

x 1 22 5 x+1 5p! <@ (x" 4+ 2% +2)
@y=-2-LiZe @y (= {

3 9 ¢ % X

Proof.



Differential Equations
Second Order Linear Homogeneous Constant Coefficients

QUESTIM
Type 1
d’y _ady d’y d d)’. dy
) —-3=Z +2y=0 (2 -4 +3y=0
()dx2 el i ()dx . 3
dy dy d’y dy _
Ao -0 5Bp=0 {8 B =
4 i ()dx2 =
Type 2
(l)d—zy 49 1 4y=g (2)d—2y+ﬁﬂ+9y=0 3492 14 4 g
& dx A’ de & dx
d’y _dy
=y +9y=0
()ab(2 ==
Type 3
dy -0

dy d’y dy
] —+2—+2 0 @ +4=2Z +8y=0 38 LW
() 5 T ()dx — T 3) dx

dy d’y dy
() » (5) el ¥

Answers

Type 1:
(1) y=dAe”+Be"  (y=Ae*+B&  (3)y=Ae™ + Be™

(@) y=4e*+ B’  (5)y=Ac*+B

Type 2: 2
Dy=e"+B0)  Qy=e54+B) By=e>d+89) 3y (ma
®y=e"(4+ By)

Type 3:
(1) y=¢&"(Acosx + Bsin x) (2) y =8&"(Acos2x + Bsin2x)

3) y=‘ef‘(Acos%x+Bsin%x) 4) y=é~‘-'(AcosAx+Bsing<c)

=l

(5) Y=o ( Aw 3 a*Bsnﬁ \






Differential Equations
Second Order Linear Non Homogeneous Constant Coefficients

QUES T 1605
1 Find the general solutions of these linear differential equations:
dy  dy 3 4y
(a) dxz-—4dx+3y—x (b) a3 -y=2-5x
d’y dy 2 dzy dy 2
(©) Fe +5a’x + 4y = 32x° (d) i +2dx+2y=l+x
2 Find the general solutions of these linear differential equations:
2
(a) dy+2d——3 = 10e%* (b 4dy 13d—+9 = 7e~2%
de dx Y= e ( ) dx2 + dx Y= e
d’y dy d’y  dy 2
—, s - —Z _ 4= = 9 a—Lx
(©) B 2y = e* (d) 7= 4dx + 4y = 2e
3. Find the general solutions of these linear differential equations:
d’y dy d*y dy
(a) —2 3=y =sinxg (b) —= 2= + y = 10cos2x
dx dx dx?
d’y . d*y dZy
(c) 457 + y = 4sinx (d) ol + 8 o + 25y = 26¢co0s3x
4. Find the general solutions of these linear differential equations:
d’y dy 5 d’y dy
S il Al — _ p2x ko AN =X
(a) D +4dx+4y—x e“* (b) dx2+dx 6y=¢e*+e
d’y dy d* dy dy

dx

5. (a) Zx—zf+5%+6y=3e-2x (b) %—4%+3y=2ex
5. Find the particular solution of

fo +2? + 2y = sinx for which y = 0, Zx 0 when x =0
T Find the particular solution of

%— - Zz — 6y = Se3x for whichy =1, % =—6 whenx=0



Differential Equations
Second Order Linear Non Homogeneous Constant Coefficients

AtssLuess 4, 26 80
2

1
= A" + B + =X+ =X+ —x+—
(a) y e e 3x 3x 5 7

(b) y=Ae +Be*+5x-2
() y=Ae*+Be ™ +8x" —20x+21

(@) y=e""(Acosx+Bsinx)+%x2—x+1

9
(@) y=Ae*+Be"+ 2™ (b) y=Ae*+Be* - y e
|
() y=Ae*+Be™ - %e‘ (d) y=(A+Bx)e + i 2%

(a) y=Ae" +Be2"+icosx+-1—l6sinx
(b) y=(A+Bx)e™ - -g—cosbc - %sin 2x
(c) —Acoslx+ Bsinlx—isinx
. 2 i 3
(d) y=e"4‘(Acos3x+Bsin3x)+%cos3x+%sin 3x

1. 1 1 s

a ={ A4 Brlg™® 4 — g
S L e
1 1

b =Ae P £ g =gt
b) vy 2 z

=2x « 1 1 1 x
C =e Acos2x+ Bsin2x)+—x————
© vy ( x + Bsin2x) S e

~2x 1 30 16
d =(A+Bx)e 2 +—e* +—cos2x———sin2x
@ y=( ) 5" o
(a) y= Ae=%* 4+ Be 3% 4 3xe %X
(b) y=Ae* + Be3X — xeX

_X(z 6 . ) 2 1L
y=e —COSX+—SInXx |——COSXx+—SInx
5 5 5 5

y=26—21_e3x+xe3x
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Differential Equations
Second Order Linear Non Homogeneous Constant Coefficients

