Differentiation
First Principles

(x (4F S3 1

Differentiate the following functions from First Principles :-

(@) f(x) =x3 (b) f(x)=x2+2x (©) f(x) =3x2+4x-5

AN SIAER

(a1. 3x° L (B 2x+2 (@) 6x +4






Differentiation

Revision
Ruesn
Differentiate the following functions with respectto x :-
- 3 .2
Lo f(x) = X~ x*+5x-6 2. fx)=32+7-3
3 f(x) _ \/_ 1 é 1 x__l
5 = x+—x 4. f(x) = x2 = x2 4 x 2
8. fff e G
: e B fl==rg 2,
x* Wx
7. = 5 ' -
f(x) = (4x +5) 8 70 = (20 - 3)p
9 B 3
c ) = —— 10, flx) = — 2
(4 - x2) ” 1
g (x + 3x)3
. f(x) = cos’x 12.  f(x) = Jsinx
AVSWER] - |
4 1 1 3 = 1 1
1. 3 -2x+5 2. 6x+— 3. —-— 4 X2 —-—F-—5
x skl ol - =i
2% 2x? i Dt
! 3
T 3 6. —i5+§x2 7. 20(4x +5) 8 —%
X x 2x5 (2x4 = 3)5
2
9. i‘—a‘ 10. —i(f—-H% 11. -3sinxcos?x 12, —oX
e 3 2 2+/sinx
(4 - 222 (x*+3x)3
QuES ¥
Differentiate the following functions using the Chain Rule..
. y=(+4x-5) 2. y=AP+5
4 3
3. y=(1+2Vx) b JEpe——
(4- %)
A NSwery
3
2 44 5)2 2 3x° 3. 4(1 * 2&) 4. > 3
(6x + 12)(x + 4x T, (x3 +5) Jx (4 _ xz);



Differentiation
Revision

GUE 57w

Differentiate: (1) vZx+3 (@) (=501 (3) ——

2—x

1 a

6) 2x2=x)"7 (7) (@x®-b)" (8
Gr_9)? ()(x. x) (7) (ax ) (8) s

(5)

(9) 2sinx+3cosx (10) sin3x (11) cos5x  (12) cos(2x+1)

(13) sin(4x-7) (14) sin®x  (15) cos®*x  (16) sin’3x

Answers

M @e+3% @ -Bu-sor 3 Le-n* @ 304 Lel)
2 2 x? X

(5) -6(3x —5)° (6) —%(4x—1)(2x2—x)'% (7) 8ax(ax®-b)?

1 )
(8) —-—Z-az(ax+b) % (9) 2cosx—3sinx (10) 3cos 3x (11) -5sinx

(12) -2sin(2x +1)  (13) 4cos(dx—7) (14) 2sinx cos x

(15) -3cos®*xsinx (16) 6sin 3x cos 3x

GUIE 5 (v

L Find the derivative of each of the following

(@) x’+cosx (b) x2+dx () z+cos3x (d) Gx+1)* (e) sin(x’—2x)
x

) x*+3x+1)° (g sin’x (h) cos’ x

2. Find Y itien y =sin? 5x
dx

ANSWER |
1. (a) 3x? —sin s -1/2
¥ (b)) -2x7+ 5 X (©) -3x% -3sin3x

(d) 20(5x +1)° (o) (2x=2)cos(x* -2x)  (f) 3(2x +3)(x? +3x +1)2

(8) 2sinxcosx  (h) -4cos’ xsinx

2 10sin 5xcos5x



Differentiation
Higher Order Derivatives

BUESTS
(1) Write down the first and second derivatives of :

@x%0c—1) (b)5x? -3x% + 202 - 4 +1 ()10x?- 4x® + 50 + 2

@ @¥F OVl @l
X

AN G ER
Answers
2
(1) (a) %=3x2—2x; 2%:6,(—2
dy 3 2 dz.)/ 2
(b) = =20x" - 9y +4x—1;——2—=60x - 18 +4
dx dx
d 2
(©) £y=40x3— 122 +5; L9 _ 1202 _ g4
dy 2 . d%y e
(@) ==y?; 2L 5
dx - dx? A
2
(e) dl:lx'%: B F . 1%
dx 2 dx? 4
dy 1 y 2 .
(f) £=E(2x+l) % ;%:-(Zxﬂ)%
(g) \y=-3.r"4 iﬁ{~
’dxz i
GUE ST et
&y —t* 432 +5t-6
(Bt - e =¥

ANSLURRS

(\)
24t

P D0 NGMER s MWA GUESTCL LG e QD OER Warwl  TET  (Eq PR 1.8y
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Differentiation
Product Rule

GUESA ey Differentiate the following functions using the Product rule as above :-

- y = x*(x - 3)° 2 y = x(@x + 3)°
3. y = x/(x - 6) 4. y = vJx(x - 3)°
5. y={x+ 1Y ~10 6. y=2Jlx-1)
s y = xsinx 8. y = x%sinx
9 Yy = sinxcosx 10. Yy = sin2xcos5x
ANH{/EQ} :
= — 3V (7x —
1. 2x(x - 3)2x — 3) 2 Bx+3)r+3) 3 ;("T__ig 4. & 3;\%" )
5. 2x +1)(3x + I)(x — 1) 6. x_;g%lé) 7. sinx + xcosx 8.  x(2sinx + xcosx)
9. cos2x 10.  2cos2xcos5x — 5sin2xsinSx
&g — Find the derivatives of:
(1) Gx+Dx+1) @ (P +DEx+1) (3) Bx—-5)(x*+2x)
(4 (*+3)(2x* -1) (5) (2 =x+1)(x+1) (6) (x* +4x+5)(x?-2)
7) P =x+DEP+x-1) @) (x-2)(x2+2x+4) 9) (2x* -3)@x* +x-1)
(10) Vx (x? +x+1) (11) x sinx (12) sin2x . cos 2x
(13) x* cos 2x (14) x \fsinx (15) (&% +x+1)(x-1)
(16) (x*+4x)(3x* —x) (17) (1—cosx)(1+cosx)

