Integration
Revision

bugsTM Integrate the following functions :-
i flx)=8%" 2 f(x)=;63— 3. f(x)=~x
1 _3x'+6 ' _1-3x
4 f(x)——J—;— 5. flx)= e 6. f(x)= =
7. f(x)=0Bx+4) 8. f(x)=(01-2x) 9. f(x)=(7-—3—)7
1 3
10. = i 8 = ‘ =sin3
%) m f(x) (3x+1)% 12 f(x)=sin3x
13, f(x)=cos(%x) 14.  f(x)=sin’x 15. f(x)=cosz(%x)
Dt(\/Sk_,F,Q‘
3 3
1. 2x* +c 2. — & 3 §x2+c (etc.)
4s 24/x s 8 xt—g 6. 2xé—2x%
7. Br44) 8. _(1=2x) 9 1
15 10 ' 2(2x-3)
10. “4;” 1. -52_1 12.  —Lcos3x
+
13, 3sins N o
. 3x 14. Ex—zngx 15. Ex+—gnx
GUEAT M
1 Find
2 . x> =7 "
(2) j4x6 dx (b j3x2-7xdx (c) j(2x—3) dx  (d) f ot
0
5
@) feos2xdx () [x-5"ds © [GreD? ds
2
0
AV SRR
4x’ ®) -6 (© (2x—3)3 d) 23" —14x"?
S e 0T
_5)* 3
@0 ©FEL @

16 112



RUESTIUK

Integration
Revision

Integrate:
(1)j3xdx @) f 5x>dx  (3) [% (4)fde (5) j be® 541 e

(6)J.x[8x—%de (7 [ @x-3)(x+4) ax ® [¥xax O [ (hx"z)@k

(10) [ aar (11)](;13__%2_1% (IZ)J'[x +3x]dx

(13) j——xﬂdx (14) f J2x+3 dx (15)[

2x)Z
(16) j Jax +b dx (17)[ (4x +5)% dx
(18) fx(1+x)(1+x2)dx (19) j (x® = 6x% +5)dx (20) j E “
dx dx X +3x+1
(21) (22) 23 | e Ly
J(.Zx—l)4 J(3_2x)3 )I[ ]
Answers
3x? 5x° X
(1) —+C @ —+C () =Z+C @o+C
) 3 2
3 2
(5) i—5i+x+c BB E (7)2i+5L—12x+c
3 2 3 4 3 2
3% 1 1
8 —+C (9 —x 2B e (10) at + C (1) ~—5+—-x+C
4 2%° x
x* i 1 1 ;
18 =334 C (13) —=x—=+C (14) =@2x+3)% +C
2 2 x 3
1 2(ax +b)% 1 "
15 +C o) =———L 4¢€ 0D —axs5+e
( ) B ) == W5 e te)
x2 1 x* X 2 1
(18) —+—+Z—+—4C AN -2 +5c+C (20) Sl
2 3 4 5 3 @
1 A 3 1

1 X
i B —— i o R
6(2x-1)° 4(3-2x)° ( 2 x 2x°

@1 -




Integration
Basic Substitution

SUE STEem

Use the method of substitution to find

(a) jsxz(x3—4)“dx (b) j(3x2-5x)5(6x—5)dx (©) J'es"dx

6
d) [2xe” dx  (e) [4sinxcos’xdx () [cosxsin® x dx
2

8
2% S5cosx
Kiw® X dx h dx
® Ie suie") ®) -,[x2+8 @ J-1+smx
2 —2sinx
j de (k) [sec’xtan*xdx (1) [5x*(x'-4)" dx
5 ¥+ 2cosx

VSRR |

1 1
@ 3679 ) 0759 © ze” (@) o' ~431x10°
|
(e) —cos'x (f) gsm5 x (g) —cose® (h) 3In2~2.0794

