Matrices & Systems of Equations

Order & Elements
QUAECT tns
1. State the order of each of the following matrices:-
1 2
2 -1
) 31 4 2 b i 3 © 3 4
@ 15407 ) ? s 6
1 =2
7 8
2. List the order of these matrices and say if any pairs are equal.
A={l 2 3) B=(3 2 1) C={1 2 3)

2 1 2 2
D = E = F = G =
-1 2 1 1
(1 2 -1 =2 I 3 i 1 2
3 4 (-3 4 2 4 "3 4
3. Determine the values of x and y in each of the following:-

@ (3x —-y)=(12 3) ) (“3) ()
o GO e GG

A Leke:

L. (a) 2x4 (b) 3%x2 () 4x2
2. A=C_(1x3),F=G(2xl),H=L(2x2)

3 @ x=4y=3 () x=4y=-1 (@ x=5y=2 (@ x=2,y=-3






Matrices & Systems of Equations
Addition

Ghes1ueni

L. Find the sum of the following matrices:-
3 4 . 2 -1 2a N Ta
@ 1i)s B affls ®© |5} -2

) _23"v)+(—32v”) © (2 5+(1 4 O (2 -3)+(-5 9

1 0y (2 3 ) 231\ (1 -2 3
® o 1)flas) ® (51097 1
s oac® ) ot Voo P
’ =1 1) 5T s 2T 4

Find the matrices:-

(@ A+B (b) B+C c) (A+B)+C d A+B+C)

Isittruethat (A+B)+C = A+B+C) ?

) 3 -4 -3 4 )
3. Given that A = 5 1 and B = 5 1) find the matrices:-

() A+B (b) B+A

Comment on your results.

” @ b) (;) © (_921] (@ (3)

@ 69 0 =9 o ([ o (5

4 6 -1 7 2 9 2 9
(a) (6 1) (b) ( 6 _2) (© (7 _3) (d) (7 _SJ,true






CUAECTy,

L 8

Matrices & Systems of Equations

Subtract the following matrices.
@ 3 4
1) \s

@ 3v

€:9)

(
oD o

Subtraction

o (-6)

o (%)

_2;:)_(-2”) © (2 5-0 4 © @2 3)-(5 8

4 7 8 0
2 3 3 9

)

Ta

(57 o

1
-7

-2 3

1

(1 2) (—2 3) (5 2) o
A= ,B= and C= . Find in simplest form :-
3 4 0 1 -1 0
(a) A+B (b) A+C c) A+B+C
d A-B e C-B H C-A
g A+C)+(A+B) (h) A+C)-(A+B)
Solve each of the following equations for the 2 x 2 matrix X:-
. 1 0y (0 2 ’ 5 2 3 {4 -l
@ +01‘(21 ®  2*ls 5)73 2
1 2 3 -2 4 2
fA=|3 4,B=|1 5 |andC=|1 0}, simplify:
5 6 4 6 -3 5
(a) A+B ®) B-C () (A+B)-C (d) A+B-0)
Avitee.
~1 3 —5a i
(@ ( _4) (b) (J © 4b
-1 -3
© (@1 ® (-1 © ( 2 _4) (h)
. 1 § -2
@ li2 0o 4
-1 5 6 4 4 17
d
(a) 3 5) (b) (2 4) (©) (2 5) (d)
7T =l 4 0 s 9
© | _1) 5) ( 4o @ [5 9) ™)
-1 2 . 2 -4
W i 0) LS Y
4 0 -1 —4) 0 -2
(@) 4 9 (b) 0 5 (©) 8 9 (@
9 12 7 1) 12 7

()

3

)






Matrices & Systems of Equations

Scalar Multiplication
GUESTin |

1. IfA= (_31 _42), find (a) 2A (b) 3A (c) -5A d -A

3 41 2 -1 3 g -
2, IfA= and B = ol find in their simplest form:-

2 03 4 5
(a) A-B (b) 2(A+B) () 2A
(d) 2B (e) 2A+2B () 6A
(8 3(2A) (h) 8B (@) 4(2B)

~ This question demonstrates the following properties:_
()] k(A +B) = kA + kB and (ii) k(tA) = (kDA
where k and 7 are real numbers.