(18) 2x (Vx +2)(x 1)

Answers

1) 12c+5 () §x2+2x+% B3) %2+2-10 (&) 8+ 10x (5) 3¢
6) 4+ 125 +6x -8 (7) 4+ 2 (8) 3¢ (9) 24> + 6x2 — 22¢ — 3

(10) éx% +—;-xy’ +%x‘y’ (11) sinx+xcosx (12) -2sin®2x + 2cos’ 2x



Differentiation
Product Rule

XCOsx (15) 3)(2

(13) 2xcos 2x — 2x%sin 2x  (14) +sinx +
2+/sin x

(16) 12> +33x° -8 (17) -2sinxcosx (18) 5x% +4x—6x"

GUES e
Q’/ Use the product rule to difterentiate

(@ y=x’sinx (b) y=5x*cosx © f®)=E+D*@Ex-1)°
3

(d) f(=@-D'cost (e) y=( -5x)°(1+5x)°  (f) y=sinx’cosx

@ @ If f(x)=x*(x-1)* find £'(1)

(b) If f(x)=(x-1)’sinx find f’(%)

An ke,

@ (@) 2xsinx+x?cosx  (b) 20x° cosx —5x* sinx
© 3G+ (=1 +4(x+ 1 (=17 (d) dooser-1) —(¢=1)" sin¢
(€) 1501+ 5x)*(1 - 5x)° —15(1-5x)(1+ 5x)°

3 4 3 . %
(B) 4x” cos x* cosx® - 3x2 sin x? sin x*

@ @0 (b)zr-2



Differentiation

Quotient Rule
&ME §T 1o Differentiate the following functions using the Quotient rule as above :-
2
X 4 -
1 = 9 _
J x+3 ¥ 2
4x =
% - 4. -
> - x)3 y B
) x+1
X —F B
A 0L LUER |
x2 + 6x , X—8 4(2x + 1) 2x(x — 4)
ey @ (1 xy G- 2F
§ 31 -~ 2’5)2 6. — (3x + 4)
. x* ' 2a%4fx # 1
CAES(T ¢4 Differentiate
: et - x? X2+ x+1
: % 3 @) R
()ZJC—I ()1—3):2 )x—Z Fowsid] gy
B o 2 i ~ .
R L= Sy N 08X g sints
o * i L-RaE 1+sinx
Answers
6 6x ) -2 % x° -8 ( —22x2+22
- - 1
) (2x-1)*? < (1-3x%)*? (x—-2)° (x - 4)? (x? =x+1)
‘ e i s S 2sinx ‘ sinxcosx(2 + sin x)
Cadner T iy

(I+sinx)?®



Differentiation

Quotient Rule
AE(T \ny Differentiate .
1 x4+
(1) x (2) e (3)—
x+1 x—1 ¥
1 1 \/;

Answers ,
A _xk 1 3 -—-x"-3
el A7 S — Y L
2(x+1)? x-10"(x+1)" x? x

(1)

11 el — )
_ —4x+3 x”*(Lxsinx —cosx
X (5) X 2

“ (x?-17% 2(2x% —3x +4)% sin’ x

)([/6(" \rey
@ Use the quotient rule to differentiate
2x-17 CoSX Nt-3 ' %
(@) y oy (®) f(x) . () y % (d f(x) VI

X! 27 +3t-6 _(B3x+2)? _ cosx
() y= ® f(t)———t_2 (® Y= ox1y (h) f(x)—sinzx

@ If y= 2f+3 evaluate L4 at w=10,
x“+4 dx
@ Differentiate
X (x=3)° (x-1)*(x+2)
@ —/——— (b)) ——=
x+2 x—-2
@ A curve has equation given by y = _ﬂsx._. Find the gradient of the
COS X +sin x

. 7
tangent of this curve at x = =



Differentiation
Quotient Rule

AnswEeq

xsinx +cosx 6—t
(b) = z (c)

) x Bl =3
x(3x - 4) ® 2(c-4) © 2(3x +2)(3x - 5)
2(x-1)¥? (t-2)° (2x-1)2

(e)

—sin xsin 2x — 2¢os x cos 2x
(h) —5
sin” 2x

@ 12

@ @ x(x=3)*(6x* +11x - 12) (b) (x-1)*(3x? —4x-8)

(x+2)° (x-2)?

@—1/2

x(x+16)

2x+4)"






Differentiation
tan, sec, cosec and cot

(chEsTeu
Differentiate using the Chain, Product and Quotient-Rules-as‘above  :-
j y = tan®2x 2. y = — 2cosec’x
3. y = secxtanx 4. y = x’cotx
PV RS
1. 6tan®2xsec’2x 2. 8cosec*xcotx 3 secx(tanzx ¥ seczx)

4. x(2cotx - xcoseczx)

GMEST N4
1. Evaluate
(1) cosec®%—tan’ 2 (2) cos3.cosec’ £.cosec’ =
(3) sin%.sin% +cos%.sin%.tan* (4) (I+sin2)(1-cosZ)
2. Evaluate
cosec %
(1) cos%.cosec’ = (2) sec? &£ ——8
©osInt
(3) cosec® Z.sin% —sin® = —sin? L (4) (sec%+cot%)(cosect —tan)
3. Simplify
6
(1) cotf sin® (2) cot6 secH (3) ==
cosecH
(4) sinB secO (5) cosBcosectd (6) 295 + Lt
secl  cosecH
Answers

1 1
D— @)=
1. (I 2 2 ()\/‘5 ( >

21 @0 B -~ @1

H|W

3.(1) cosB (2) (3) tan® (4)tanB (5) cotB (6) 1

Sin



Differentiation

G nESTru tan, sec, cosec and cot
Differentiate
(1) tanx (2 secx (3)  cosecx
A MwER |
@ sinx &) oS X os ecx)
sec’ x — (= tan x sec x) ‘ _LO52 (z=—cotxC
SV cos” x sin’ x
GUEST e
1. Prove that the derivative of secx is secxtanx.
2 If y = x?tanx find the derivative of y with respect to x.