() Snfl+sinx| () —2In2+In7z ~ —0.2416 (k) %tans x

5
V5w
2
&ueser L [ - 2. [2(-1) ax
3. J' \/—' 4. Icosxsin“xdx
2
G '[ 6. J‘]+ x4dx
smx 8. C_Osxdx
7 Jc053xdx j sm62x
x sec’x
9. Jge_fi?’b‘ 10. -[ tanx
e —
— 1 ? 8 1
v A 2. i1 . ‘é(l—xz)_
4 —=sin® 1
e : 4(1-x7) = il“(l+x4)
7 iseczx 8 __1 9 N
- 5sin’® x —ln(3e _1)

10.  In(tanx)



Integration
Basic Substitution

Riesten
Integrate the following functions :-
1
I F(x) =&’ 2, Flaj=g™ 3 f(x)=3e?
b = & st 6. flx)=—
3x x+5 2x-3
7. f)=(e"+e) 8. f(x)= 1” 9. flx)=e* +ix
e
10, fla)= 1 fla)e 12, f)=—s
3x+2 1-2x 6—7x
13.  f(x)=sec’4x 4. f(x)=sec’(m+2x) 15. = f(x)=3sec?2x
AnvshER , i 1
1 —e* 2 ——e™ 3 6e?
5 2
4 %ln3x 5 In(x+35) 6 —In(2x - 3)
% le2 +2x—le 8 x—-e™* 9 1e2, 12
2 2 2
10.  2In(3x+2) . —gln(l _2x) 2. —gln(ﬁ— 7
13. ltan4x 14. %tan(n+2x) 15, %taan
Ghetun
(1) 2 - e :
IBx +5 +1 X()f2x2+3dx (3)fe‘+1dx
(5) X i 6 1+c032x
fxz—l ()j x+sm2x (7) f tanxdx  (8) f cotx dx
Answers
(D InGx* + 5¢ + 1) + € (2) %ln(sz +3)+C B3) Ine* + 1) + C
@ L +6) 4 !
5 nle + 5 = ln(x -1)+C (6) Eln(Zx +58in 2¢) + C

(7) -In(cos x) + C (8) In(sinx) + C



Integration
Basic Substitution

Suest e
(1) sin x 1- Zsmx '

fl-i-cosx @) f x+2cosx (3) f sinx.cos* x dx
(4) Sirl3x‘coszxdx (5) sin 2x 5,03

f fa+bcos - i f 1+ x* =
@) szex. dx ® f3xe"Z dx 9) J' xe(r?+l)dx
Answers
(1) ‘ln(cos X) +C (2) ]n(x + COS.X) KT C (3) “1COSS P

5

2
(4) —cos x——s-cos x+C (using the substitution y = cos’ x)
1 ; \ =
(5) -;ln(a +bcos‘x)+C  (6) — \/\\J“-u\ «C (7) 2 =~ C
2 .

(8)30_ /,*L (9) (x+l) 3

Moy Claz<r\an

(1) j cos5x dx (2) f sin3x dx 3) f cos (2x +a) dx

@) f sin lx dx (5) f sec?| 2 | dx (6)] cos3x —sin| = | |ax
3 3 =

(7) _[ sin 2x dx (8) J cos(1—3x)dx 9) f secz(2x+l)dx

Answers

(1) %sin5x+C 2) —%cos x+C  (3) %sin(2x+a) +C
1 X 1 . X

(4) -3cos=x +C (5) 3tan = + C (6) =sin3x+3cos = +C
3 3 3 3

(7) —%sin 2x+C (8) -—%sin(l -3x)+C (9) %tan(Zx +1)+C



Integration
Basic Substitution

GUAESTn
1.4
(1) | —dx 2) dx 3 4
f X '[X+3 (3)] r—l‘—x_.zdx
(4)f ax (5) f 3e?q 3x-1
3 O e dx (6) f e dx
O [ €+ far ® [ evar O [ et ax
(IO)I i de (11 dx ( 2
e )fl—_-;dx (IZ)I -e ‘x)dx
(13) [ 3e77" g (14) dx dx
J | == 1s) | e
Answers
(1) 14lnx+C 2)Ink+3)+C (3) 3Inx—1) ~4ln(x - 2) + C
(4) —--1~ln(3—2x) +C (5) 2ez" +C 6) le3““' +C
2 2 3
1 2x 1 -2x 1 3x %
(7) =e“ +2x——e " +C (8) —e” +C 9) 2e” +C
2 2 3
10) e +x+C (D) dnl-x)+C (12) x + %e*%-" “C