3. 1A= (2 |adB=(T L) simplify
! o PR andB=| , _2,51mp1fy.-

(a) 3A+2B (b) 4A-3B (c) 5A-4B (d) 2(A-5B)
4. Solve each of the following equations for the matrix X :-
6 -3 3 1 9 5
(a) 3X= (b) 2X + =
12 9 4 2 2 8
© 4X 3 1 5 3 @ 7 1 3% -5 10
¢ - = -3X=
4 7 0 13 -4 3 8 9
5.  Find the matrix X in each of the following:-

B W R e TN B N
@2, 5 5]*X=3|3 5 1) ® 33 4)7%=% 3 3

. P q 7 =2 5 6
6. Given that 2 + = , find p, g, rand s.
r .8 —4 5 2. 1



Matrices & Systems of Equations

AVSILER,
6 8
@ | _4j (b)
1 5 -2
@ 15 s 3)
o (42
@ {5 10 0)
18 24 6
® {12 o 13

-2 -7

(a) ] (b)
2 -1

(@ J (b)

w (18 -
. 5 -1 -7

p=-1,q=4,r=3,5s=-2

Scalar Multiplication

9 12 -5 -20) (-3 4
(-3—6 e (5 O

10 6 8 6 8 2
® 112 10 6 @ 140 s

10 6 8 (18 24 6
®) (12 10 6) @ (12 0 18J
16 -8 24 , 16 -8 24
i (32 40 0) ® (32 40 0)

20 -15 2% -19) 44
(7 w) @ (s 13) @ (—22 22

] 4 -3
o (4]



Matrices & Systems of Equations
Multiplication & Identities

UAEST vas
1. Find the following matrix products by first considering the order of the product.
| 3 2 1
1 2 b) (3 4 c 5 =2
o o) wad) o eaf)

@ @31 2)[?] e (2 -3 4)[17 (f) 8 -5 —1)[;]
3 2 z
o G o C) e 7
o (k3 e (A o (3
@ () @ (3 e e
2 1 3Y4 2 1Y4 1 -2 3Y2
@) (3 0 IIOJ @ [3 OJ(O] (r) (—1 4 2}(1}
1 2 301 1 21 3 1 0)\3

cosa -sin a)

(8]

)

(s) (cosa sin a)(

sina cosa

2. By forming a system of simultaneous equations, find x and y.
3 0Yx (12 b x 0Y2 (6
@ abHs) o (L)
2 -l1Y«x N 11 g x yY3 3 5
© 1 30\y) (-7 @ y *#A1) l=1
o )2 ()
3. IfA = WBE HC=
31 20 -3

(a) find (i) AB (ii)) BA and comment on the result.

b) find (1) ABC) (i) (AB)C and comment on the result.

9 1
2 3 o WD
J,ﬁnd A“ and A°. (Note:- A* % (25 4))

3 -1

4. Given that A = ( 5 9

1 =2 2 2
5. IfP=(3 6JandQ=(1 l)’ find PQ and QP.



Matrices & Systems of Equations
Multiplication & Identities

6. . Find the following products.

o Y e (U ol
o G @ AN oG

1 0)
The 2 x2 matrix (0 IJ is called the unit matrix of order 2 and is denoted by L.

It behaves like unity in the real number system. If Aisa 2x2 matrix, then IA = Al = A.

3 1Ya b 1 0
7. If = ,finda, b, candd.
2 1he d 0 1
p q\2 1 1 0
s f = ! , g, ds.
8 I (r s](4 3) (0 { find p, g, r and s

1 2
9. IfA= 3 4), find p and g such that A2=pA+qI.
3 -1 5
10. IfA= ) _5) find p and g such that A“ =pA + gl
1L 1 5 3
11. IfA={3 2 andB:(3 2), find AB and BA.
1 2
1 0 2 2 -1 3
12. "IfA=|1 -1 1|andB=|0 1 -1}, find ABand BA
2 1 3 1 1 1
5 3 cos@ sin@
13. Calculate M“ and M” when 0 = 60°, given that M = .
—sin@ cos6