AN SWER¢

1. Proof

2. 2xtanx + x° sec? x



G NE S e

(I\ y=(x+2)e—x

ANSWE&\\

Differentiation
Exponential Functions

(N ~Gener (o) e (-47) (3 G+l
(x +2)
& WE 5T 12

ANSER)

Differentiate with respect to x:

1) (a) e** () e’ © e

2@e* () er (©) 5

3) (a) xe" (b) xe* o) 2

4) @ (x+4)e”  (b) e*sinx (c) 10¢”

5) (a) e**  (b) e*** (©) ™

6) e 7) x’e’™  8) e sin’x
ot

9) xe* " 10) x2e"™'*

1) (@) 5% (b) Le# (¢) Ly Hohs
2 2
2) (a) 2¢ (b) —-—g—e‘%‘ (c) —2¢5-20

3) (@) (1 +x)e* (b) (1-x)e* (c) 2e™ — x%e*
4) (a) (5+x)e* (b) (cosx +sin x)e* (c) 10e*

5) (a) cos x €™ (b) —sin x 5% (c) sec?x e~

7) (2¢ + dxd)e®

6) (—%x’% +ax'%)e‘“

(o) WS IR AW S VAN B9 o b Ay

—X

e
L1 27

8) (asin’x + 2sin x cos x)e™

e* +e¢7*



Differentiation
Exponential Functions

G NEST ean

(i\ Find the derivative of

(a) eSx (b) e7x2 (C) 5esinx

( .I)Use the product or quotient rule to help differentiate

4

e x2+3x+1

e.x

(@) 2x+4)e™*  (b) 3xe* (c)

(d)

(e) e*cos(2x+1)
2

(3\A curve has equation y = g . Find the gradient of its tangent at x = 0.
e
A%

( \\(a) 5¢**  (b) 14xe™  (c) Scosxe™™

(@) 2643 @) 30+me* (@ LEETD (g 2oxox
e

X

(e) 2¢** (cos(2x +1) —sin(2x +1))

@



&Mg "‘\ \r
2
'y = InG3x +2) @) —
AV ERY
3
x(2lnx — 1) 2 %
it 3x + 2 oY W;' (3) I (R I
G\’AG‘TVA,
Differentiate
1) (@ < (b) In(ax® +bx +c)
a
2) (@) Inx* (b) In(x*+3)
3) xInx 4) (a) Insinx  (b) Incosx 5) In [a+x
a-x
6) In é"+e"‘ 7) ln§+\/x2+1 8) Invx?+1
% e’
9) Intan| = 10) In./si 11) 1
) In an(zj ) In,/sinx n(1+e’J
12) In {/x—l+\/x+1 13) In (secx +tan)
AN LER( 14) In (cosecx + cot x) 15) In (1~ 2cos 2x)
1 2
D@l @ 2&¥b @2 p
% ax® +bx+c X x”+3
3) 1+lnx  4) (a) c?sx =cotx (b) ->MX =—tanx
sinx Cosx
2% e —e™* 1
T 6) 1
(a+x)(a-x) ef +e™" (x2+1)% :
: |
8) zx 9) '—,\E-,—l—— 10) co'sx Elcotx
x°+1 ZSmgcosg sinx 2sinx 2
-1
1 1 14) -
1) 12) e 13) secx sinx{cosx +1)

1+e*

Differentiation
Logarithmic Functions

J

4sin 2x

1—2cos2x



Differentiation
Logarithmic Functions

GUES T\

( f\ Find the derivative of
(@) In(x+5) (b) 6Inx® (c¢) In(4x®-1) (d) In(sin2x)

(.'2\ Use the product or quotient rule to help differentiate

(a) .3 (b) xInx (c¢) ln(cgsx) (d) In(xe*)
Inx X
AMLvge,
1 36 12%° 2c0s2x
N @— O—= © o s
Inx-1 1 1+ x

‘_2] (a) ()’ () I+Inx  (¢) —x—J(xtanx+2ln(cosx)) (d) ~



Differentiation
Identities & More Practice at S.P. Nature Using 2" Derivatives

1857 ean

2
(() If y=x"Inx show that xjx—{ - % = kx, stating the value of the constant &.

(l\ If y =cosec’x show that %+3ycotx=0.

A(V SWER\

(\\ Proof. Find £ =2.

( ))  Proof
&LEST e
~ Use the second derivative to find the stationary values and their nature for the
following functions.
L. y=x-Inx 2. y = xlnx
3. y = xe~* 4. y=%sin6+sin29
A N(LVER,
1. i ;
Min at (1, 1) 2. Min at (1/e, 1/e) 3 Max at (1,1/)

4. Max at (7‘/3,3‘/3/4), P of T at (, 0), Min at (57/3,-3V3/,)






QUE ST ¢y

L

Differentiation
Parametric Differentiation

dy

Find I in terms of the parameter.