(13) %e'%“"’ +& {0 %ln(3x +4)+C (15) —%In(—Zx -



Integration
Basic Substitution

QueTEm

2(2 5
N

-

w
—
A
N
=
©
+
w

6 1 1 12 1
4. [ (x+3)dx 5 jo(4—+5—x)7dx 6. [ (x—4)dx
J s 2 2n 2
a4 J04cos2xdx 8 I,%cosec xdx 9 I sin” xdx
4
1 X
10. joze““dx 11. jo'e'“*dx 12, [le?dx
0
13. jg—de 14 j' : 15. j—l—dx
Sx—3 03x+2 —“41-2x
SRS g 2. 2 e T
24 12 5
A, 5, o 6. 9
3 36
g, L 8. 1 9. =n
2
10. 3(1—1) 3 I 12. 2e-2
5 e
13. In3 14. %lng 15. In3
&l/' B Evaluate:
2 3 3 2
2 ; .
W [Za @ [Pt ax @) [xet i
5 141 4 .
¢ ox? “Ilnx Lox
4) | ——dx (5) | —dx 6) | ———dx
ol"'“"3 'x"xz 'of\/3+x2

Y
(7) ftan3 xdx
)

Answers

L L.
1) SIn17 @) Jele® -

e—2
e

@) %mz (3)

6)2-V3

3) -;—e(e“ )

1

1

7) ———In2
()2 2n






Integration
“Given” Substitutions

GUE T

Work out the following using the given substitution

() f x+1

X5k D] %, u=x'+2x-7

T
® [~ uemny

22
(© fmd)@ x=+u?-1

X
(d) fmdx, e D il
F X+1
(&) J————— "
!m > X =4siny
2
2
@ [ _*F= _
I(x+1)2 dx’ U=x+1
AVSnER)
lnlx2+2x—7’
() (b) 0.6931 X +2 !
2 ' (c) d) =2 it
o ()6( +4x)"? (x-1)

z
(e) 5—2\/3_+4z].0595 6)) x—i—Zln’x+1]
x+1

CUES TR
~ Integrate the following functions (substitution given) :-
L f9x(3x+ 2)’dx where u=3x+2 2. J?x(2x +3)°dx where u = 2x + 3

3. [3xJ(1+x)dx wherew=14+22 4.

3x
Jma’x where u =2x + 3

AnsiyeRy

1 l3 2)3 l3 2)4 2 —1-2 3)7 12 3)6
s 5(x+)—2(x+)+c : 4(x+)—8(x+)+c

3, A+x)* 4 4. %(2x+3)"/’ _§(2x+3)% 4



1.

g

Integration

“Given” Substitutions

LEs e

Integrate the following functiens (substitution given) :-

L I—(—l—\[_—i—;—T)dx given x = sinf
3. j—x—dx given x = 3sin6
o)

STV

-1 -x®)+c

-NO-xY) +c

2.

4.

s j (4 -x° )dx given x = 2sin6
I i b 2sinf
e = 2s1n

\/(—4_’,72) x given x
2sin~1(*/2) + x V(@4 = x}) + ¢

X
2sin~1(*/2) - 5 V@ -x¥) +c



1.

s

Integration
Type 1 & Type 2 Partial Fractions Without Long Division

GllN ey
Integrate

1. x+8

Jeraerg®
5 J. I

(x=1)(x-2)(x+3) =

/-\/\AWF, Ry

1. 3ln(x+2)-2In(x+4)+c

= 3In(x— 1) = 3In(x-2) +In(x+ 1) + ¢

CUEST L)
Integrate
1. j%:“—ﬁ;g—l dx 2. | (i +_22(’; 4:11())
> j(2x-1) (x+2)d = j(x 52x)+(§+1)
AVSLER,