14. A matrix B is such that B2=6B - 91, where I is the 2x2 unit matrix
Find integers p and g such that B3= pB +4gl.

15, A matrix A is such that AZ=3A- 41, where I is the 2x2 unit matrix.
Find rational numbers p and g such A3= PA +4qlL



Matrices & Systems of Equations
Multiplication & Identities

Awvsike,
L. (a) (11) (b)  (26) (©) (93 @ lliz))
(e  (15) H (Bx-5y-z) (g) (8] (h) ( 4)
1 ) 7 -7 4
o) o) W) e[
11
(m) ( ! ) (n) not possible  (0) (26) p) 13
22 7
? 1
(o)) not possible  (r) 8 (s) (0)
7
2. (@ x=4,y=-4 (b) x=3,y=-1 (c) x=8,y=5 d x=2,y=-1
8 5 19 13
i ii AB #BA
3. (a) (1) (14 15) (ii) ( 2 4) #
17 17
. " = (AB)C
) @ (11] (1) (“) A(BC) = (AB)
4 4 -5\ (-13 -14
' (25 —1)’(70 -27)
5 0 0y (/4 8
’ 0 0)(-—2 4
1 =2 1 =2 a b a b
6. (a) (_3 6) (b) (_3 6) (©) (c d) G)) (C d)
@ [L° & J
) 0 1 D (1 0
(4 a:lb__1c=_2’d=3
8. P=§:q=—%,r=—2,s=l
J. p=3, g=2
0.



Matrices & Systems of Equations
Multiplication & Identities

12 3 =1 = - D)
(4
13. 2 240=1L B
[_ﬁ 1 ’(0 -1)
2 2
15. p=5,q=—12
&{/«Eﬁﬂéﬁl
4 3 7
3 -4 1 7 -2 4 9
@ Calculate >
2 5 =10 2 -4 1
0 2 8
-3 2 9 4 -1 3
@ If A= 4 1 8 |and B=|5 7 2| find 4> +3B-2] where [ is the
3 6 -5 5 6 4

3x 3 identity matrix.
Ay |

(22 3 42]

O -4 30 s8

[54 47 —47

G |31 76 10 r'

15 0 110 |




Matrices & Systems of Equations
Determinants & Inverses

GUAES_’H'M
| Evaluate
3 2 -1 3 2 -1 2 -1
(@) ’ I (b) ' l (©) ! ’ (d)’

15 -4 -1 4 -2

1-3 2 4
2. IfA= and B = :
—2. 1 —] 3

find (1) AB and show that det(AB) = detAdetB.
(i) BA and show that det(AB) = det(BA).

3: Evaluate
cos@ sin@ b) cos260 sin20 In2 In4
_ @ —sin@ cos@ ( sin260 cos260 © In5 In6
4. Find the determinants of the following matrices.
-2 1 4 0 1 3 -2 0 1
(a) 3 =25 (b) 0 -1 4 (©) 3 4 5
0 1 3 2 6 -2 -7 -3 2
1 2 3 -7 14 7 1 8 -10
(d) 4 5 6 (e) 2 -8 6 ® 2 4 15
7 8 9) 9 3 12 112 5
1 2 3 1 01
5 IfA=(0 1 3|andB=|2 1 3
2 -1 5 4 2 1

find (i) AB and show that det(AB) = detAdetB.
(i1) BA and show that det(AB) = det(BA).
1 I 1

6. Showthat | x y ¢ =(x=-y)y-2)(z-x).
< = xy



Matrices & Systems of Equations
Determinants & Inverses

A VSRR
I (a) 13 b) -5 (©) -6 @d@ O
2 Proofs
3. (a) 1 (b) cos46 ©) In2.In % (from In2In6 — In5In4)
4. (a) 25 (b) 14 (© 3 | @@ O
() 1428 69) -320
5. Proofs
6. Proof
L. Find the inverse of the following 2 x2 matrices, if they exist :
A21 ®) B__74 © C_42
@ A=|, , “lis 9 ¢ “lo s

o oo L (2 ¢ e 3
@ '(6 9) ) "(1 —1) @ '(1 0)