(a x=0+12, y=1£2+1
Yy

1 1
C xX=—, = —
(©) 1+¢ * =1

e x=@+1)2 y=£-1
(8) x=co0s26, y=4sing

6) x =e'cost, y=e'sint
y

(b) x = 4cosf, y= 3sinf

t—1 2t-1
d = -, = —
() * t+1 ¥ t—2

t g

I e R
(h)  x=acos?, y=asin’g

()] x =a(t - cost), y=a(l + sinf)

Find the equations of the tangents to these curves at the point P(x,y) :-

(b) x=at?, y=at(?-1)

(c) x=£(t+1), y=£(t—1) (d) x =secf, y=tané
2 t 2 t

2.
(a) x=ct, y= %
AnsSWERS
2t+1 )
L@ 15y ® el
t (t+6)(1-1)*
© F ( (t+ 3)*
cost+sint |, . cost
cost?— sint 1+ sint
2.(a) x+rty=2ct (b)

© @E+1x-@E-Dy=2ar ()

_(1+0? _3u+1)?
© G @ 32y

(2) —cosech (h) —2—sin(6)

(B2 -Dx-2ty=at*(* +1)

xsecg —ytang=1



Differentiation
Parametric Differentiation

&[460 173
2
I.  Find 2 and %2 intermsof 1 -
dx
1 2 2
(a) x=t—2, y=1+t (b) x=(+1)*, y=t"-1
()  x=4cost, y=3sint (d  x=cos’, y=sint

(e) x = 2cost — cos2t, y = 2sint + sin2¢

2. A curve has parametric equations x = f — c0st, y = sint.
Find the coordinates of the points at which the gradient of the curve is zero.
3. Find the coordinates of the stationary points on the curves and determine their
nature:-
(@) x=4-12, y=4t-1 ) x=(5-312 y=6t-1
© x=£4+1, y=1(t-3)?
. y 2 dzy
4. Given that x = £ — sinz, y =1 —cost, show that y"—5+1= 0
dx
AN |
T r t 1 3 3
l.(a) —Zt.71 —_—, i e 3
9" 4 (b) 141 20407 (c) 4cott, 16cosec t
1 =
(d) -——cosect,—lcosec3 t (e) COS.H 1, L
2 4 sint 'sin’#(2cost—1)

2. (E,l)’(;;_n.’-l)
2 2
. 8 16 .t 8 -16
3.(a) Maximum S.Pt. at 5,? 3 |, Minimum S.Pt. at (3--—«/5)
9
(b) Maximum S.Pt. at (16, 9)

(c) Maximum S.Pt. at (2, 4), Minimum S. Pt. at (10, 0)
4. Proof



Differentiation
Parametric Differentiation

BAAE 4T 11,

(1) Eliminate ¢ fromx =ct, y = £
t

(2) Eliminate 8 fromx=acos 6,y =asin 8

Answers
c 2
(1) y=— Q) x¥*+y*=a°
x
Glagl g
(1) Find the equation of the tangent to each of the following curves at the given
points:
@ x=1"-2t,y=1-¢ atthe point ¢ = -1.
3 . 1
(b) x = sint, y = cos 2t —ln £t Sln at the point ¢ = —x .
Z 2 4
2 ;
(2) Show that there are four points on the curve x = zt , ¥= zt
t°+1 &= 4]
at which the gradient is equal to —%,
(3) Find the equation of the tangent at the point with parameter ¢ = 2 on the curve
4t t?
x= , y= t#-1).
f+1 7 TR
Find the parameter of the other point at which the tangent meets the curve.
Answers

M @y=-x+3 (b)y=-2V2x+2
(2) Proof

4

8
3 —_——= e
(3) y 5 (x 9)

~



Differentiation
Parametric Differentiation

Stk (120
.. d?
Find ); in terms of ¢:
2
(1)x~t,y=t3 2) x=a1.‘,y=-(i (3) x=—1—, y=L
t 1+¢ 1-2
-1 2t—1
@ z=t=, y=2—
X L y el (S)x=3t-2, y=1-¢
6)x=tanB,y=sin20 (Nx=f+t, y=3-+1
Answers
3
O = ) 2 3) 41+0)° 9 +1)°
4t at’ (=’ @
t) 2(0-2)°
-2(1-3)(1+¢)
6 =5 (6)26in 28 (cos - doos' 6) (1) 1
(2t +1)°
A
1. By eliminating /, find y in terms of x for the following parametric equations
—2+y
. - =51 x = 4cost T4
@ (b) : (d)
y=1+2t y=10t y=3s}nt y—-i_ﬂ
5

Find QJ—) and
dx

2
%% for the following pairs of parametric equations

2.
=1
% x =3 -t x=2t+1
@ 1 ®
Pt y =4t y=2@1-1)
g s 1 5 . A 2 ; ;
3. A curve is defined by x=1"—— and y=t"+-. Find its stationary point
1 t

and determine its nature.



Differentiation
Parametric Differentiation

Ay grg
2 2 _
(@ y=3-2x (b) y=+420x (c)x_+y_=1 (d)y=17 16x
16 9 15
d 1 d’y 2 d 8 &’ 8(9¢° +1
(a)—X:__T *i} 3 (b)_y: 2 2):— (2 3)
de v 1 de 9P -1 d&x? (9 -1)
2
© ZL=2-1 ‘;x_2=1

SP when ¢* =1 i.e. when 7 = +1. In both cases x = 0 and y =2. Use nature

table (or maybe better second derivative) to show it is a minimum SP.