3
lnx+21n(x+1)+-—3——+c 2. 2ln(x+2)-In(x-1) - —— +¢
x+1 x—1

+ €

1 1
In(x + 2) — In(2x — 1) - e +c 4. 51n(x—2)-—;1n(x+ 1) -

UEST em
dx
(1
f Xz ]

3x -1
El et

x+8
- ——dx
O Frars ™

Answers

1 1
(1) Eln(x—l)—zln(x+l)+c (,;2) 2ln(x + 3) + Inx = 2) + C

(3] —ownfes )4 Anles 2+ C



Integration

Type 1 & Type 2 Partial Fractions Without Long Division

GUEST I

1. Use partial fractions to help find

oy
(® Ix();+ = ()j 3+2 f?_’z;ﬁd"

[ x+3 3x-2 '
@ o™ © oy ©® !(x+1>(x+2>

dx
® | ie-ne-2 I & —1)( i

Aviweel  («C ¢y

i (a) 21nx|+ Injx + 2 B~ In|x 1|+ Injx-2| () In|x - 3- —3—3
e

(d) 2In7 - 5In2 ~ 0.4261 (e)31n|x—1|——1——1 (ﬂzln2—1n3—-16-zo.121
x_

(g) 4lnjx—2|-3Inpr—1|-Inx+1]  (b) -137—21n2+21n3 ~1.443

GUESTN
2x -1
D[ dx @ [ — 2+l __
(x+2)° f(x+2)(x 3)?
3) S N x” +1
J. (x+l)2(x—1) & )Jx(x 1)3
Answers

5
(1) 2inle+ Y+ ——
x+2

3 19 5 4
3 42 ——kx-3)->&-3) +C
() = n(x+2) 175 (x-3) =

+C

1 1
(3) —zlﬂ(X"}'D +Zln(x—1) = 2(x+1)

1

1 5
B PP DL SRR A .
(4) lnx+31n(x 1) TP (x_1)2+



Integration
Long Division (Maybe Including Type 1 & Type 2 P.Fs)
&[/‘ 97 7]

Use long division then partial fractions, if required, to find

4 3 2 _
(b) J'2x +3x? 3dx © J-x +5x" +6x°+x-1
(x =D(x+2)(x +3)
j- x¥+1
x2+3x+2

0.5

ANinER (A emiTitn

(a) x+1n[x—2|—ln|x+2[ (bl x* +3x+ln{x2 —1)

3

o ) (d) x?+x2 +4x+81n[x—2l

x
+x+In
© 2 g x+3

(e) %—49ln2+17ln5 ~ (0.8962

GUESTiem
6x% +1 1+ x° 6x2 —x+7
1 d 2 dx 3) | —————d
()JZx—lx ()jl—x ® [ TS
#° 3= x* x—-2
4 dx 5 dx 6 d
()-[]—Zx ()'[2——31' ()fx+1x
(7) _[ x+5
Answers
3x? 3x o

(1) —é—+7+—21n(2x D+C (2) ~7—x—21n(1—x)+C

2 2

3) —3;——2x+—§-ln(2x+l)+c (@) —%—%—gln(l—2x)+c
2x® 8
(5) T+?—2—ln(2 3x)+C 6) x-3Inx+1)+C

N x+3lnk+2)+C (8) %x—%ln(3x+l)+c



Integration
Long Division (Maybe Including Type 1 & Type 2 P.Fs)

GMEST (s,
x*=2x-13 (;z\ I Ma’x
UNESS 2=
ANI\WER‘

(1 a4 2es 2= ) 43mG+ D+€

(3 jaf=tnke~3)+ 2in(x+2)+C



Integration
Inverse Trig. Functions

UEST 14
1. J——l———-dx 2
V49 — x?
3 ! dx 4
: j ,9_x2 ’
5. j—l—dx 6.
36— 251>
2
7. —— dx 8.
J‘25+4x2
Evaluate
V32
g | s 10.
13
11. 1 dx 12.
.
JAUVIPYTE
1 sin (=) + 2 ltan"(f +c
. IR 7 7
4 g "(i) | - S5x
T an T +c 5 55m . +c
1 _(2x X
=1 Kt s ! el
7. 5an (5)+c 8 Sin (2)+c
i
10. —
m 11 4

w

(@)

12.