. 2 3 2 3
2 Given that P = and Q = , find
0 1 1 3

@ P! ® Q' © (PQ!
@ PlQ! © Q'p! ®  @Qpy!
A VSLCER(

3 1
L @ [7 ‘5) 9 4
-2 1 () (16 _7] (c) does not exist G)) (3 ‘%)
L2
(e) (%2 J ® (
1 3
2; (a) [7 —2 3 -5 3 1o
0 1) ®) (_1 2) © (2 129) @ (3 ‘%)



Matrices & Systems of Equations

Determinants & Inverses

CAAESTeA

Find the inverses of the following 3 x 3 matrices, if they exist :—

345 48 3
L 4 3 11 2. 3§ 1 3,
103 1 4 3
2 1 1 3
. 2 5. 2 6
5 1 3 .
ANM‘—“.
: ~3 ¥ 11 =12 3
) T R 2 -8 9 5 3,
w1 7
X . 1
r % 1 %
5
4. % T8 T3 5 __'17 % _% ¢
il a 1

b—

O N -

w- o o

Wl

[ FN

[NTERNY

W=

(-

2 g Y

Uy
4l

I~ S

b

|
=



Matrices & Systems of Equations
Determinants & Inverses

BAEST ey
6/ Find the determinant for each of the following matrices
5 1 4 1 3
(a) [ 5 J ®d (1 3 2
- 12 -1 1

@ For what values of  are the following matrices singular?

b B 4 1 3
(a) [3 6J ® 1 k 2
3 - 1

@ Let M=Ii: bJ and N=‘:2 d],wherea, b,candd e R. Find MN and,
a é

by considering determinants, derive the identity
(@ =b*)(c? -d*) = (ac +bd)’ —(ad + be)? .
HINT: Recall that det(4B) = det Ax det B for two matrices 4 and B.

4 Find the inverses, where they exist, for the following matrices
510 2

9
5 4 2 4 3x 5x
(a) [4, J (b)[ J (©) [Zx 4XJ (d 41; j 2

3 6
~]

The nxn matrix 4 satisfies the equation 42 =54 + 37 where [ is the nxn

@ identity matrix,

(a) Show that 4 is invertible and hence express 4™ in the form pA+ql.

(b) Find an expression for 4*.



Matrices & Systems of Equations
Determinants & Inverses

AWt

() @14 ®)2

~ (a) det = 6 — 6k so singular when k =1
@ (b) det = 8 — 2k so singular when & =4

®

Proof. (Find MN and then det(MN). Also find det(MN) via detMdetN.)

wl? Y vt @it
Nno 1nverse €x1sS1sS. C) =
T 4 5 =2 3
(=11 16 10
@i 9 -13 -8
-17 25 15

A-51 A4 S5I

3 3

(a) A is invertible with inverse

(b) 4* =254% +304+91






Matrices & Systems of Equations
Transpose & Symmetric

N.B. There are not really any symmetric matrix questions so refer to notes for
revision on them.

@QES" e

31 4 2 2 -1 3 =2
For the matrices A=(5 40 7 and B = 38 1 0

@ - prove that (A+B) = A"’ + B' ?

314 2

For th trix A =
é} or the matrix (5407

J, show that (A") = A

P=* °) and M - P —
@ ——3y an Q_9_4. ind x and y, given that P’'= Q

ANSWER \

@ Proof






Matrices & Systems of Equations

Transformations
Ques vV
1. Find the matrices associated with the following transformations.
(a) Reflection in the y — axis.
. (b) Reflection in the line y = x.
(c) Reflection in the line y = —x.
(d) A rotation of g radians clockwise.
(e) A rotation of g radians anti—clockwise.
6)) A dilatation, about O, where the scale factor is k.
2. Prove that the matrix associated with a general rotation of @radians
.. . [cos@ —sin@
about the originis | _ ,
sinf@ cos@
The diagram opposite may be helpful.
OP, which makes an angle of o radians
with the x-axis, is rotated through
O radians to OQ.
Hence, show that the matrix associated with a rotation of:-
-1 0
6)) T radians is
0 -1
5 B . o o i =]
(i1) — radians anti—clockwise is
2 1 0
T . .. [0 1
(111) — radians clockwise is
2 -1 0
Avsuwer)