Typel

) ‘;xg’ 42 LS

) ‘;;y

3) Z; +3fg +2y=4(x+1)
() Zx%sgwy 3252

2,
(5) sz +2(‘Z +2y=1+x2

Type 3

d’y dy ;
10 -3~ +2y= sin
(1) —= o T = sinx

d’ .
y Z—y+y- sinx —2 cosx

d’y . dy
12) — -2—= +y= 10 cos 2x
U g e B

d’y
13)4 +y= 4si
(13) o Ty dsinx
dy de + 25y = 26 cos 3x

Type 2

2
<6>d—+zg 3y=10e%

dy dy -2
N4d—+12— +9y=Te
(7 o 2

dy dy
B~ Zoxdp=e

d’y  dy
9 ——-4 +4y=2¢?
€] g T
Type 4

—Zi +4y = x-¢
2 dy
(16) +--6y—e +e ™
dy
17 4= +8y=x-¢
17) S
dy
18 4 Y 442 y=er_2 2
(18) 2 ol e ¥~ 2 cos 2x

d’y . dy ;
19 3= +2y=2+e""
(19) % - Tk
(20)—1-6dy+9y=e"+sinx

dx



Differential Equations
Second Order Linear Non Homogeneous Constant Coefficients

Answers

(1) y= Ae* + Be* +%x3 +§x2 +‘-2-9§~x+§7)~
(2) y=Ae™+ Be*+ 5x -2

() y=Ade™ + Be™ +2x -2

(4) y=Ae™ + Be™ + 8x* - 20x + 21

(5) y = e™(Acos x + Bsin x) + %xz -x+1

(6) y = Ae™ + Be* + 2¢¥

(7) y=e T (4+Bx)+Te ™

(8) y=Ae” + Be™ + %e’
(9) y=e™(4 + Bx) + le“
8
(10) y=Ae2x+Be2"+ icosx+—l-sinx
10 10

5 ; 2 3 .
(11)  y=e"(Acos2x + Bsin 2x) + Ecosx—-ﬁsmx

. 6 8 .
(12) y=¢€'(4+Bx) —gcos2x—§sm2x
(13) = Acoslx+Bsinlx—isinx

¥ 4 4773

(14)  y=e™(4cos 3x + Bsin 3x) + %c053x+%sin3x

b e 1
15 =¥ +Bx) ——e¥ +-
(15) y=e"( x) T 1

1 1
16) y=Ae*™+Be™ ——e* ——¢™*
(16) y=4de e 3 6e

(17)  y=e*(Acos 2x + Bsin 2x) + lx_%ex _%

(18) y= e_%x(A+Bx)+ée’ +218050052x—£sin2x

(19) y=de¥ + B+ %e“ 1

(20) y=e>(4+Bx)+ %e" +—5:—56cosx+ %sinx



Differential Equations .
Second Order Linear Non Homogeneous Constant Coefficients

SUES Um
Find the general solutions and any particular solutions mentioned.

d’ ay dy 2
1 +3 = +2y=2x“+1
(D T TR ey
2
@ & +5dy +6y=3e %
dzy P i iy o
(3) F - E +3y"23
d*y dy
(4) dxz + ?d—x- = 2y= X
(5) d Se g L4 + 2y =sinx, and the particular solution for which y =0, Y 1
dx’ dx dx
when x = 0.
d’y dy : ; ; :
(6) ey +6— o + 25y = 30sin Sx, and the particular solution for which y=0,-< =
when x =0
@) —d—y - —% -6y="5e>* and the particular solution for whichy =1, % =-6
whenx=0.
(8) il 3% & Byeatidiis
d2 dy
9 -——-2 +2y=x+sinx
®) i 1
(10) 2 Y — + Sy=x+cos 2x
d vy, dy
11 — +8 + e’
( ) . Ty
d ) dy 5 . . ' .
(12) — + & 6y =8¢ — 50 sin x, and the particular solution for which y = 0,
dy =1 when x = 0.

X



Differential Equations
Second Order Linear Non Homogeneous Constant Coefficients

Answers
(1) y=Ae®+ Be™ +x* - 3x +4

(2) y=Ae>*+ Be™ + 3xe’™>
Q) y= Ae* + Be* - xe*

1 1
4)y= Ade™ + Be* ~—x~——
4y il

(5) y=¢e"(Acos x + Bsin x) —%cosx+%sinx;
. 3 . 2 L .
y=ée'(=cosx- —sinx) ~—COSx+~=SInx
5 5 5 5

6) y= e3"(Acos 4x + Bsin 4x) — cos 5x; y = eJ"(cos 4x — % sin 4x) — cos Sx
(7) y=Ae* + Be ™ + xe¥; y=-e" + 2> + xe™
(8) y=Ae™ + Be" + %cosx + %sin x

(9) y=e”(dcos x + Bsin x) + 2COSx +—1—sinx+ lx +l
5 5 2 2

(10) y=e¢"(4Acos 2x + Bsin 2x) + icos2x+—4-sin 2x + -I-x .
17 17 5 25

1 1 3
11 =Ade¥ % Be® ~— xe* +—p¥—
(11) y=A4de 4 2xe 8x 12

(12) = Ae* + Be™ + cos x + Tsinx - &*
¥