3 1
JO9+x2



Integration
Inverse Trig. Functions

GQUE A
dx dx
(
O N[ =
dx dx dx
( (
3] J25-9x* % | 16— x* gfxzﬂé
dx dx dx
(@j‘}:’x? @)I4x2+9 )I9x2+4
BN ER(
3x
L, =% X LantE+C
@ s '—3—+C @) sin E+C @ 35‘“ 5
X
1, AX+C ({9) sin” —=+C
e @ 2" 4 J5
(ﬂ) sin 4+C A
@ LantZic 1tan“3’x+c
6" 3 @35 2



Integration
Type 3 Partial Fractions (Maybe Including Long Division)

(XUEST(cM
Integrate :- R
3x+1 X L i
PO . S 9, = ————dx
1. J(x-—l)(x2 +1) J-(x+6)(xz+1)
Ve . S
- Jx4—1dx * j(x+1)(x2+4)
A W SWERS
1. 2n(x— ) =In(x*+1)+ tan”'x +c 2. 1—25—ln(x2+1)—121n(x+6)+2tan"x+c
3 l1n(x+ 1)+ lln(x—l)— l1n(x2+1)+c
’ 4 4 4
4. —l—ln(x2+4)— l1n(x+ 1)+ gtan“'(i) +c
10 5 5 3
QUEST K
dx x dx 3) xdx
() I x(x?+1) i j e | q ‘[ (x+1)(x*+4)
(x+1) dx ’ d
L™ (o [ > (c+2) dr
f X tx E '[(x2+1)(x—2) %I(x 2 4 )1 -x)
Answers
1) lnx———l—ln(xz +1)+C u_,w Inx+2tan' x+C

) %ln(x 1)+-—ln(x+1)——1n(x +1)+C

37 -;—ln(x—Z)—-—l%ln(xz +1)—§tan"'x+C
2

“3)—%ln(x+1)+ — In(x? +4)+gtan —?:+C : 3

b) 80— n(l-x) + -1 g

( - T n(x® +4) - 10tam 2+C






Integration
“Easy” Integration by Parts

CUES M
Integrate :-
L. jx'sin xdx 2. jxsin 3xdx
2 jxcos4xdx L fxexdx
AVLWERY
1. —XCOSX + Sinx + ¢ 2. —£0053x+lsin3x+c
L o 4x+ 1 4x+c x _ x
3' szm X 'IECOS X I‘*, Xe —e +¢
GUEST e
@ Use integration by parts to find
(a) Ixcosx dx (b) Ixe"‘dx (c) j(3x+2)sinx dx
/12 1
(d) j xsin2x dx  (e) j xe dx
0 0
§) Using the fact that cos2x =1- 2sin’ x, evaluate Ixsinz xdx.
0
A (% C eminem

a) xsi P
d)()xsmx+cosx (b) —e (x+1) (¢ 3sinx—3xcosx—2cosx

1 72'\/5
(d): —— L i
) o 0.0116  (e) 4(e2 +1)~ 2.0973

@”72 ~2.4674
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Integration
“Hard” Integration by Parts

SLUES Tien
Integrate :-
2 5.
1. JX cos xdx 2. Jx sin3xdx
3. J.xzezxdx 4. _[xz cos2xdx
2 —x 3. x
5. jx e “dx 6. J"‘ e*dx
ANSLefe,
2.2 . 1 9 2 g 2
1. x“sinx+2xcosx—2sinx+c 2. —é-x cos3x+—xsm3x+§7cos3x+c
3. lx2e2x~lxe2’+le2’+c 4. lxzsin2x+—l—x0052x—lsin2x+c
4 2 2 4
5. —x’e*-2xe*=2e*+¢ 6. xle* —3x%e* +6xe* —6e* +c
ARG i
Integrate :-
1. Jtan"‘ xdx 2. J'sin'l 3xdx
1
tan™' 2xd sin~! = xdx
s funt2us s Jsnriix
1
= -1
s~ xdx tan~ —xdx
5. Jeos™x 6. [
7. j In2xdx g.  [(nx) dx
ANWER)
xtan"x——;—ln(l+x2)+c 2. xsin_'3x—%\/(l—9x2)+c
xtan™ 2x—%1n(1+4x2)+c 4. xsin_'%x+q/(4—x2)+c