Differentiation
Implicit Differentiation

QUESTRNI

Ia

Find % in each of these relations :

(@ x*-y*=0
(c) xy?=9
© Py+xy’=x-y

(8) e¥=2

(b)
(d)
®
(h)

y2 =2x + 2y
4x2 - y3 +2x+3y=0
sinxcosy = 1

e’lny=x

Find the equations of the tangents at the given points on the following curves:-

(@ xX3-2y3=3xy at(2,1)

) x*y*=x2+5y* at (3,3%).

© yx+y2=3(x3-5) at(2,1).

For the curve xy(x +y) =84, find % at (3, 4).

Find the gradient of the curve x2 + 3xy + y> = x + y + 8 at the point (1, 2).

For the curve, 4x2+y>= 2x + 7y, find the values of :-

dy d’y
dx

—_ and PRl the point (-1, 2).

Show that (-1, 3) and (0, 0) are stationary points on the curve:-
3x% + 2xy — S5y2 + 16y = 0 and find the nature of each.

Qi ER)

(a)

(e)

(@)
-
33

X 1

& by ——

y y=i
1-3x°y— y3

1+ 3)cy2 +x° %) ey

3x-4y=2 (b) 5x+8y=27

I 5. 2, =%
6 5

(©

(2)

(©)

- 2(4x+1
= @ &)
2% 3(y°-1)
= (h) ye™* —ylny
X

2x—-y=3

6. (-1, 3) Minimum, (0,0) Maximum.



Differentiation
Implicit Differentiation

GARST 1eas

Find g)i for each of the following:
X

Mx2-y*=4 @y =2ax+2by )x* -4x + 6 =0 (4))° = dax
G)x? = day (6) (6 +y°) -2 -y =0 (Dx +y =3y
2 2

X ) 3 . . dy
8) —+=—=1 I (x+yp)° - 5x + y = 1 defines y, find =
4" 5 A ¥ g

(10) If (x + y)* = 4xy, show that dy _yGx-y)

x{x-3y)
ANGUERN
Answers
2 1 2
R 2 -2 @ Sy W
y ¥= . y
~2x% =2 —35* 5
(5] = _x_z__x__siy_ == @ 22
2a 2x°y+2y° +y Yo -3 4y
2
5340 (10) Proof

1+3(x+y)°



Differentiation
Inverse Trig. Functions

(XUEST e

Find the derivatives of the following, using the Chain , Product and Quotient Rules.

1.  y=sin!(Vx) 2.  y=tanl(x)

3. y=xtamlx 4, y=xtan‘1(§)

5. y=xsin"lx + V(1 - x2) 6. y=eos*i2x=1)
x-1 1

x...
= sin™! R -
1, y =sin (x+l 8. y =tan (x+1

2x 2x
9. = tan™!( — 10. o e IR
y = tan ( (——(]_xz)) y = sin ( r—_(l—xz))

11.  y=tan!(secx) 12.  y=cos(sin"lx)
13.  y=tan"'(e") 14.  y=sin"!(x?) - xe*
AVSLLER,
1 . 3. tan”lx+—
- 2.[x(1- x) 2 2= xx I+ x*
4 tan"'(i) + o 5 sin”' x 6. . -
: 2 A ' (x—x%)
1 1 2
- 8. 9.
s (x+ Dx 1+ x? (l+3x2)\/(1—-x2)
2 secxtany 12 _—
ST R T T =
ex : 2x

~g® 2 41]

14, —T—
B. 1= —z

UESTIEM
Differentiate with respect to x

M sin'(1-x () sin’’ [i—:) (3) sin! V1-x? (@) xsin'x? (5

|

1
PR
sin - x

> |-

6) sin " 2x (7) sin’ 4x  (8) sin’ (\/; (9) sin™ (%J (10) sin™ [

sinx

P X
(D sin’ (sinx) (2 xsin'x  (13)sin? Usinx  (14) sin’” fi+x2



Differentiation
Inverse Trig. Functions

Answers
1 1 1 L ZXZ
(1) - (2) —= 3 - (4) sin” x"+
2x —x* Jx 2xy1-x 1™
sin™ x 2 cosxsin™' 2x 4
5) - (6) - - (7) ————
i® N1-4x%sinx sinx J1-16x°
(8) —— 0 —1— (10 —= (1) 1
24x —x? J4=x? xx% -1
(12) sin” x + ——== (13) = (14 ——
J=x* 24/sinx(1-sinx) 1+x
Differentiate with respect to x:
(1) cos™ (3x +5) (2) cos™ % @) cog! [ 1'*‘} (4) b cos” ({J
7 1+x a

(5) cos™ (%) (6) cos™ (2x%

Answers
3 %
(1) T 7, - (3) ik
24 —30x - 9x xJx-1 A+x)(2-2x)"
b 1 '
@) - ——— g Bt

a = 9-x* 1-4x*



Differentiation
Inverse Trig. Functions

SUIANE

Differentiate with respect to x

(1) tan” g (2) tan™ (1 - 2x) (3) tan” V1—x (4) tan” (3 sin 2x)
x

3p=x> .
(5) tan’ ( X (6) tan™ (7) tan” (@ —x)
’“.._xz ] 1"‘3x2

, 2
2 ] (10) tan™ { L ]
1-w® X

(8) (2+1) tan' x (9) tan™ (

(11) xtan'x °

Answers
1 1 1
1) — Q) -——m 3) ——m—r
() 1+%° 1 20 2g° 2x(1-x)"
6cos 2 1 31+x%)°?
SeosZr g @ ——atE)
1+9sin’ 2x (1-x%)% (1-3x%)%+(3x-x")
(7) —~—1—— (8) 2x tan'x + 1 9) -
1+(a-x)° 1+3x3)A-x?)%
(10) di (11) tan'x + -

20-x) " (x? —x+1) 1+ x
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Differentiation
Logarithmic Differentiation

GLUESTum

Differentiate using logarithmic differentiation.