2. Proofs






Matrices & Systems of Equations
Solving Linear Systems via Inverse Matrices

QUESTIny
L Rewrite the following systems of equations in matrix form (do not solve)
+2y+z=8 3x+y=5
x+2y=4 3x=—6 e o
a (b) ) 3x+y-2z=-1 (d) x+2y-3z=-12
Ix=y=5 4x+y=-7
x+5y-2z=8 x+2z=10
2. Use the inverse matrix method to solve
+y+z=6
2x+y=9 5x—2y =34 skl
a (b) () 2x+3y+7z=28
3x+2y =16 3x-2y=18
x—y+8z2=25
3. Solve the following matrix equations for the 2 x 2 matrix X

[\
—
g
Il
|

_‘;l\)
e
W W
i

3 1 1 0 % =] 3 6
® [2 JX:L 1} ®) {2 SJXZL —3} © X[o 3
@ [3 2}){_[6 20}[—2 6] © [3 1}”{3 5}{3 4J
1 0 4 10| | =2 =3 . - 2 3| |4 6

ANSWER |
e - 1 2 1= 8
1 2 |{x 4 3 0 «x -6
j = = = o I
o 2L of TH o TP
= P
31 07w~ 5
@1 2 -3y|=|-12
_1 0 2J_z 10

2 @x=2 y=5 (b)x=8 y=3 (c)x=2 y=1 2z=3

-3 -1 2 9/4 1 4
X = - -
(a) {10 3] 5 X [1 —3/2J (C)X_[—z 5}

Te B 6 -9
(d)X_[—l J (G)X_L -3}



Matrices & Systems of Equations
Solving Linear Systems via Inverse Matrices

SR STILA,

Solve the following systems of equations :

1 x-y=35 2. x+y=7 3. ZFey=S
x+y=11 3x+2y=5 2x+3y=_1
4. 3x-4y=18 5. 2x+3y=5 g Sx—3y=9
Sx+y=17 4x - 5y=21 Tx—6y=9
AnswrRy
= =4,y=-3
: x=8,y=3 2 x=3,y=-2 3. x y
= =3,y=2
4. x=2,y=-3 v 3 x=4,y=-1 6. X y
QUES T1em

Solve the following systems of equations :

a =6 2. 5x—y+2z=25
- 3§+2§)téz=4 3y + 2y —37= 16
Tx—-6y—2=10 2x-y+2=9
3 x+y+z=2 4. 2x+4y-;5zz—3
. = dx—y-Iz=
3x-y+2z=4 -
2x+3y+z=17 6x+3y—-2=3
Avivee,
Is x=5,y=3,2=1 2. x=5,y=2,z=1
T4,
3. x=3,y=1,2=-2 4, x-—6—,y— 3,2—



Matrices & Systems of Equations
Solving Linear Systems via Gaussian Elimination

. &lAE(’T\M:
Use Gaussian Elimination to solve the following systems of equations
2x+3y—z=-1 dx+2y+2z=3 X+y+z=0 X—Z=2
(@ x-3y-2z=4 (b) X+3y+5z2=3 (c) 2x-y+z=-1.1 (d) 2y-3z=6
Sx+y+3z=4 2x+3z=5 x+3y+2z=09 2x+y+z=1
ANVLyEe
@x=1 y=-1 z=0 b)) x=1 y=-1 z=1

©x=-07 y=02 z=05 (d)x=2/3 y=1 z=-4/3

LI T

N Ao

GRSV ety Sol
olve the foHowmg €quations ug
ing Ga
Ou may have to Interchange rowsg befgﬁgl;gf ;;g;lat_lon
1 X + * 2 =1 2 x -2
3x+3y+z=4 3% % 5
3x+2y+22=7 7x+6y.2Z=
-0y - z =
3 3% —
Y + 2z =25
§x+2y—3z=16 ) 3i+)))):-22
x - = + :
Yy + 9 2 + 3y + ¢
) Sx = 3y + 67 = 0
¥+ 5y + 2 =9
X+ 2y + 5 =
ANIUWER)
1. x=5y=-Tp z="1; 2 ESSY=Bg=T
= 2.