xcos ' x— «/(1 ~x*)+e

xIn2x—-x+c

6. xtan~ %x—ln(4+x2)+c

8. x(lnx)2—2xlnx+2x+c



Integration
“Hard” Integration by Parts

AESTI
Integrate
i Je’ sin 2 xdx 9. Je"‘ sin xdx
3. Je‘z" cos3xdx 4. Ie" cos? xdx
A s Fe,
I 2
- <€ sin2x—=e*cos2x + 1 _ 1
S 5 X+c 2. —Ee XCOSX‘EE_XSI.HX-}-C
3. —e ™ sin3x - .ze-u i
13 13 cosdx+c 4. e coszx+§e"sin2x—%e‘cos2x+c
C«\UF/QTKN

(” ,[x31nxdx (2‘ J'\/;lnxdx

(‘\ 2x? 4x* p) 2 .3 4 3
, Ex’lnx—§x2+c

(NRE RV

Use more than one application of integration by parts to find
72

(a) szcosxdx (b) sze"dx (©) szsinxdx

0
(d) Ie* cosx dx

A(\)(L'VF/G\ l *( [ﬁ\\\T\Eh\

3 . |
() x*sinx - 2sinx + 2x cos x (b) e"(x* —2x+2)

. 1
(©) 7-2~1.1416 (d) 5e‘(cosx+sinx)



Integration
“Hard” Integration by Parts

QUEN (¢,

(h J-xzel g & szcosxdx @ jxlnxdx (1 j x%Inxdx @ j Jx Inx dx

(6\ [e‘ cos 2x dx (™ j tan”' x dx () J xtan” x dx (CPIZ) je" sinx dx

—

AV Ao,

(i Ve —2xe +26°+C () Lsinx +2xcosx—2sinx+C @) -;—lenx—%x2+c

1 3 1 3 2 1 2 %
! ——i HC L% 4 x S
(W . Inx s (5) 37 lnx_ax}6+c ((,\t—s—e cost+se sin2x+C

-

2 1 2 1
(7)) xtan ‘x—Eln(l+x )+C(3) xztan"x——z—ln(1+xz)—xtan"x+%ln(l+x2)+C
le’ : 1
¥ —
(C‘) > inx 2e cosx+C

GUE ¢a \(A|

(1) f xl—zlnxdx ) j: x>e™ dx (3) J: e ™" sin 2x dx

4) I; tan ' x dx (5) Ll xsin™ x dx

2

Answers

w 31:3\/5

A £ LS B o
mi-2' @6 O3 @Z-—-m2 ) -






Integration

Area Bounded By x Axis
GUEST ens
1 Find the area enclosed by the following curves and the x -axis between the lines given.
(a) y=3x2+2, x=0,x=2
(b) y=x-x x=l. =2
2, Find the area enclosed by the following curves and the x -axis.

(A rough sketch could help)

(a) y=6+x-—x2

b)) y=x(x-2)x-3)

AvsiuER 1

L@ 12 @ 21, 2 (@) 205 (b) 3l

GME ST i
Find the areas enclosed by the following curves.
(8 Yy=x(10-x) and y = 4x, 2. y=4x-x?and y = x- 4x + 6,
3 v :

. y=2xandy=7 4. y=x’+x2-5x andy=x2—».

5. Y = sinx and y = cosx 6. y%=4ax and x?= 4ay

(both are parabolas)

ANSWER )
1. 36 2. 223 3. ., 5l




CUESTUU

A’VW)/:R\

Integration
Area Bounded By x Axis

The diagram below shows a sketch of the curve with

y =(x+2)(x—1)*. Find the total shaded area.