1. y=10" 2 y=2

3 - _x"‘" 4 y= xsinx

_l_ Inx
5 Pi=. g 6 y=
Inx
yi y= (nx)”* & y=(nx)
o i _Pex-1’
N ) | (x+17
AVSwER
i 2
8 10*In10 2. 2% X 2xInx 3. —x*(Inx + 1)
i sin x (1-2)
4. x*"*(cosxInx +—=) 2. ¥ (- Inx) 6. 2xImx - jnx
X
l Inx
7. (nx)*[In(inx)+ IL] PO U i,
nx
" x*(27x + 50) - 3x2(2x-1D*(4x% +5x-1)
' 2(3x +5)% : (x+1)°
LUNECT vl

Use logarithmic differentiation to differentiate the following:

(10" @2* QRyxa* @x" (5) (sinx)* (6) 25"

(7) (logx)*  ®) x* (9 x2.2* (10) (log x) '8+
Answers ) i

(1) 10°Inx () 2’In2 @B d +xdlna (4) 2ln xx* !

(5) (sin x)*(In (sin x) + xc':osx ) (6) 2°"*In 2.cos x
Sinx
(7) (nx)lIn(nx) + —] @) x* (2xlnx +x)
Inx

(9) 2(2x + x%In %) (10) (nx)™ L+ In(nx)



Differentiation
Logarithmic Differentiation

GE STV AN

Differentiate

(1) x%(3—x)% 2 (2x+l)%(4x+5)% 3) x§(2—x)2(1+x)
(2x+1)% (4x—3)£ (5+2x)°

Answers

1) x%@B-x)" +r I 3
Cx+D% | 2x 2B-x) 2@2x+1)

@e+9% x4 D® 3@x+D)%(@x+5)%

Cx+1)%(4x-3)%  ((4x - 3)(4x + 5)) % (4x - 3)%

3

x*2=x)2%1+x) 3 2 . 1 6
(5+2x)° 4 2-x 1+x 5+2x



Differentiation
Rectilinear Motion

CLUEST ey

1. A body moves in a straight line and the motion is such that x, the number of metres from a
fixed point after ¢ secs, is given by
x=3-4t+ ¢
(a) How far is the body from the fixed point at the start ?
(b) What is its position after 4 seconds ?
(c) What is its velocity after 3 seconds ?
(d) What is the initial acceleration ?

. 8 If x = 48~ 312 — 21 — 1, where x is in metres and ¢ in seconds, find
(@)  The velocity at the end of the 3™ and 4" seconds.
(b)  The acceleration at the end of the 3" and 4™ seconds.
(c) The average velocity during the 4™ second.
(d) The average acceleration during the 4" second.

3. A motor bike starts from rest and its displacement x m after # secs is given by:-
1
x=1pslp
6 4

Calculate the initial acceleration and the acceleration at the end of the 2nd second.

4. A body is moving in a straight line, so that after ¢ seconds its displacement
x metres from a fixed point O, is given by

x =91+ 32~ 7,
(a) Find the initial displacement, velocity and acceleration of the body.

(b) Find the time at which the body is instantaneously at rest.

5., A body moves along a straight line so that after ¢ seconds its displacement
from a fixed point O on the line is x metres.

If x =343 - 1), find:-
(a) the initial velocity and acceleration.

(b) the velocity and acceleration after 3 seconds.



Differentiation
Rectilinear Motion

Avsierl
I (a) 3m (b) 3m (c) 2 m/s d  2m/s?
2, (a) 88 m/s, 166 m/s (b) 66 m/s2, 90 m/s?
() 127 m/s (d) 78 m/s2
3. (a) 1/, m/s2 (b) 2> mys2

4. (@ 0,9 m/s, 6 m/s (b)  3secs

3 (a) Om/s, 18 m/s?(b)  —27mV/s, —36 m/s2

CLUUES T\
I A body travels along a straight line such that s=1r>-6¢2+97+1 where s

represents its displacement in metres from the origin ¢ seconds after
observations began.
(a) Find when the velocity is zero.
(b) When is the displacement, s, decreasing (i.e. when is the velocity negative)?
(c) When is the velocity of the body decreasing (i.e. when is the acceleration
negative)?

(d) Describe the motion of the particle during the first 4 seconds of its journey.

2 Find the position and acceleration of a particle, moving in a straight line, when

it comes to rest given that its displacement s is given by s(r) =120r —-16¢>.

3 The height, s metres, reached in ¢ seconds by a body thrown vertically upwards
with initial velocity u m/s is given by the formula s=ur-5/2. Find an

expression for the maximum height reached.

4. A particle moves in a straight line, and its position s(t) at time >0 with
respect to a fixed point on the line is given by s(f) = 21> + 71> ~4¢ +1. Find

the velocity of the particle, and determine when it is moving to the left and
when it is moving to the right. Compute the total distance travelled by the

particle between 1 =0 and r = 5.
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Differentiation
Rectilinear Motion

(@ t=1land =3 (b)l<t<3 (c)t<2
(d) At t =0, s=1. Body moves in positive direction till #=1(s=5). Body

stops at 7 =1. Body moves in negative direction till 7 =3 (s =1). Body stops

at 1 = 3. Body moves in positive direction for # >3. Atr=4, s=35.

N.B. Displacement is always positive.

Rests when ¢ =3.75 i.e. s =225 and a=-32.
Max. height at # = u/10 i.e. max height = u?/20.

v=—6t* +14t —4 . Moving to the left when 7 <1/3 and 7 > 2. Moving to the

right when 1/3 <7 < 2. Total distance travelled in first 5 seconds is 104.