3. xX=5,y=2,z=1.
S x=0,y=0,z=0.

i NION






Matrices & Systems of Equations
Linear Systems that are Inconsistent or Infinite

Questions

1. Attempt to use Gaussian Elimination on each system of equations. Where
there are an infinite number of solutions write this down in terms of a
constant. Where there are no solutions state this.

3x + 2y + 52 = 0 2x — y + 3z =
€)] 2x + y — 2z =5 (b) X + y + 2z =
x + 4y + z = 10 dx + y + 1z =
x + 2y - z = 3 5 - 3y - z = -12
(© X + 3z = 5 (d) 2x + y + 3z = 3
4x + 2y + 8z = 10 200 - y + 13z = -9
2. The system of equations
x + 2y - z = 8
3x + y + 2z = -1
X + y + kz = -6
has no solutions. What is the value of £?
3. The system of equations
x + y + z =1
2x + 3y - 2z = -1
X -y + kz =7

has infinitely many solutions. What is the value of £?
4. For what values of d and e will the three equations

x + 3y — 2z = 8
2x + y — 3z =
7x — 4y + dz = e

have
€)] no solutions
(b) infinitely many solutions
(© a unique solution



Matrices & Systems of Equations

Linear Systems that are Inconsistent or Infinite

Answers

1. €)]
(b)
(c)
(d)

2. k=

3. k=

4. €)]
(b)

(©)

infinite, z=k y=-16k-15 x=94k+10

inconsistent so no solutions

inconsistent so no solutions

:39—17k x:—8k—3
11 11

infinite, z=k y

d=-9 and e#1
d=-9 and e=1
d+-9



Matrices & Systems of Equations
[l Conditioning

Questions
1. Show, by calculating the exact values, that the following system demonstrates
ill conditioning.
X + 099y = 199 X + 099y = 2
0.99x + 098y = 1.9699 0.99x + 098y = 197
2. (a) Use Gaussian elimination to obtain the solution of the following system of
equations in terms of the parameter A.
4x + 62=1
2x =2y +42=-1
~x+y+Az=2
(b) Describe what happens when A= -2.
(¢) When A=-1:9 the solution 1s x =-22-25, y = 8:25, 2= 15.
Find the solution when A=-2-1.
Comment on these solutions.
3. Which of the following systems of equations have the potential to be ill
conditioned?
2x + 9y = 17 9 + 8y =
(a) (b)
3x — 5y = 7 8 + 7y =
8x + 13y = 18 9 - 10y = 91
(c) (d)
3x + 5y =7 8 - 9y = 82
4. At a cross roads, traffic lights automatically control the flow of two streams of

traffic.

A sad observer with nothing better to do times the changes of the lights.

10 turns for the eastbound traffic plus 10 turns for the northbound traffic took

1700 seconds.

10 turns for the eastbound traffic plus 11 turns for the northbound traffic took

1790 seconds.

€)] Form a system of equations using x and y seconds to represent the time
it takes for 1 turn of the eastbound and northbound traffic respectively.

(b) Solve the system to obtain the values of x and y.

(© Assuming the original equations were made to the nearest second,
explore the confidence you can place on your solutions.



Matrices & Systems of Equations
[l Conditioning

Answers

1.

In the first system we get x=0.01 and y=2.
In the second system we get x =-97 and y =100.

Despite only changing 1.99 to 2 and 1.9699 to 1.97 (both tiny alterations)
there has been a relatively large change in the solutions. Therefore the system
of equations are ill conditioned.

3 31+9 A=T
@ z= y= x=
22+ 1) 42+ A1) 42+ 4)
(b) there are no solutions.
(c) z=-15 y=-6.75 x=22.75. Not a big change in A but a relatively

big change in the solutions so equations are ill conditioned.

(@ no (b) yes (c) yes (d) yes

10x + 10y = 1700

(@)
10x + 11y = 1790

(b) x=80 »=90

(c) Rather than 1700 we could have anything between 1699.5 and 1700.49
Rather than 1790 we could have anything between 1789.5 and 1790.49
However, when we solve for x and y with different values there isn’t a big
change in the solutions so equations are not really ill conditioned.