Calculate the shaded area in the following diagram.

1L 40.75 units?

2. 13% units?

equation



Integration
Area Bounded By y Axis

(AUE Sy wm

Find the area enclosed by the following curves and the y -axis between the lines given.

1. x=y%y=3, 2. y=x3,y=1y=8.

1
,Y=2,y=3. 4. y2=1-xy=0,y=1.

3. X=—
Y

5. y=1/x3,y=8,y=27. 6. y=lnx,y=2, y=5

ANLERS
1L 9 2 1114 3. 23-242

2
4B 5. T 6.  eXed-1)






Integration .
Volume Generated By Rotation Around An Axis

QUEST Al
1.

Find the volumes of solids of revolution formed when the regions
bounded by the following curves and the x — axis are rotated through
one revolution about the x — axis.

Sketch the curves.

AN SlveR,

(a) y=i,x=landx=4 (b) y=\/x,x=0andx=4
b
1 1 1
(©) x+2y=2,x=0andx=2 (d) Y=—, x=—andx= —
b 3 2
©®©  y=x@x-1) ®  y=VO-1
@ y=8x,x=Oandx=4 () y=sinx,x=0andx =N
Find the volumes of solids of revolution formed when the regions
in the first quadrant bounded by the following curves and the y — axis
are rotated through one revolution about the - axis.
Sketch the curves.
(a) x=\/yandy=4 (b) x=y2andy=1
© xy=1,y=3and y=6 @  y=4-x%y=—4andy=4
© x*=2,y=2andy=4 ®  x=y"+Ly=-landy=1
(&) y:lnx,y=2andy=5 (h) Yy = cosx
(a) 121 (b) 8n (©) 2w d 197
3 3
© In ®  18x (®  64x ) 1n?
30 -
(a) 8n (b) Im (0 1rm d 32z
5 6
) Inm ) Ss6n & Le'%-eHn )  nm-2)
48 I5 2 g



Integration

Volume Generated By Rotation Around An Axis

QUESTIONS:

1. The volume the solid obtained by rotating a curve y = f(x) about the x axis

between the points x =a and x =b is given by
b
V= ﬁjyzdx.

Calculate the volume of the solid obtained by rotating the curve y =+/9— x>

about the x axis between the points x=-3 and x=3.

2. The section of the curve y = x* between the points x =0 and x =2 is rotated

about the y axis to form a volume of revolution. Calculate this volume V,
given that

b
V=27r_[xf(x)dx

gives the volume obtained by rotating a curve y= f(x) about the y axis

between the points x =a and x =b.

(Note that in question 2 the area being rotated around the y axis is the area bounded by
the curve and the x axis. Consequently it is easier to use the “method of shells” here,
for which the relevant formula is given. The question could still be done using the
method of discs/washers but it would be a bit more awkward e.g. you would have to
find the volume generated when the area between the curves x = 2 and x = y*®

betweeny =0 and y = 8 is rotated around the y axis.)

ANSWERS:
1. 367 units®

2. 64m/5 units®



Integration
Rectilinear Motion

Questions

1. The performance of a prototype surface-to-air missile was measured on a
horizontal test bed at the firing range and it was found that, until its fuel was
exhausted, its acceleration (measured in m/s®) 7 seconds after firing was given
by

¢ =8+100—>17.
4
(a) Obtain a formula for its velocity, ¢ seconds after firing.
(b) The missile contained enough fuel for 10 seconds. What horizontal distance did it

cover in this time?

N.B. Assume thatat =0, v=0 and s =0.

2. A particle proceeds in a straight line with acceleration given by a =3cos” ¢
and, when =0, x =0 units and v =10 units / sec. Find expressions for the

velocity v and distance travelled x as functions of «.

Hint: cos’t = %(cos 2t +1)

Answers

3

1. (@) v=8r+5¢t’ —% (b) 1441.67 metres

2
2. v:gsin2t+2+10 x:—gcos2t+i+10t+§
4 2 8 4 8