Differentiation
Closed Interval Extrema
GQUE e
1 Find the global extrema for the following functions.
a f(x) = x* - 3x + 2 in the interval [1, 3] b f(x)=x*-3x+2for-1<x<2
c f(x)=4x®>—x*for1<x<4 d f(x)=

——for-2sx<2
3

e flx)=Iln(x+1)-x+1for05<x<1.5

1
f f(x)=———"for-1<x<3
f Vx%+1

(2x - 3)(3x - 2)

2 Explore the global extrema of f(x) = when the domain is:

a 05<x<2 b 0<x<2
c -1<x<0 d -2<x<-05

3 Explore the global maxima and minima of these functions
a fx)=e*+4for-2<x<0 b f(x) =In(3x - 5) in the interval [2, 3]

4 Find the global extrema of f(x) = x* + x™* in the interval:
a [-2,0) b (0, 2]

5 Examine the following piecewise functions for global extrema.

% when -1 <x<2 x(2 -x) when -1 <x<2
a f(x)={4-x when2<x<4 b f(x)={2-x when 2 <x<3
x—1 when4<x<5 x> -6x—-1 when3<x<5
3% when 0<x<1 -Xx when -1 <x<1
¢ fx)={3**? when1<x<2 d f(x)={x-2 when1<x<2
1 when 2 <x<4 Ix+1 when2<x<4
2
careful!
z when -5<x<0
-x! when-1<x<0 V(x)? -
e f(x)={x when 0<x<2 f flx)=40 when x=0
x—4 when2<x<3 X when 0@ wes
V(x)?
+ e'—X X —X
6 The functions f(x) = and g(x) = are both important functions

2
in mathematics.

Examine these functions for critical points and possible global extrema.
The functions are defined over all real x

7 Study the function f(x) = x* Inx in the domain 0 < X < 2 for global extrema, given
that there is a critical point in the region 0.4 < x < 0.8,
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Differentiation
Closed Interval Extrema

AN swees

global max = 2; global min = —0.25

1 a

b global max = 6; global min = -0.25

¢ global max = 27; global min =0

d global max = 0.24; global min = -0.25

e global max = 0.416 29;

global min = 0.905 47

f global max = 1; global min = 1410
2 a global max = 2; global min = -1

b no global max; global min = -1

¢ global max =-25; no global min

d global max = -25; global min =-28

global max = 5; global min = 4.0183
global max = 1.3863; global min = 0
global max = 3.5; no global min

no global max; global min = 1.8899
global max = 4; global min = -1
global max = 1; global min =-10
global max = 3; global min =1
global max = 3; global min = -1

no global max; global min = -2
global max = 1; global min = -1
local min at (1, 0); no global max;
global min =0

no local max or min; no global max or min

endpt max at (2, In 16); local min at
(0.603, —0.184); global max = 2.77



Differentiation
Optimisation
GUEST It

1. Four squares each of side s cm are cut from the corners of a metal square of side 16 cm.

The metal is then bent to make an open topped tray of volume, V cm?.
(@)  Prove that V = 4s® — 64s% + 256s.

(b) Find the value of s which makes the volume a maximum.

2. A sector of a circle with radius » cm has an area of 16 cm?.

(a) Show that the perimeter P cm of the sector is given by

P(r)=2(r+ lrg)

(b) Find the minimum value of P.

3 A cylindrical tank has a radius of  metres and a height of h metres.
The sum of the radius and the height is 2 metres.
(a) Prove that the volume, in m?, is given by
V=nr2-r)
(b) Find the maximum volume. A

4. ABCD is a kite which has AC as its axis of symmetry.
Angle BAD is right angled and BC and DC are 20 cm.

B
(a) Show that the area of triangle BCD

is given by the expression 200 sin26

and find an expression for BD?,

(b)  Use this expression for BD? to show
that the area of triangle BAD is given by
the expression 200 — 200 cos28 and 26
hence show that the area of the kite
is given by the expression

A(6) = 200(1 — cos26 + sin26) C
(©) Find the value of 6 which makes the area
a maximum and find this maximum area.
ANV ER N
1. (a  Proof () s=8%3cm 4, (@  Proof (b)
2. (a  Proof (by P=16cm ©  6=3813, A=200(1+2)

3. (a Proof (b)  V=32m/p7 cm3

Proof



Differentiation
Optimisation

QUEST vy

(1)

2

(3)

(L)

ANShER|

(27

(3)

The turning effect, T, of a power boat, is given by the formula
T =8cosxsin’x, 0<x< 7/2 where x is the angle (in radians) between the

rudder and the central line of the boat. Find the size of x which maximises the

turning effect.

Find the point on the curve y = x* + x -1 which s closest to (-1,0).

A rectangular box with a square base and no top is to be made to contain

750cm’®. The material for the base costs 30p / cm?, while the material for the

sides cost 20p / cm®. Find the dimensions for the minimal cost box.

A man is on an oilrig which has a perpendicular distance of 4km to the straight
shore (A). He must reach a point B on the shore which is 10km away from A.
The man rows at Skm/h and runs at 13km/h. Which point (C) on the shore

should he aim to arrive at so as to reach B in the shortest possible time?

SPs occur when tanx =++/2 and sinx=0. Therefore, for given domain,

x =0.96 radians is the only SP and this can be shown via a nature table to be a

maximum.
(-3/2,-1/4)
2
Cost, in £s, of box is C:%Jr@ where x is length of square base,
X

measured in cm. Minimum cost occurs when x =10cm so 4 = 7.5 cm.

V16+x2 10-x

Time, in hours, of journey is 7' = - + T where x is the distance

from A along the shore at which the man starts to run, measured in km.

Shortest time corresponds to x =5/3km i.e. He should aim to reach shore
5/3km from A.



Differentiation
Motion in a Plane

GUEGT 0%
Tl At time 1, the position of a moving point is given by
x=t2-1), y=t(3-1).
Find the speed when 7= 0 and when 7 = 2.

Z: At time ¢, the position of a moving point is given by
x=t+1, y=£-1.
Find the speed when 7 = 2.

3 At time ¢, the position of a moving point is given by
x = cos2t, y = 2sint.

Find the speed when 1= 0.

4. At time ¢, the position of a moving point is given by

x=é, y=e 2.

Find the speed when ¢ = In3.
e At time ¢, the position of a moving point is given by
x = sect, y =tanf.

Find the speed when ¢ = g—

6. At time ¢, the position of a moving point is given by
x=In(t+1),y=1.

Find the speed when 7 = 1.

T A particle moves so that its position at time 7 is given by:-  x = 4cost, y =3sint.

Show that its speed is V9 + 7sin’t.

Hence find the maximum and minimum speeds and the corresponding
positions of the particle.

AN SVERS
1. 13, 49 5 2. W17 3. 2
4. ==/730 . = 2
9 5 3«/2_0 %, 2Jﬁ

7. Max of 4 at (0,3) and (10,-3). Min of 3 at (4,0) and (-4,0).



Differentiation
Motion in a Plane

KUES T (e

(F ) A particle moving in the xy plane is governed by the laws
x =t* +3sint y =2t —cost
Find, when t =107,
(a) the speed of the particle

(b) the direction of motion relative to the x direction.

( Q\ As it takes off, a light aircraft’s movement can be modelled by the equations
x=3+In(t+2) y=4+In(+3)
Find, when t =10,
(a) the magnitude and direction of its velocity

(b) the magnitude and direction of its acceleration.

AMWERS

At given time, speed of particle is 141.86 and it makes an angle of 62.35°

(\

with positive direction of x axis (measured anti-clockwise).

_ (a) speed = 0.11 and direction is 42.7° anti-clockwise from positive direction

Q&\ :
of x axis.

(b) acc. has magnitude 0.009 and direction is 220.43° anti-clockwise from

positive direction of x axis.



Differentiation
Related Rates of Change
QUESTm
dP

4 et h =1, giventhat ——- = 2
1: If P=(2m + 3)%, find 4 Vhenm=1, giventhat —- =

. d
2 If r= 1+1; , find % when p =2, glventhatd—:= 14

I+p

3, The radius of a circular oil slick is increasing at a rate of 0-2 metres/second.
Find the rate at which the area is increasing when the radius is 10 m.

4. A rectangle has dimensions x cm and y cm. Both x and y are changing but in
such a way that the area of the rectangle remains constant at 40cm? .

(a)  Show that = S

(b) If x increases at a rate of 0-2 cm/sec, find the rate at which y
is changing when x = 8.

Jis The volume of a cylinder is constant at 50 cm3, but both height 4 and radius r

are changing.
dh 100 dr

(a) Show that E_ FZ

(b)  Atan instant when the radius is 5 cm, the height is decreasing by 3 cm/sec.
Find the rate of change of radius at this instant.

6. A particle moves along a straight line so that its velocity, v m/sec, when it is s
metres from a fixed point, is given by v = s? + 3.

Find an expression for its acceleration, @ metres/sec?, in terms of s.

7 A spherical balloon is inflated so that its volume increases at a constant rate of

200 cm®/second. Find the rate of increase of the surface area of the balloon
when the radius is 100 cm.

8. The volume of a sphere is increasing at a rate of 6 cm>/sec.
Find the rate at which the surface area is increasing when the radius is 3 cm.

AV SWER(

1. 2085~ S;L[/ 2. -50 3. 4n
4. (a) Proof (b) -0-125 cm/sec 5. 11-8 cm/sec

6. 2s(s2+3) 7. 4 @2 cm/sec? 8. 4cm/sec2.
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1.

Differentiation
Related Rates of Change

The radius of a cone of constant height 30cm is increasing at a rate of lem/sec.

Calculate the rate of change of the volume when r =2 cm.

A spherical snowball is melting so that it remains spherical at all times. When
its radius is equal to 2cm, the radius is decreasing at a rate of 16 cm/s. Find

the rate at which the volume of the snowball is decreasing at that moment.

Hint: Remember the negative as the radius is decreasing.

A plane flies directly overhead at a height of 1 km. How fast is the plane
moving away from the origin when it is 1.25 km away if the speed of the plane
at that moment is 300km/h?

A particle moves along the curve with equation x? —3xy+2y’ =4. If at the
point (2,3) the rate of change of the y co-ordinate is 3 units per second,

calculate the rate of change of the x co-ordinate with respect to time.

The dimensions of a rectangle vary so that its area remains constant at 24 cm’.
When one side is 6cm long that side is decreasing by 10cm/sec. At what rate

is the other side changing at that moment?

Grain is being ejected from a chute at a rate of 1.5m’/ minute and is forming a
conical heap whose height is half of its base radius. Find the rate of increase

of the height of this cone when the base has a radius of 3 metres.

Hint: You first of all need to express # in terms of / in the formula for the volume of

AWV SWER

a cone.

. ’ 3
407 cm’/sec i.e. volume is increasing at 407 cm’/sec.

; v 3
— 7 cm’/sec i.e. volume is decreasing at 7 cm’/sec.

180km/h

5. increasing at a rate of 20/3 cm/sec.

6. 1/67 m*/min.

x =18/5 units per second. ‘



